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VITAMIN B«, A GROWTH SUBSTANCE FOR EXCISED 

TOMA TO ROOTS 1 

By William J. Robbins and Mary Bartley Schmidt 
New York Botanical Garden and Department op Botany. Columbia University 

Communicated November 30, 1938 

In earlier papers 2 we reported that thiamin (vitamin Bi) or the vitamin 
thiazole (4-methyl~5-/3-hydroxy-ethyl-thiazole), in addition to sugar, 
mineral salts and water, is necessary for unlimited growth of excised to¬ 
mato roots. We have maintained excised tomato roots in a solution of 
mineral salts, pure cane sugar and thiamin through 25 successive passages 
extending over a period of more than 2 years. In this solution growth is 
slow; the average dry weight of a single root rarely exceeds 10 mg. and is 
usually less. 

When a light brown sugar is .substituted for the pure cane sugar the 
growth is much improved, the average dry weight of individual roots 
reaching 70 or 80 mg. The beneficial effect of the impure sugar as compared 
to the pure sugar is in part because of its minerals but primarily because 
of the presence of vitamin B*. We have demonstrated that this portion 
of the B complex has a marked beneficial effect upon the growth of excised 
tomato roots. 

The roots with which we have worked came originally from seeds of a 
pink fruited variety of Lycopersicon esculentum from Mexico. The excised 
roots have been kept in culture since September 29,1935, and represent two 
clones which respond alike. The roots were grown individually in 50 ml. of 
solution in 125 ml. Erlenmeyer flasks at a temperature of 20~25°C. and 
in diffuse light. 

Experiments on the growth of excised tomato roots in a solution of 
minerals, pure cane sugar and thiamin supplemented with the ash of the 
brown sugar failed to show more than minor benefits from the addition of 
the ash. The ash was used in various amounts both before and after di¬ 
gestion with hydrochloric acid. 

The addition of nicotinic acid, nicotinicamide* or White’s “complete 
and optimal mixture of amino acids" 4 to a solution of minerals, pure cane 
sugar and thiamin was of slight or no benefit to the growth of the roots. 
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Through the courtesy of Merck and Co., a sample of crystalline vitamin 
B« isolated from natural sources was secured. Added to a solution of 
mineral salts, cane sugar and thiamin in amounts of 1 y or 5 7 per flask it 
produced a marked increased in growth. The dry weights of roots grown 
individually for two months in a modified Pfeifer's solution containing 2% 
pure cane sugar and supplemented with light brown sugar ash, thiamin and 
vitamin B« are given in the following table. The light brown sugar ash 
was digested with HC1 and added in amounts equivalent to the ash in a 0.4% 
solution, a concentration which had been found more favorable than more 
dilute or more concentrated solutions. The amounts of thiamin and of 
vitamin B« given in the table are those added to each flask containing 50 
ml. of solution. In each instance the weight of the root is the average of 
o roots each grown individually in a 125 ml. Erlenmeyer flask. 


PPtSPPKR’S SOLUTION 
CONTAINING 2% 

AV, WT. 

mmx's solution 
CONTAINING 2% 

PURR CANS SUGAR 

AV. WT. 

PURR CANiC SUGAR 

PBR ROOT 

AND LIGHT BROWN 

PKtt ROOT 

rum 

MO. 

SUGAR ASK PLUS 

MG. 

No addition 

0.4 


*■ # 

5 7 Thiamin 

3.4 

5 7 Thiamin 

7.6 

5 7 Thiamin and 
\ y Vitamin B* 

10.1 

5 y Thiamin and 

1 7 Vitamin B» 

14.5 

5 7 Thiamin and 

5 y Vitamin B, 

15.7 

5 7 Thiamin and 

5 7 Vitamin B« 

22.4 

1 7 Vitamin B« 

1.8 


1 + 

5 y Vitamin Be 

1.3 


4 l 


No growth occurred in Pfeifer's solution plus pure cane sugar, and very 
little in the same solution supplemented with 1 y or 5 y of vitamin B« per 
flask; the addition of 5 7 of thiamin per flask to the Pfeifer’s solution plus 
pure cane sugar permitted some growth; the addition of both thiamin and 
vitamin B« to the mineral-carbohydrate solution produced a marked in* 
crease in growth which was somewhat improved in the solutions containing 
thiamin and 5 7 of vitamin B« by the addition of brown sugar ash which 
had been digested with hydrochloric acid. 

We believe that in a mineral salt-sugar solution supplemented with thia¬ 
min our strain of excised tomato roots synthesizes vitamin B« in amounts 
sufficient to permit slow growth but not in quantities adequate for rapid 
growth. Thiamin (or the vitamin thiazole) is the limiting factor for growth 
in a mineral salt-sugar solution, but vitamin B« is the limiting factor in a 
solution of mineral salts, sugar and thiamin. 

We assume that the sample of vitamin B« which was available was not 
contaminated with an unknown growth substance; its crystalline character 
would support that opinion. Until synthetic vitamin B« is available this 
assumption cannot be made, however, with entire certainty. We assume 
also that the response of the excised tomato roots in solution cultures is 
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essentially that of attached roots in the soil under normal conditions. The 
validity of this assumption also must wait experimental confirmation. If 
these two assumptions are correct, then it would appear that the tomato 
root depends upon the top not only for carbohydrate and thiamin (or the 
vitamin thiazole) but for vitamin Be- The parasitic relation of the root 
to the shoot is more complex than has hitherto been believed. Whether 
more growth substances than thiamin and vitamin B* are involved in the 
growth of the tomato roots with which we have worked remains to be seen., 

Vitamin B« is an important growth factor for rats; a deficiency causes a, 
marked acrodynia type of determatitis. 6 Our observations show that 
vitamin Bs is important for the growth of plants also; it may prove to be 
as generally significant for living organisms as thiamin. 

1 Supported in part by a grant from the American Philosophical Society. 

s William J. Robbins and Mary A. Bartley, Sci., 85, 246-247 (1937); Proc. Nat. Acad. 
Set.. 23, 385-388 (1937); William J. Robbins and Mary B. Schmidt, Bot. Gas.. 99, 671- 
728 (1938). 

* B. C. J. G. Knight, Biochem. Jour., 31, 731-737, 966-973 (1937). 

* P. R. White, Plant Physiol., 12, 793-802 (1937). 

* G. A. Emerson, Ali Mohammad, Oliver H. Emerson and Herbert M. Evans, Jour. 
Biol. Chem., 124 377-383 (1938). 


CHEMICAL RESTORATION IN NITELLA. III. EFFECTS OF 

INORGANIC SALTS 

By W. J. V. OsTERHOtrr ANb S. E. Hill 
Laboratories of The Rockefeller Institute for Medical Research 

Communicated November 25,1938 

The removal of irritability* and its restoration by certain organic sub¬ 
stances have been mentioned in previous papers. 1 Attempts at restoration 
by inorganic salts gave no results in earlier studies but in recent experi¬ 
ments on a different lot of cells' have met with more success. The time 
required is much longer than for the organic substances previously men¬ 
tioned and a different mechanism may be involved. It seems possible that 
the salts may cause a movement of the substance (or group of substances), 
called for convenience Ra, from the sap to the protoplasm, thereby re¬ 
storing the irritability. 

Cells 4 which had been kept in distilled water until irritability disappeared 
(2 to 6 days) were placed in 0.01 M NaCl and at intervals were taken out 
and tested by electrical stimulation (500 mv. o.c. for I second). It was 
found that an exposure of 5 minutes or more to NaCl was necessary to 
restore irritability. 
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The action curve was often single peaked 5 but the usual form was fre¬ 
quently observed. In many cases recovery took place suddenly giving 
“square topped” action curves. 5 

In some cases only part of the cell was exposed to NaCl and it was then 
found that irritability was restored only in this region and that immediately 
adjoining it. 6 

In some cases cells kept in Solution A 7 showed no irritability. 8 In these, 
as in leached cells, exposure to 0.01 M NaCl restored irritability and pro¬ 
longed exposure (1 to 2 hours) produced quick action currents® (lasting 
about a second) and after still further exposure the irritability temporarily 
disappeared but after an interval normal slow action currents (lasting 15 
to 30 seconds) appeared. 

The leaching in distilled water removed not only the irritability but 
also the potassium effect (i,e., the negative change in p d. caused by sub¬ 
stituting KC1 for NaCl). During the exposure to NaCl the electrical 
stimulation was usually followed by an application of 0.01 M KC1 to see if 
the potassium effect had been restored. Such restoration was frequently 
found 10 but only after an action current. It is therefore probable that the 
action current was Responsible since it is known that it can restore the po¬ 
tassium effect. 11 

Let us now consider certain experiments with the inorganic salts found 
in blood. The statement in a previous paper 1 ' 2 that these salts do not re¬ 
store irritability was based on experiments with cells which have been 
designated as Lot A and which differed in some important respects from 
those studied later which will be called Lot B." In Lot B the inorganic salts 
of blood 13 were able to restore irritability in many cases but the time re¬ 
quired was much longer than that for the oxalated blood plasma. The 
latter could restore irritability in 5 seconds in cells that required several 
minutes for restoration with the inorganic blood salts. 

As stated previously 15 the time required with blood plasma varied con¬ 
siderably and this was true of the inorganic salts. 14 

After restoration by the inorganic salts of blood the forms of the action 
current resembled those mentioned earlier in this paper as the result of 
restoration by NaCl; those produced by the blood plasma were mostly 
normal (double peaked). 

The behavior of the potassium effect was much the same as after 
exposure to 0.01 to 0.03 M NaCl. 

Discussion .—Irritability may be rapidly restored by certain organic 
substances, 15 e.g., in a few seconds by blood, urine and saliva, and sub¬ 
stances extracted from the distilled water in which Nitella has been stand¬ 
ing. But NaCl requires a much longer time and it seems possible that this 
might suffice to allow a variety of changes to take place in the cell. It 
might, for example, cause a movement of water from the sap to the proto- 
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plasm and this might be accompanied by a movement of R A - The inner 
protoplasmic surface Y (adjoining the vacuole) is constantly in contact 
with Ra contained in the sap but this is very different from having Ra on 
both sides (this has been noted in a previous paper 16 ). 

Exposure to NaCl may contribute to the restoration of irritability by 
raising the conductivity of the protoplasm® so that less voltage is required 
to produce a stimulating current. 1 The conductivity of the cellulose wall 
is also raised but this is evidently of little importance since it is completed 
in a few seconds; but to restore irritability several minutes are required. 

It is also possible that NaCl may act as a catalyst to promote the 
formation of R A in the protoplasm. 

What is said regarding NaCl applies to 0.01 M Na 2 SC> 4 . It likewise 
applies to the inorganic salts of blood which seem to be more effective than 
NaCl at corresponding total concentrations even'when the blood salts are 
made up without calcium. Calcium alone can restore irritability and the 
potassium effect slowly, probably by preventing R A arid Rp from dissolv¬ 
ing out of the cell surface. 17 (Rp is an organic substance which appears 
to be responsible for the potassium effect.) 

Until the mechanism of irritability has been cleared up it does not 
seem useful to make further hypotheses. 

Summary.—Niiella cells which have lost their irritability may have it 
restored by exposure to 0.01 M NaCl or to Na 2 SO* but the time required 
is so much longer than for certain organic substances that a different 
mechanism may be involved. Possibly NaCl causes a movement of 
organic substances from the sap into the protoplasm. 

The inorganic salts of blood are somewhat more effective than NaCl. 

1 By irritability is meant the production of action currents by electrical stimulation 
when the recording contact is 1 cm. or more from the cathode. A contact at the cathode 
usually shows some sort of response by the cell if the stimulating voltage is high enough, 
but this is not propagated along the cell. Exposure to 0.01 M NaCl lowers the voltage 
threshold for this response but the current is not diminished to the same extent because 
NaCl increases the conductivity of the cell. 

* Osterhout, W. J. V., and Hill, S. E., Jour, Gen. Physiol., 17, 105 (1933-1934), Proc. 
Soc. Exptl . Biol. Med., 32, 715 (1934-1935) ; Osterhout, W. J. V., Jour . Gen. Physiol 
19, 423 (1935-1930). 

8 These cells may be called Lot B to distinguish them from the earlier cells which will 
be called Lot A. Cf. Hill, S. E., and Osterhout, W. J. V., Jour. Gen. Physiol., 21, 541 
(1937-1938). 

4 The experiments were performed on NiteUa flexilis , Ag., using the technique de¬ 
scribed in former papers (cf. Hill, S. E., and Osterhout, W. J. V., Jour, Gen . Physiol., 21, 
541 (1937-1938)). Temperature 20° to 25°C. 

8 For single peaked curves see Hill, S. E., and Osterhout, W. J. V., Jour. Gen. Physiol 
22,91, Fig. 7 (1938-1939). For square topped curves see Osterhout, W. J. V., and Hill, 
S. E., “Some Ways to Control Bioelectrical Behavior/ 1 in Cold Spring Harbor Symposia 
on Quantitative Biology , Cold Spring Harbor, Long Island Biological Association, 4, 43, 
Fig. 3 (1936). 
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• In this case cup technique was employed (cf. Hill, S. E., and Osterhout, W. J. V., 
Jour, Gen. Physiol., 19, 307 (1935-1936)) and some of the cups were filled with 0.01 M 
NaCl and the rest with distilled water, 

7 Osterhout, W. J. V., and Hill, S, E., Ibid., 17, 87 (1933-1934). 

8 This condition is often found in freshly collected cells in late spring and early sum¬ 
mer (cf. Osterhout, W. J. V., and Hill, S. E., Ibid., 17,105 (1933-1934)). 

• HiU, S. E., and Osterhout, W. J. V., Ibid., 22,91 (1938-1939). 

There was frequently a delay, cf. Hill, S. E. f and Osterhout, W. J. V„ Ibid., 22,107 
(1938-1939). 

11 Osterhout, W, J. V., and Hill, S. E., Ibid., 18,681 (1934-1935). 
l * Osterhout, W. J. V., Ibid., 19,423 (1935-1936). 

** These were made up as follows: 

NajCOi 0.0147 M MgClj 0.001 M KC1 0.005 M 

Na,HP0 4 0.001 M NaCl 0.128 M CaCl* 0.0025 M 

Total Cl - 0.140 M 

This mixture was diluted with 4 parts of water to correspond with the dilution of the 
blood plasma (cf. reference 12). 

14 In some cases this was much briefer than with 0.01 or 0.03 M NaCl. 

18 Osterhout, W. J. V., and Hill. S. E„ Proc. Soc . Exptl. Biol. Med., 32, 715 (1934- 
1935); Osterhout, W. J. V.. Jour. Gen, Physiol I9 ( 423 (1935-1936). 

« Hill, S. E., and Osterhout, W. J. V., Ibid., 21, 541 (1937-1938). 

17 Osterhout, W. J. Vand HiU, S. E., Ibid., 17,105 (1933-1934). 


PHOTOMICROGRAPHS OF THIN BONE SECTIONS B Y THE 
USE OF FL UORESCENCE X RADI A TION 

By Elmer Dershem 

Rybkson Physical Laboratory, University of Chicago 
Communicated November 23, 1938 

The x-ray photography of thin microtome sections requires the use of 
soft x-rays in order that the absorption in the specimen may be sufficient 
to provide photographic contrast. For such work low voltage x-ray tubes, 
sometimes called grenz ray tubes, have been used. These operate at po¬ 
tentials of 4000 to 10,000 volts and are provided with thin windows made 
of low atomic weight elements to permit the passage of weakly penetrating 
radiation. Such tubes are not commonly available and even so the radi¬ 
ation is much too penetrating. 

However, much better results may be secured with an ordinary x-ray 
tube provided the rays from this tube are caused to pass through a thin 
sheet of material containing a properly chosen element. The atoms of 
this element will absorb part of the incident radiation, then emit fluores¬ 
cence x-radiation which is practically confined to three or four closely ad¬ 
jacent wave-lengths characteristic of the element. This radiated body thus 
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becomes a source of nearly monochromatic x-rays, much more nearly 
monochromatic than radiation from an x-ray tube. 

Each element has an x-ray absorption wave-length limit such that x-rays 
whose wave-lengths are just shorter than this value are much more absorbed 
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FIGURE l 

by the atoms of this element than rays of longer wave-length. Hence it 
is usually possible to choose an element for the fluorescent radiator such 
that its characteristic radiation is selectively absorbed by the atoms in 
the specimen. 
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The critical absorption limit of calcium is at 3.00 A while the 
weighed average wave-length of scandium fluorescence radiation is 3.02 A. 
Hence calcium very strongly absorbs this radiation. In fact the absorption 
of the 3.02 A scandium radiation by a thin film of calcium may be one to 


I 



i 

i 





FIGURE 2 

two hundred times as great as would be the case for radiation slightly 
longer than 3.06 A in wave-length. 

A camera permitting the use of such radiation was constructed and 
cross-sections of it at right angles to each other are shown in parts A and 
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B of figure 1. X-rays from any convenient x-ray tube pass through thin 
aluminum windows marked W and also through the radiator R, This 
radiator was made of thin onion skin paper to the under side of which a 
thin layer of the radiating material, in this case scandium oxide, was at¬ 
tached by mixing it with a thin celluloid cement. 

The fluorescence radiation from the radiator R passed downward through 
the diaphragm D and thence through the specimen to the photographic 
plate. The specimen was held firmly against the plate by means of a damp 
not shown in the sketch. X-rays of these wave-lengths are very strongly 
absorbed by passage through air, hence the camera was made airtight and 



FIGURE S 


evacuated by a Cenco oil pump. The holder for the specimen and the 
photographic plate is attached to the lower end block of the camera and 
may be withdrawn by loosening the screw with the knurled head tt and 
swinging aside the yoke to which it is attached. The camera may be 
loaded in the dark room and then sealed by compressing the gasket be¬ 
tween the main tube and the end carrying the specimen holder, by means of 
the screw H* The camera may then be supported on a laboratory stand in 
such a position that x-rays from any available tube pass through the win¬ 
dows and the radiating material. The connection to the pump may be 
sealed to the camera by several turns of the knurled screw head K which 
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seats the pump connection against a rubber gasket. The radiator is at¬ 
tached to the upper end block of the camera. This end block is held against 
a rubber gasket by four screws. If these are removed the radiator may be 
removed and a radiator of some other element substituted. 

Figure 2 shows a photomicrograph of a microtome section, 0.01 mm. 
thick, of the leg bones of a young rat. Due to the selective absorption of 
the radiation by the calcium every tiny particle of bone cast an unmistakable 
shadow on the plate. Eastman grenz ray plates were used. The exposure 
time was 40 minutes with a tube current of lOmilliamperesat 40,000 volts. 
The best results are to be secured with an x-ray tube voltage not greatly in 
excess of that required to excite the characteristic radiation of the element 
composing the radiator since the efficiency of the process by which general 
radiation from the tube is changed to characteristic radiation from the 
radiator is greatest in this case. Also, some radiation is scattered with either 
no change or only a slight increase of wave-length and if the x-ray tube 
voltage is high this will be of a short wave-length penetrating type which 
will mask the effect of the more strongly absorbed fluorescence radiation. 

The same methods may be applied to problems in which other elements 
are involved. The proper element for use as a radiator with a given element 
in the specimen may be determined from a table of x-ray K emission and 
K absorption limit wave-lengths. The element to be chosen for the radi¬ 
ator should be the one whose K emission lines have wave-lengths just 
shorter than the K absorption wave-length of the element comprising the 
specimen. The fluorescence method may also be applied in cases where 
the specimen consists mainly of very light atomic weight elements such 
as carbon and oxygen whose selective absorption bands are far into the soft 
x-ray region. In this case the fluorescence method still yields a radiation 
much more absorbable than may be obtained directly from an x-ray tube 
unless the latter is of special design such that the specimen is placed within 
the x-ray tube itself. 

Figure 3 shows a grasshopper leg photographed with scandium radiation. 
In this case the effects are mainly due to the general absorption of the soft 
radiation by light weight elements rather than selective absorption by 
calcium as in figure 2. 

Other tests showed that for butterfly wings scandium radiation was too 
hard and better results could be secured with sulphur whose principal K 
emission wave-length was 5.30 A. 

The author is very deeply indebted to Dr. Franklin C. McLean and the 
Department of Physiology for supplying the microtome sections and financ¬ 
ing the construction of the apparatus. 
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THE INDUCTION BY IRRADIATION WITH NEUTRONS OF 

HEREDITARY CHANGES IN MICE 

By George D. Snell 

Roscob B. Jackson Memorial Laboratory, Bar Harbor, Mains 

Communicated January 13, 1938 

In a previous paper by Snell and Aebersold 1 the production in male 
mice by irradiation with neutrons of an initial period during which small 
litters are sired, followed by a period of complete sterility, followed, in 
turn, for the smaller doses, by a resumption of normal fertility, has been 
described. This paper is concerned with the appearance of sterility and 
of heredity changes in the descendants of the irradiated males. 

The twelve irradiated males were from the C stock, homozygous for the 
mutant genes b and c. Before the onset of sterility they were mated as 
often as possible to females of the P stock (genotype aabb CCddpps e $ € ), 
or in a few cases to females of the M stock (genotype aabbCCd^pps^s «,). 
Fi animals were mated to mice of the P (or M) stock to give the second 
generation, designated as the F%. F 2 mice of the appropriate sex were 
selected and back-crossed and to their Fi parent to give the Fz generation, 
among the individuals of which new recessive mutations may be expected 
to become phenotypically visible if any such have been induced by the 
treatment. The advantages of this type of cross in a search for induced 
mutations have been discussed in a previous paper by Snell. 2 

In order to make a rapid test of the semi-sterility of F\ males, they 
were mated to females of the Pch stock as well as to the females from the 
P (and M) stocks. The Pch stock was selected because of its fertility. 

The results of the tests for sterility and semi-sterility are summarized 
in table 1. 


TABLE 1 

NO. TB&TSO NO. 




TOTAL NO. 


FOR FERTILITY 

NO, STERILE 
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(a) Sired during pre- 










sterility period 

16 

25 

3 

10 

23 

0 

3 

1 

3 

(6) Sired during post¬ 










sterility period 

13 

10 


2 

m 

0 

0 

0 

0 

0 

F\ control 

43 

28 

5 

19 

3 

0 

0 

0 

0 


The nature of semi-sterility in mice has been discussed in previous 
papers by Snell 8 and Snell, Bodemann and Hollander. 3 In the experiment 
here described, 62 Ft and F» litters by Fi control females averaged 9.3 
young per litter, and 16 Ft and F$ litters by Fi control males averaged 9.6 
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young per litter. The consistent production of litters considerably smaller 
than this may be regarded as evidence of semi-sterility due to a trans¬ 
location. Experience has shown that a mouse whose litters average below 
7 should be subjected to further tests for semi-sterility. Cases of sterility 
and semi-sterility found in the present experiment are listed below. 

tf , /?i8.“(Dose applied to father, 140 4< r.”) Fourteen litters of R\R by 
normal females averaged 6.0 young. Incompleted tests indicate that 
JRi8's tendency to produce small litters is transmitted to about one-half 
his progeny. In addition to the normal and semi-sterile offspring of 7?j8, 
6 out of 63 offspring that have been raised to maturity have shown con¬ 
spicuously slow growth and have remained stunted throughout life. Rfi 
is clearly semi-sterile. Further tests are in progress. 

dR\Y2 .“(Rose applied to father, 110 “r^’) Fifteen litters of Ri\2 
by normal females averaged 3.3 young. Incompleted tests indicate that 
Ri\2's tendency to produce small litters is transmitted to about one-half 
his progeny. Further tests are in progress. 

d*i?i 14.—(Dose applied to father, 110 “r.”) Sterile, He was killed at 
eight months of ag^. There were no motile sperm in the sperm ducts. 
The testes were slightly below normal size. Sections show a very few 
.spermatids, some in rather advanced stages, but no mature .spermatozoa. 
The interstitial cells appear normal. 

c?f?i28,—(Dose applied to father, 110 “r.”) This male though placed 
with six different females produced only one litter, a litter of 2, which was 
not raised. He was killed at eight months. Many motile sperm were 
present in the sperm ducts. 

cT2?i30—(Dose applied to father, 110 “r. M ) Sterile. Male J£i30 was 
killed at eight months. A few immotile sperm were found in the left vas 
deferens, and a very few motile sperm in the left epididymis. No sperm 
were found in the right sperm tract. Sections of the testis showed a 
limited number of normal appearing spermatozoa to be present, but all 
of those observed were still attached. 

$ J?i58.—(Dose applied to father, 140 “r.”) Five Utters averaged 4.4 
young. The semi-sterility is definitely transmitted. Further tests are 
in progress. 

c?f?i61.—(Dose applied to father, 120 “r.") Sterile. No sperm were 
present in the sperm ducts. Sections of the testes show spermatogonia 
and spermatocytes but no spermatids. Many of the tubules show hyaline 
degeneration of the germinal epithelium. The interstitial cells are normal 
or slightly increased in number. 

In addition to the above, one test female, R t 2 t produced nine litters 
averaging 5.7 young; one test male, RUG, produced one litter of 4 and was 
then lost; one test female, Hi57, produced 4 litters averaging 6.8 young 
and was then discarded; one control female, J?j64, produced 3 Utters 
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averaging 6.7 young and was then discarded; one control female, 12x65, 
produced 13 litters averaging 5,9 young; one test Fi of unrecorded sex, 
Fj90, was found with a tail one-half normal length, shown by examination 
under the microscope to be a congenital defect and not the result of eating 
by the mother, but was missing three days later. Test female R\2 and 
control female i?i65 were tested further by matings of their progeny. Of 
10 tested sons and daughters of R\2 t only 1, a daughter, produced litters 
below normal size, and 3 grandsons by this daughter were normal. Fifty- 
one litters by 9 sons and daughters of i?i65 averaged normal size. Females 
R\2 and J?i65 were, therefore, probably genetically normal despite the 
.small size of their own litters. Similar cases among females have been 
noted previously by Snell 2 in the control group of a similar experiment. 
Aside from the above, all f\ mice were phenotypically normal and produced 
litters averaging more than 7 young. 

In the search for recessive visible mutations, 33 Fi experimental animals 
(13 9 and 20 c?) were tested. Back-cross matings between these mice 
and 83 of their offspring (17 sons and 66 daughters) yielded 842 F 3 mice. 
The majority of these were observed at birth and again at about three 
weeks of age. No mutations were found, though there were a few minor 
variations that failed to reappear. Twenty-five control mice mated to 
39 of their offspring gave 467 F* mice, all normal. 

Summary and Conclusions .—Out of the 44 Fi animals in the experimental 
group there are thus 3 proven semi-sterile individuals (<?R$> <?Ri 12, 
9i?i58), 1 almost completely sterile male (72j28) and 3 completely sterile 
males with abnormal spermatogenesis (i?i!4, R\30, Rfil). There are no 
cases of complete sterility and probably no cases of semi-sterility in the 
control, and while there are insufficient Fi males in the untreated group 
to furnish an adequate control for the sterile males in the experimental 
group, the control groups of two other comparable experiments by Snell 2 
and Hertwig 4 serve to show that in Ft males from untreated parents, 
sterility is very rare. In quite extensive tests, no evidence was found for 
the occurrence of recessive visible mutations following irradiation with 
neutrons. 

The similarity of the results found by Hertwig 4 and Snell 2 following 
irradiation with x-rays and the results here reported following irradiation 
with neutrons is noteworthy. Both treatments result in the production 
of translocations and of sterile Fi males, and both fail to produce recessive 
mutations, at least in detectable numbers. Snell 2 found that a dose of 
about 700 r of x-rays applied to male mice caused translocations in about 
33% of their offspring. This is a much higher incidence than the 9.1% 
(or 15.1% if d*i?i28 and c?Ril6 are included) found in the present experi¬ 
ment among animals sired during the initial fertile period. Yet Snell and 
Aebersold found that the reduction in F\ litter size during the initial fertile 
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period was about the same in the two cases. Only further tests can show 
whether or not this represents a real difference between the effects of the 
two treatments. 

The author wishes to acknowledge the kind assistance of Miss Mary 
Allen in making sections and of Miss Elizabeth Fekete in interpreting 
them. Thanks are also due to Mr. Charles Cooper for assistance with 
animals and records. 

This investigation has been aided by a grant from the Committee on 
Radiation of the National Research Council. 

» Snell, G. D., and Aebersold, P. C., Proc. Nat. Acad . Sri., 23, 374-378 (1937). 

* Snell, G. D., Genetics , 20, 545-567 (1935). 

1 Snell, G. D., Bodemann, Elsie, and Hollander, W., Jour. Exptl. Zodl. f 67, 93-104 
(1934). 

4 Hertwig, P„ Ziets. ini. Abst. Vererb., 70, 517 (1035). 


IMAGINAL DIFFERENTIATION INAUGURATED BY OXYGEN 

' IN DROSOPHILA PUPAE 

By Dietrich Bodenstein 
School op Biological Sciences, Stanford University 
Communicated November 5,1938 

The itnaginal differentiation of the abdominal ectoderm of a Drosophila 
pupa depends upon a factor localized in the anterior part of the pupa. 
This factor acts during a critical period in pupal development. When 
the anterior part of the pupa is removed by means of a ligature before the 
critical period, the abdominal ectoderm is incapable of differentiation. 
On the other hand, itnaginal differentiation takes place when the anterior 
part of the pupa is removed after the critical period. 1 Furthermore, it 
has been found that the differentiation of an eye anlage transplanted 
into an abdomen also depends upon the action of the pupal differentiation 
factor. 1 Such a differentiation center localized in the anterior part has 
not only been demonstrated for flies but also for Lepidoptera.* 1 * Thus 
the action of the itnaginal differentiation center seems to be necessary for 
the developmental processes leading to itnaginal completion. 

We have already said that eye transplants can differentiate only after 
they are activated by the pupal differentiation center. The same has 
been found in skin transplants in the Micro-Lepidopteran Galleria. 4 
Since the transplanted tissues lie free in the body cavity it was thought 
that the surrounding blood carried an "itnaginal metamorphosis hormone" 
which is responsible for the differentiation of the transplants. The 
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differentiation center in the anterior part of the pupa thus represents a 
center of inner secretion which at the critical period releases its stimulating 
agencies into the blood. This point of view, based only upon the fact 
that the transplanted tissue in the abdomen of the animal seems to have 
only blood connections in its new environment, was held especially by 
Piepho* in his work on skin transplants in Galleria, whereas we also con¬ 
sidered other possible interpretations of such experiments. 

The work reported here was carried out on Drosophila hydei and is only 
a preliminary account; complete details will be published elsewhere. 
Previous work (in press) on the differentiation center in this species gave 
the following results. The critical period for the differentiation of the 
abdominal ectoderm of Drosophila hydei lies at about 28 hours after 
pupation. The ectoderm of the remaining posterior part always stays 
undifferentiated when the anterior part is removed by means of the ligature 


TABLE 1 

CONTROL IN AIR 


IN OXYOKN 


wo. or 

a xvaa. 
nun 

A OB OP LIOA- 
TURINO IN HOURS 
AFTER PUPATION 

% OP 

CASES 

COM¬ 

PLETELY 

differen¬ 

tiated 

% 

OP 

CASKS 

PARTLY 

DZPFKRBN- 

TIATBD 

% 

OP 

CASKS 

NOT 

DIFFEREN¬ 

TIATED 

% OP 

CASKS 

COM¬ 

PLETELY 

DIFPBRBN- 

TIATRD 

% 

OP 

CASKS 

PARTLY 

DtPPKRBN- 

TIATRD 

% 

OP 

CASKS 

NOT 

DIFFEREN¬ 

TIATED 

F 86 

48 

50 

50 

0 

100 

0 

0 

F 82 

43 

20 

80 

0 

100 

0 

0 

F 76 

41-42 

0 

90 

10.2 

100 

0 

0 

F 77 

40-41 

50 

50 

0 

100 

0 

0 

F 71 

39Vi 

33 

67 

0 

100 

0 

0 

F 72 

24 

0 

0 

100 

37.5 

25 

37.5 

F 83 

24 

0 

0 

100 

54.5 

9 

36.5 

F 87 

24 1 /, 

0 

0 

100 

60 

33 

17 

F 88 

22 

0 

0 

100 

0 

60 

50 

F 79 

21 

0 

0 

100 

8 

60 

42 


before this critical period. When the ligature was applied at about 40 
hours after pupation, the ectoderm differentiated, but in a certain per¬ 
centage of these cases the development of the abdominal hairs (used as 
the criterion for differentiation) is not normal. As a consequence partly 
developed abdomens occur. One way of explaining these results by sup¬ 
posing the existence of a hormone is the assumption of an insufficient 
supply of hormone at the time of the operation. 

In the course of our work on Drosophila, in which we used a combined 
transplantation and ligature technique, certain indications were found 
which suggested the rdle of oxygen in the process of imaginal differentia¬ 
tion. We may imagine that a Drosophila pupal abdomen lacking the 
whole anterior region is unable to obtain sufficient oxygen from the air to 
complete its development As we know that in flies oxygen may be 
absorbed through the skin/ it was thought to be possible to bring about 
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development by putting such abdominal parts into a pure oxygen atmos¬ 
phere. Such experiments were performed and gave, remarkably enough, 
positive results. As table 1 shows, abdomens, the anterior parts of which 
have been removed 40 hours after pupation, differentiate in oxygen com¬ 
pletely in 100% of the cases, whereas the controls only show complete 
differentiation in 50% or less of the cases. Furthermore, pupae ligatured 
before the critical period, which in air would never differentiate at all 
could be made to differentiate completely in oxygen (up to 50% of the 
cases). If the critical period is an indicator of the time of action of a 
hormone center, pupae ligatured 21 hours after pupation, i.e., 7 hours 
before the critical period, could not have received any hormone. The 
differentiation of such abdomens in oxygen thus makes the assumption 
that these imaginal differentiation processes are controlled by a hormone 
very improbable. 

1 Bodenstdn, IX, Arch. Entw. mech 137, S. 636 (1938). 

* Bodenstein, IX, Ibid., 137, S. 036 (1938). 

3 Hachlow, V., Ibid., 125, S. 20 (1932). 

* Picpho, H., Biol, Zbl. t 58, S. 350 (1938). 

* Kraenkel, G., and Herford, G. t Jour, exptl. Biol., 15, 200 (1938). 


EXPERIMENTS ON THE RELATION OF NUTRITION TO THE 

COMPOSITION OF THE BODY AND THE LENGTH OF LIFE 

By II. C. Sherman, H. L. Campbell and C. S. Lanford 
Department of Chemistry, Columbia University, New York 
Read before the Academy, October 24, 1938 

It has long been an influential view that the chemical composition of an 
organism is rather rigidly specific. Individual differences in quantity of 
inactive reserve stores, such as fat in the animal or starch in the plant, 
being taken as a matter of course, it has been held ever since Liebig that 
in its essential parts every normal individual will grow and develop to the 
specific chemical composition of its kind. And this doctrine which Liebig 
based on chemical analyses has its physiological corollary in the aphorism 
of Claude Bernard, that it is the fixiU of the body’s internal environment 
which enables it to cope with a new or changeable external environment. 
The neat form of this generalization, and its usefulness in helping to explain 
the self-regulatory processes in the body and the spread of species over the 
surface of the earth, have resulted in its having been accepted for two 
generations as almost axiomatic. 

Meanwhile, however, there have developed physico-chemical views, 
based on much more complete evidence, which call for revision of these 
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over-simple postulates or first-approximations of Liebig and of Bernard 
We can no longer doubt that when different proportions of active factors 
are introduced into a system some difference in concentration-levels or 
dynamic-equilibrium points must result. 

Also, we now have experimental evidence that the outcome with re¬ 
spect to the quantitative chemical composition of the body is not parallel 
for all constituents. Thus it was strikingly shown by Osborne and Mendel 
that, with lysine as the limiting factor in the dietary, growth responds to 
the level of lysine intake in quite close approximation to the so-called 
‘‘Liebig’slow bf the minimum'’; but our present experiments with animals 
of the same strain show that restriction of the calcium content of an other¬ 
wise good diet results in animals growing up with calcium-poor bodies. 

We now advance to the more ambitious and constructive aspect of this 
general problem. When we deal not with deficiencies but with differences 
within the range of the normal, how significantly does nutrition influence 
the chemical composition and internal environment of the body, its 
vitality or fitness and its length of life? 

Both by calcium-balance experiments with children and by controlled 
experiments with animals whose entire bodies were directly analyzed for 
calcium at fixed ages, it has been established that the rate of calcification 
in the normally developing body, and therefore the percentage of calcium 
in the body at a given age or size, may be varied by adjustment of the nu¬ 
tritional intake of calcium at a higher or a lower normal level, and this 
without any immediately detectable departure from full health or from 
the accepted norms of physical development. 

In our full-life and successive-generation experiments/ our Diet A 
(Laboratory No. 16) containing about 0,20 per cent of calcium in the dry 
food mixture has been found to approximate minimal adequacy for fully 
and permanently successful results generation after generation. This was 
therefore taken as the starting-point for the first series of experiments 
here reported. Parallel families of animals of the same strain were fed 
(a) on this Diet 16, (b) on the same enriched with calcium to 0.64 per cent 
and (c) on the same plus further enrichment with calcium to 0.80 per cent 
with simultaneous increase of phosphorus in the same proportion; and 
the young from these families were analyzed for body calcium at fixed 
ages. These experiments show that differences in the calcium content of 
the family food supply, within the range of normal experiences both in 
nature and in the present-day civilized life of human beings and their 
domestic animals, involve very significant differences in the calcium con¬ 
tent of the body. The difference is not measurable at birth (at least in 
the average case) but develops rapidly with early growth, is largest at the 
time of greatest growth and is still significant in adult life (Fig* 1). Natu¬ 
rally the question arises whether the individuals receiving a more liberal 
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intake of calcium and thus making higher rates of retention and maintain¬ 
ing a higher percentage of body calcium at any given age, will show a 
higher level of nutritional well-being and general fitness throughout life. 



AGE IN DAYS 

FIOURE 1 

Amounts and percentages of calcium. 


Many of the families on the diets just mentioned have now completed 
their natural lives; and the results thus far obtained are entirely favorable 
to the more liberal levels of calcium intake, and indicate that the higher 
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rate of retention here shown is a permanently advantageous expediting 
of a phase of the normal development of the growing body. 

When the basal ration is our better-balanced Diet B (Laboratory 
No. 13) (which is half-again to twice as rich as Diet A (or 16) not only in 
calcium but also in vitamin A and riboflavin; and also improved in lesser 
degree in protein value), the increase of the calcium level from 0.35 to 
0.48 or 0.64 per cent of the dry food mixture has no marked effect upon 
the rate of growth, but does (as in the previous series) increase the calcium 
content of the body. As these latter experiments are still in progress, 
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FIGURE 2 

Survivorship diagrams. 

the full-life records of nutritional well-being cannot yet be stated 
definitely. 

The nutritional intake of vitamin A, adjusted to different levels by 
varying the proportion of butterfat in the dietary, has in our experiments 
significantly influenced the length of life and the vitality of the offspring, 
even when the rate of growth was not materially affected. This latter 
finding is of special interest as bridging a part of the apparent gap between 
the experiments of the Cornell* and Columbia laboratories upon the rela¬ 
tion of nutritional regime to length of life. In our experiments it would 
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appear (Fig. 2) that the addition of extra butterfat alone to Diet A in¬ 
creased the length of life of these females to as large an extent as did Diet 
B which is richer not only in this respect but in calcium and riboflavin 
also. Two possible explanations suggest themselves, and both may 
perhaps be true: (1) It is conceivable that vitamin A may be somewhat 
specifically conducive to the lowering of death rates in the latter half of 
the life cycle as the survivorship diagram in figure 2 suggests. (2) It 
is also conceivable that the longer lives of the females receiving Diet A 
plus butterfat may be related to the fact that they did not, like those 
receiving Diet B, grow faster and bear and rear more young. We hope to 
study further the effects of different levels of intake of vitamin A. 

As yet, each of our modifications of an already adequate dietary which 
has increased the length of life has extended the period of adult capacity 
and vitality rather than the period of physiological old age. 

The cooperation of the Carnegie Corporation of New York and the 
Carnegie Institution of Washington is gratefully acknowledged. 

1 H. C. Shermau and H. L. Campbell, Jour. Biol. Chem ., <50, 5-15 (1924); Proc. Nat . 
Acad. Sci 14, 852-855 (1928); Jour. Nutrition , 2, 415-417 (1930); 14, G09H320 
(1937). 

* C. M. McCay, M. F. Crowell and L, A. Maynard, Jour. Nutrition , 10,03-79 (1935). 


THE RESOLUTION OF TESTS INTO TWO GENERAL FACTORS 

By Edwin B. Wilson and Jank Worcester 
Harvard School of Public Health 
Communicated December 2, 1938 

In the Spearman 1 type of factor analysis, which was generalized by 
T. L. Kelley 2 to cover multiple factors and which is still of some interest 
despite the introduction of a different type of analysis by Hotelling, and 
of some supplementary considerations by Tliurstone, there are conditions 
of the nature of inequalities for the existence of a solution. In the Spear¬ 
man case for three tests it is necessary to find three quantities (communali- 
ties) h\, h\ t h\ such that the matrix 


h\ 

ru 

ns 

ft a 

*! 

r% i 

fiz 

f28 

h\ 1 


where the r’s arc the intercorrelations of the three tests, becomes of rank 1, 
i.e., such that all the 2x2 minors vanish. This requires in particular that 
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r r u 

hi r n 



or 



rn 


Now A* is necessarily positive and between 0 and 1. Hence, with the 
similar results for h\ and h\> it appears that either 0 or 2 of the correlation 
coefficients must be negative. By reversal of one scale the case of 2 
negative coefficients can be made one of 0, so that we may say that it 
shall be possible to take all 3 coefficients to be positive. This being done, 
the condition that the h *s shall be positive proper fractions means that the 
partial correlations shall also be positive. 3 

If the tests be represented by unit vectors a, b, c the matrix may be 
written as 4 


1 h% ° 

a.b 

ax 

a.b 

hi 

bx 

1 a.c 

bx 

hi 


where a.b is the scalar product of the vectors a and b and the conditions 
may be stated as that the angles between each pair of vectors shall be 
acute (or may be so taken by reversing one of the vectors) and that the 
angles between the three planes determined by pairs of the vectors shall 
also then be acute. Indeed if we write h\ «= 1 — k\ and remember that 
b.b = 1 the determinant becomes 


a.b 

a.c 


a.b 

a.c 

+ 

0 ax 

1 - k\ 

b.c 


b.b 

b.c 

-k\ b.c 


or, by a fundamental formula of multiple algebra, 6 

(axb).(bxc) + k\ ax = — (bxa.bxc) + k\ ax « 0 


or 


l3 _ bxa.bxc _ sin(Z a, b) sin(Z b, c) cos(Z ab to ac) 

tz b ---- —--:- 

ax cos (Z ax) 

and k\ > 0 means that the cosine of the angle between the planes ab and 
be is positive. 

Kelley discussed the case of the resolution of four tests into two factors 
in a good deal of detail. 6 When, however, he came to the resolution of 
five tests into two factors he obtained only one of the conditions 7 —his 
pentad equation. The analysis may be carried through in terms of vectors, 
not only to reach the pentad equation more neatly than Kelley did but 
also to indicate the inequalities which must be satisfied. We have a 5x5 
matrix 
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- k 2 

a.b 

ax 

a.d 

a.e 

a.b 

1 - k\ 

bx 

b.d 

b.e 

a.c 

bx 

1 - k\ 

c.d 

c.e 

a.d 

b.d 

c.d 

1 -k\ 

d.e 

a.e 

b.e 

c.e 

d.e 

1 - 


of which, for resolution into two tests all 3x3 minors must vanish. Of 
these one is 


a.c 

a.d 

a.e 


ax 

a.d 

a.e 


0 

a.d 

a.e 

bx 

b.d 

b.e 


bx 

b.d 

b.e 

+ 

0 

b.d 

b.e 

i - ki 

c.d 

c.e 


c.c 

c.d 

c.e 


—A* 

c.d 

c.e 


or 

axbxc.cxdxe — fe*(axb.dxe) « cxaxb.cxdxe - fcj(axb.dxe) * 0 

and 


Ljt cxaxb.cxdxe 

fg — - * " ““j 

axb.dxe 

must be positive and between 0 and 1. This condition means a restriction 
of the nature of double inequality upon the five vectors a, b, c, d, e analo¬ 
gous to that arising in the case above—in fact, the vector form of k\ here 
is a perfectly natural extension of the vector form given above. To turn 
the statement into geometric form would require a form of language 
adapted to 5-dimensional geometry. 

In the formula for k\ the vector c enters in a different manner from 
that of the other four vectors. Indeed it is clear that a number of such 
formulas may be written for k\ merely by interchanging the rdles of a, 
b, d, e in the expansion. There are 24 such permutations but as the 
value of k\ is not altered by interchange of a and b (both numerator and 
denominator interchanging sign) or by that of d and e or by the inter¬ 
change of the pair a and b with the pair d and e, there are in fact only 3 
different forms 

= cxaxb.cxdxe ^ cxaxd.cxbxe ^ cxdxe.cxdxb 
* axb.dxe axd.bxe axe.dxb 

This continued equality means that three identities of the form 

(cxaxb.cxdxe)(axd.bxe) - (cxaxdxxbxe)(axb.dxe) “ 0 

shall exist. This is, as a matter of fact, a vector form of the pentad 
equation, the other two forms being equivalent thereto although the 
expressions set equal to zero may be of opposite sign. 
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As c enters asymmetrically as compared with a, b, d, e, it must be that 
in solving for k \, k\ } k\ } k] there will be other pentad equations such as 

(axbxc.axdxe)(cxd.bxe) — (axcxd.axbxe)(bxc.dxe) « 0, 

where a has interchanged r61es with c. The pentad expression is, how¬ 
ever, skew symmetrical in the five vectors, as may be seen by reference 
to the expanded form in which Kelley writes it, so that any such new 
equations are in fact not new conditions upon the vectors or tests. Indeed 
by identifying two such expressions with the proper sign a large number 
of algebraic identities analogous to those found in books on three-dimen¬ 
sional vector algebra (or analogous to those found in ordinary spherical 
trigonometry) may be written down for the five dimensional case for 
example: 

(cxaxbxxdxe)(axb.bxe) — (cxaxdxxbxe)(axb.dxe) 

+ (axcxd.axbxe)(bxc.dxe) — (axbxc.axdxe)(cxd.bxe) — 0. 

To work freely with the problem of resolving five or more tests into two 
general factors and the appropriate number of specifics it might be neces¬ 
sary to have a great deal of familiarity with such relationships. 

If five vectors a, b, c, d, e be resolved into two generals and five specifics 
as 

a as r 0f g + + s a , b = r ag g + r ak h + s bt . .. 

a.b 85 + fak^bh* = b.S<j 2=5 S a .S* “ ^ 0, 

it is clear that the continued (outer) product of the two generals g, h and 
any test a* viz., gxhxa, will reduce to gxhxs a which is perpendicular to 
the continued product bxcxd of any three tests other than a, since s„ 
is perpendicular to b, c and d. Hence for a resolution into two generals 
there must be a planar vector M, any multiple of gxh, such that 

Mxa.bxcxd « Mxa.bxcxe « Mxbxxcxd « ... 0, (1) 

there being in fact 20 such equations. (In this equation M may be con¬ 
sidered to be the projection Mo of M on the 5-space of the tests, and in 
what follows M will actually be considered to be this projection M 0 .) 
Is the converse true, that is, is it true that if there be a planar vector M 
such that all 20 of the equation (1) be satisfied then the five tests a, b, c, 
d, e are resoluble into two generals—provided that for a real resolution the 
necessary equalities, the form 0 2S k\ ££ 1, are satisfied? The answer 
is: Yes. The proof is tedious but straightforward. One writes 

M « #ua'xb' + tfwa'xc' + ... + ac^d'xe' 
where a', b', c', d r , e' are the reciprocal system* to a 9 b, c 9 d, e. Then 

Mxa « rraa'xb'xa + aua'xc'xa + ... + ^d'xe'xa. (2) 
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The product Mxa.bxcxd will yield only three terms, viz., 
Mxa.bxcxd »= (a.d)#s$ — (a.c )»84 + (a.b)xj 4 


and 

Mxe.bxcxd = (d.e)^ — (c.e )# 2 4 + (b.e)jc«, 

from which the ratios x 2 *: : x$i may be obtained. The equations 

Mxa.bxcxd = Mxe.bxcxd = Mxc.axbxe ~ Mxd.axbxe = 
Mxb.axcxe * Mxd.axcxe — Mxb.axdxe * Mxcxxdxe - 

Mxc.bxdxe * Mxaxxdxe = 0 

will suffice to determine 8 the ratios of all 10 coefficients xy and the con¬ 
dition that the pentad be zero comes out in the process as a relation 
between a, b, c, d, e necessary and sufficient for the solution to be obtained. 

Now it was pointed out 4 that if the four or more vectors a, b, c, d, . . . 
were to be resoluble into one general and four specifics the spherical poly¬ 
gon defined by the termini of the vectors (supposed laid off from a common 
origin) must have an orthocenter or the polyhedral angle formed by the 
vectors must have an orthocentral line, and conversely if this holds and 
certain inequalities also hold the tests are thus resoluble. The theorem 
above affords the corresponding result for the resolution of five or more 
tests into two generals and five or more specifics: The spherical polygon 
defined by the termini of the vectors must have an orthocentral arc or 
the polyhedral angle must have an orthocentral plane, 9 which means that 
the pentads for every quintet of vectors must vanish, and conversely if 
these conditions hold and certain inequalities also hold the tests are thus 
resoluble. 10 

1 C. Spearman, The Abilities of Man. 

*T. L. Kelley, Crossroads in the Mind of Man. 

8 Thus if three tests have the intercorrelations 0.14, 0.25, 0.50, they may be resolved 
into one general and three specifics; but if they have the intercorrelations 0.14, 0.35, 
0.50, they may not be so resolved. It is very doubtful whether sufficient attention has 
been paid by psychologists to the broad implication of these restrictive inequalities for 
the significance of a factor analysis. 

4 For notation see E. B. Wilson, Proc. Nat. Acad. Sci. t 14, 283-291 (1928). 

* See for instance A. N. Whitehead, Universal Algebra , I (p. 208), or E. B. Wilson, 
Trans . Conn. Acad. Arts Sci.\ 14, 1-57 (1908). Either of these references will also 
serve to define *'reciprocal systems*' referred to below. Notations and definitions may 
differ slightly though not essentially. 

* More detail was supplied by Wilson and Worcester in Proc. Nat. Acad . Set., 20, 
189-192(1934). 

7 Kelley, loc. eit., p. 58. See also E. B. Wilson, Jour. Gen. Psychol 2, 153-172 
(1926), footnote 3. 

* The solution actually gives the values of the coefficients in (2) in terms of the 
original correlation coefficients ty. The coefficients are such that the plane M is a 
simple plane (not a complex one of the type a><b+cXd). 
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• A polyhedral angle of n edges, n & 5, in «-space has an orthocentral plane when 
there is a plane through the vertex such that the 3-space formed by that plane and 
any edge l is perpendicular to all the 3-spaces formed from sets of three edges not including 
l (and hence perpendicular also to the n — 1 space formed by the n — 1 edges other 
than /). 

10 For the following two 5X5 matrices of intercorrelation coefficients 


* * * 

-.03 

.14 

.19 

.18 


* * * 

-.045 

.135 

.18 

.18 

-.03 

* + * 

.05 

,09 

.02 


-.045 

* « m 

.05 

.09 

.02 

.14 

.05 

* * * 

.08 

.04 

and 

.135 

.05 

* * * 

.08 

.04 

.19 

.09 

.08 

■* * ■* 

.06 


.18 

.09 

.08 

t * * 

.06 

.18 

.02 

.04 

.00 

i 4 t 


.18 

.02 

.04 

.06 

* J* • 


the pentads vanish; the first is resoluble into 2 generals and 5 specifics, but the second 
is not (because some of the inequalities are not satisfied). 


THE STEAD Y POLARITY POTENTIAL OF THE HUMAN EYE 

By Walter R. Miles 

Laboratory of Physiological Psychology, Yalk University 

i 

Read before the Academy, October 24, 1938 

The existence of an electrical potential in the (freshly excised) eyeball of 
the frog has been recognized for some time. The corneal portion of the 
eye preparation is electrically positive, the retinal area negative. A rela¬ 
tively steady “current of rest/’ sometimes registering as high as 10 milli¬ 
volts, is revealed when electrodes placed in contact with these two regions 
are connected to a sensitive galvanometer. In addition to this steady 
potential there occurs under the stimulation of light a small transitory 
“retinal action current.” Excised eyes of many other species besides the 
frog have been studied with similar results. 1 Because excised preparations 
from warm-blooded animals soon become inactive, various attempts have 
been made and surgical techniques employed to make possible potential 
studies of mammalian eyes in situ . 

Scientific interest has previously for the most part centered in the 
phenomenon of the eye’s photo-electric response to light, and so while the 
action currents have been much studied, the phenomenon of the current 
of rest has been relatively neglected. Some valuable early and recent 
attempts to utilize the potential of the human eye in studies of nystagmus 
and other types of eye movement have been made. From these may be 
gleaned fragmentary information about the steady potential itself. 

In the present paper a method is described for the direct study of the 
steady potential in the human eye in situ and some results and conclusions 
are reported. The following topics and materials are briefly considered: 
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the method used, without discomfort to the person examined, for the 
isolation of the ocular polarity potential; the circuit employed for re¬ 
cording and measuring eye potentials independent of loss in electro-motive 
force either from tissue resistance or from current drainage; the essential 
standard experimental conditions (bodily position and mental attitude) 
suitable for the human subject during the measurements; illustrative 
records together with evidence that the measured potential is derived 
from the bulbus and not from the recti muscles or other tissues associated 
with the eyeball; typical data from normal young subjects with tabulated 
results for different electrode leads; the simple mathematical relation¬ 
ships between different potential measurements from different standard 
lateral leads and the significance of these for a theory of the bio-electrical 
field of the eyes and immediately surrounding tissues. 

The isolation of the steady potential of the eye, from the potentials of 
the skin and other surrounding tissues has been accomplished by a method 
of balancing the body potential and by using the eye's motility systemati¬ 
cally to vary the recorded eye potential. The method is as follows: small 
metal foil electrodes covered with a thin layer of salt paste are placed on 
the skin lateral to the cornea on both the nasal and the temporal sides, 
and as near as possible to the eyes. They are held in position by bits of 
adhesive tape. The eye muscles can now perform the service of a re¬ 
volving switch changing the contact relationships of the eyeball with the 
four fixed electrodes. The farther the eye is revolved to one side, the nearer 
the electrodes approximate contact with the anterior and posterior por¬ 
tions, and the stronger the potential indicated on the galvanometer. 
When the eye looks successively at a series of fixed points, for example, 
10, 20, 30 and 40 degrees to the right or left of the primary line of regard, 
the photographed galvanometric deflections show as a series of regular 
and almost equal steps. The method of measurement here depends on 
the conduction of the eye potential to adjoining tissues. Theoretically 
t h is is not as desirable as direct electrode contact with the bulbus itself, 
but it is obviously not possible to introduce an electrode into direct contact 
with the posterior portion of the human eyeball, and contact with the 
corneal area usually produces real or imagined discomfort to most subjects. 
Fortunately there need be no discomfort involved in the attachment of 
the electrodes to the skin near the eyes, and the method is found to give 
results sufficiently reliable for an exploratory study. Furthermore in 
working by this method of potential isolation the highly accurate motor 
coordination of eye movement and fixation can be utilized advantageously. 
Guided by accurately placed fixation points a subject can turn his eye 
through a given visual angle more accurately than an experimenter can 
measure off a similar angle on his eyeball. The method of leading off by 
electrodes applied to the temples was followed by Meyer* and also by 



Vol. 36, 1969 


PSYCHOLOGY: W. R. MILES 


27 


Fenn and Harsh, 8 the former interpreting the recorded potentials as 
derived from the extra-ocular muscles. 

In comparative study of ocular polarity-potentials the measurements 
should be essentially free from voltage drop produced by tissue resistance 
or current drainage. To insure this condition was the first aim of the pre¬ 
liminary stage in the development of the measurement technique. The re¬ 
sult is the circuit shown in figure 1. Part III of the diagram shows the 
indispensable feature of the apparatus. Here a vacuum tube micro¬ 
voltmeter of the Burr-Lane-Nims 4 type used as input to the Einthoven 
galvanometer (see Part IV), converts it in operation into an electrometer.* 



AlMRtt AT CIRCUIT TOR K4WRMR MTIU1AAIML 

rvnMTuu or micf duration 

t TOT MIMMUfiTRDOa A RGUS19R RRIT8N 

II RMERRATMMVHRIUL C IUMMAUIM WIT 
A-OOWCMATION MMM WIRMW.HR 
tt-COWCMATtON RCVDIUL MtIRH 

dm «n» cr ro wiuiMtn tm 
«4*tc inn or i Htuiwu cmh 
m-r «nrt or o.i wiuimlt cmh 

III VARUM TUK HtCMVOLIHCTBR 
TMt*RQA TWI 111* TWO 

v-riuwr mono 

tlt'l RWItMIA RttlRTW 

IV HURWEMOT RORROIRR « MOCIMRr MMMIUI 
•MIRROR MllWltt 

M'llRIHt lALVMDWntR 


Part II in the diagram shows a compensation-standardizing unit such as 
is commonly employed with the string galvanometer, when used as a re¬ 
cording instrument, as in the electrocardiograph. Body potential is com¬ 
pensated by this unit and standard potentials are introduced through the 
same unit for the sensitivity calibration of the galvanometer. Tissue 
resistance and current drainage are negligible by reason of the fact that 
one lead from the eyes connects directly to the grid, T2, and the other 
lead is taken to ground, while the grid leak, 1218, of 6 megohms, completes 
the electrode circuit. Differences in the tissue resistance of different 
subjects, or of the same subject at different times, are prevented from 
importantly influencing the eye potential measurements by the use of the 
diagrammed circuit. 
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In making the measurements it is of primary importance that the co¬ 
operating individuals be comfortable and free from apprehension* Emo¬ 
tional activity causes rapidly changing skin potentials which may amount 
to several millivolts. Since the galvanometer has to be zeroized by com¬ 
pensation of the skin potential, before the eye deflections can be recorded, 
any rapid skim potential change introduces a rather serious complication 
in the process of recording. For the experiment the subject is seated 
facing the head rest and the system of fixation lights, figure 2, with his 
back to the measuring equipment, in a comfortable upright chair, ad¬ 
justable as to height. He re9ts his feet on the floor or on a footstool, his 
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hands are in his lap. The room is rather dimly lighted by the projection 
lamp for the galvanometer and the neon fixation lights. The head rest, 
figure 2, is highly adjustable, permits a clear view over a wide field and 
is not cramping or otherwise unpleasant to the subject. In the illustra¬ 
tion the supports for the forehead and the mouth (a bit of clean wood re¬ 
placed for each subject) are shown in the foreground; the jacks into which 
the electrode connections are inserted appear at the top. The fixation 
points seen in the background are small neon lights accurately placed on 
horizontal and vertical axes, each of Which has a radius of curvature of 
150 cm. measured from the mid-point between the patient's eyes. From 
the central fixation light, C, successive lights subtend 5, 10, 20, 30 and 40 
degrees of visual angle. The neon lights are sufficiently visible so that 
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the measurements of all subjects can be made without the aid of spectacles. 
Each subject is repeatedly instructed to hold his head still. The experi¬ 
menter who is taking the record stands back of the subject, directing him 
by verbal instructions, and designating the lights which are to be fixated. 
When a subject's ability to cooperate with the instructions is limited or 
doubtful, an assistant standing in front of him and to one side verifies 
the subject's fixations by direct observation. According to the subject's 
rate of adjustment one or more seconds are allowed for each fixation in 
order that the eye may be properly directed and then held in place for a 
period long enough to make a strip of record that is measurable. Each 
record includes a standard deflection from a 0.001 volt source preceding 
the series of eye potential deflections, and the latter are measured in terms 
of this standard deflection. 

The routine measurement of ocular polarity-potentials has been simpli¬ 
fied for this report by using only the center and the 30 degree fixation 
lights. Since my results agree with those of Fenn and Hursh* in giving 
values for the potential that appear to be proportional to the sine of the 
visual angle, it seems probable that the potential values for 30 degree rota¬ 
tions approximate half of what might be expected .if the eye could be 
rotated 90 degrees to a point at right angles to the primary line of regard. 
The eye potential value for 30 degree rotations is used in the present re¬ 
search as the standard measurement for each subject. Further discussion 
reported here is limited to measurements and results from lateral eye 
rotation records. 

Three sample records are reproduced in figure 3. They all show rota¬ 
tions of the eye to the right and left and are to be read upward from bottom 
to top. The heavier white vertical lines in the background mark 5 mm. 
distances (amplitudes), and the heavier white horizontal lines 0.2 sec. 
durations. The magnification is 1000 times. Record A was taken with 
a string of 0.007 mm. diameter and 510 ohms resistance. The record is 
of a young man, F. L. C., whose eye movements were very rapid and precise. 
The electrodes were placed on the temples lateral to and next the eyes. 
The initial 20 mm. deflection to the left was made from a 1.0 millivolt 
standard source for the purpose of standardizing the sensitivity of the 
instrument. Starting with fixation on the center light, C, the lights 10, 
20, 30 and 40 degrees to the right of C were successively viewed. Then 
the eyes were shifted from 40 back to 30 and so by successive steps until 
they reached C again; from here they were shifted in similar steps to 
the left and back again. The record is cut short in the reproduction after 
the 30 degree fixation when returning to center from the left. The general 
proportionality of the potential to the angle of eye rotation is evident; 
30 degrees in this case equals about 1 mv. Record B was taken, with 
the more usual siring of 0.002 mm. diameter and 6500 ohms resistance, 
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of a young woman, A. A*, whose fixations were prompt and careful. Here 
also the electrodes were placed on the temples lateral to and just next the 
eyes. After the standard deflections, from 1 mv. applied twice to the 
left and once to the right, visual fixation of the center light, C, was followed 
by fixations of the lights 5, 10, 20, 30 and 40 degrees to the right and then 
in reverse order, extending to 20 degrees to the left of C, where the illus¬ 
trative record terminates. This subject shows 20 degrees of lateral rota¬ 
tion equal to 1 mv. Record C is also from subject A. A., but with the 
lead-off from the left eye only. This is a routine polarity-potential record 
(lateral) using only the center and 30 degree fixation points. The small 
notches which occur at the beginning of most of the fixations represent 
corrective movements of the eye (often required when the eye takes a 
large angle in one continuous sweep), and are marks of precise care in 
fixation. The measurements from which potentials are computed are, 
of course, made from those portions of the record which do not include 
the correction notches. Standard deflections from 1 mv. are shown at 
the beginning and end of the record. 

Illustrative records A and B in figure 3 substantiate the finding that the 
eye potential is not influenced by the direction of rotation over a given 
arc in the visual field, either away from the primary line of regard or toward 
it. For example, if the eye moves from the central point, C t to the right 
10 degrees and then back to C, the two potentials registered in these de¬ 
flections will usually equal each other within the error of measurement. 
On the other hand equal angles of rotation on opposite sides of C do not 
always register as equal potentials especially when the lead-off is from one 
eye only. Obviously the placement of the electrodes is a factor of im¬ 
portance and it is not feasible to attach them in perfectly symmetrical 
relationships about the two bulbi as measured separately. Furthermore 
the distribution of the potential on the bulbus is probably not uniform and 
possibly not symmetrical. These various factors cannot be discussed in 
detail here. 

Several lines of evidence point to the conclusion that the measured 
potential is derived from the bulbus and not from the recti muscles or other 
tissues associated with the eyeball. First, if we were dealing with action 
current phenomena from the extra-ocular muscles we should expect our 
records to show spike or wave-like deflections (similar to electrocardio¬ 
grams) rather than the relatively square notches here exhibited. Winks 
do record as spikes. The electrode placement is favorable for leading-off 
action currents from the lid muscle (obicularus) but not from the recti. 
Second, the speed of deflection in the potential records agrees with the 
angular velocity rates found by photographing the eye (corneal reflection 
method) during the execution of saccadic eye movements, the type used 
in reading. In records A and B the series of deflections to the right from 
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C closely resemble reading records such as are taken photographically in 
examining reading habits. Third, from a study in this research of several 
cases of unilateral enucleation it has been found that even though a glass 
eye has considerable motility the polarity-potential is practically absent. 
If not entirely absent it is minimal as compared with the potential of the 
active eye, and from its direction appears to be merely a spread from the 
latter. Fourth, measurements made with the electrodes placed lightly but 
directly against the sclera of the eyeball (in voluntary subjects) show, 
for 30 degree eye rotations, larger potentials and in the same direction 
(polarity) as found with electrodes on the skin just next the eye. Finally, 

TABLE 1 


Ocular Polarity-Potentials in 15 Normal Subjects Measured from Lateral 

Eye Rotations of 30 Degrees* 


NO . 

ACS 

aux 

Dltf 

LD, 1 
-LB- 

LD. 2 
-HK- 

LD. 3 

-LB RB~ 

LD. 4 

LB —'RE 

LD. 5 
-Rtt—LB- 

100 

3 

F 

L 

0.89 

0.83 

1.21 

0.52 

1.00 

32 

10 

F 

L 

0.68 

0.74 

0.80 

0.49 

0.66 

108 

12 

M 

R 

0.82 

0.88 

1.29 

0.50 

0.86 

08 

12 

F 

L 

0.41 

0.67 

0.71 

0.47 

0.60 

45 

12 

M 

*L 

0.76 

0.80 

1.19 

0.46 

0.55 

111 

14 

M 

L 

0.67 

0.47 

0.78 

0.32 

0.62 

80 

18 

M 

L 

0.87 

0.63 

0.88 

0.31 

0.63 

122 

18 

M 

R 

0.67 

0 - 53 

0.77 

0.31 

0.59 

123 

20 

M 

R 

0.58 

0.78 

0.91 

0.41 

0.66 

2 

21 

F 

L 

0.98 

1.13 

0.97 

0.92 

0.87 

1 

21 

M 

R 

0.68 

0.59 

0.95 

0.34 

0.80 

20 

21 

M 

R 

0.92 

1.07 

1.52 

0.69 

1.09 

t 30 

22 

M 

R 

0.71 

0.76 

1.03 

0.46 

0.67 

28 

23 

M 

R 

0.94 

0.86 

1.08 

0.64 

0.73 

54 

25 

F 

L 

0.93 

1.22 

1.36 

0.51 

1.10 




Av. 

A. D. 

0.75 

0.14 

0.80 

0.16 

1.03 

0.20 

0.49 

0.11 

0.76 

0.15 


Values in millivolts. 

t Visual acuity 20/20 or better in all 15 subjects. 


the many studies made of freshly excised eye preparations of animals show 
quite definitely that the living eyeball has a steady potential when ex¬ 
amined independent of its motor equipment. Most convincing of these 
studies for our present purpose is one made in this Laboratory by Mowrer, 
Ruch and Miller 6 in which the passive eye of an anesthetized animal when 
moved was found to show regular potential changes. Furthermore when 
the recti had been detached from the eye, the potential changes continued 
to appear on passive movement. Typical normal data now follow with 
a brief discussion. 

Normal children, adolescents and young adults, measured by the method 
outlined, show an average polarity-potential of about 0.8 mv. for each 
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eye examined separately when the eyes are rotated laterally 30 degrees 
from the primary line (see table 1). Each value entered in the table is 
an average in millivolts of rotations to the right and rotations to the left 
of the center point, C. For Lead 1 the electrodes were placed on the skin 
as near as possible on either side of the left eye; for Lead 2, a similar ar¬ 
rangement was made for the right eye. Lead 3 makes use of the outside 
(temporal) electrodes on each eye; Lead 4 employs the inside (nasal) 
electrodes. In Lead 5 the left temporal and right nasal electrodes are 
joined and taken to one galvanometer terminal, while the left nasal and 
right temporal electrodes are joined and taken to the other terminal. In 
other words, the two eyes are connected in a parallel system. From 
table 1 it will be seen that a pair of eyes may give almost equal potentials 
or may differ considerably from each other. Seven of the cases show the 
two eyes within 10 per cent of each other, 4 exhibit differences of about 
25 per cent; one of these, No. 98, shows the left eye with a measured po¬ 
tential 39 per cent lower than the right. It is not clear that the dominant 
eye for sighting (de) is regularly associated with high or low potentials; 
7 of the 15 cases presented show the dominant eye with the higher potential. 
The range for single eyes exhibited in the table is from 0.41 to 1.22 rav.; 
other data not shown here reveal cases both higher and lower than these. 
No obvious correlation of eye potential with age or sex appears in this 
sample; it is clear that a much larger population will be required for the 
drawing of any correlational conclusions. 

By examining the interrelationships between ocular polarity-potential 
measurements made with different electrode leads we may expect to learn 
something concerning the bio-electrical field state of the eyes and their 
immediately surrounding tissues. The present sample of data appears 
to be sufficiently homogeneous and representative to serve this purpose. 
Examination of table 1 shows that use of the two temporal electrodes, 
Lead 3, ordinarily (there is but one clear exception, No. 2) results in a 
higher potential measurement than either eye demonstrates when mea¬ 
sured by itself. Although both eyes are involved in the temporal lead, it 
should not, I think, be understood as giving the series potential of the two 
eyes, but rather a value approaching their optimal mean. It is evident 
that Lead 3 is not the sum of Leads 1 and 2, but represents an increase of 
about l /z over their mean. The result may be due to the more favorable 
lead-off position of the temples as compared to the nasal areas. It should 
be stated that frequently when eyes are measured separately the right 
shows a higher value for 30 degree rotations to the right than to the left, 
and conversely for the left eye. For purposes of simplification in the pres¬ 
ent treatment, right and left rotations have been averaged for each eye 
as for the other leads. But temporal leads are not the equivalent of nasal 
leads. It will be noted that Lead 4 shows an average potential about 
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Vs that of Lead 3 and Vs the average of Leads 1 and 2, Lead 5, a parallel 
connection involving all four lateral electrodes, gives an average potential 
closely equal to the mean of Leads 1 and 2. 

The general relationships which appear to be typical between the lateral 
measurement leads and the ascertained ocular polarity-potentials may be 
stated as follows: 

Ld.l 4- Ld.2 - Ld.3 + Ld.4. (1) 

The averages in table 1 fit this formulation to within 2 per cent. Among 
the 15 cases for whom data are given, 9 deviate from the formula by less 
than 6 per cent. There is one, No. 80, who shows Ld.3 + Ld.4 as 20.6 
per cent less than Ld.l + Ld.2. An average of the deviations from (1) 
of each of the 15 subjects gives 6.6 per cent. 

Ld.5 - Va(Ld.l + Ld.2). (2) 

Lead 5 amounts to placing the eyes in a parallel connection. It will be 
seen from the table that (2) holds closely for the general averages; the 
obtained value is 49 per cent. Individuals deviate between (No. 45) 
35.3 and (No. 1) 63.0 per cent, while half the cases fall between 45 and 55, 
and the average of the 15 v individual results is 49.7 per cent. 

Ld.5 - l /*(Ld.3 + Ld.4). (3) 

The Ld.5 average of 0.76 mv. (table 1) is just 50 per cent of average 1.03 + 
average 0.49 mv. Again it is found that cases No. 45 and No. 1 deviate 
most markedly showing 33.3 and 62 per cent, respectively. Ten of the 
subjects fall between 45 and 55 per cent, and the average for the 15 indi¬ 
vidual cases is 50.5 per cent. 

These results are what we might expect if we regard the eyeballs as 
actively and continuously polarized and if we think of them and their 
surrounding tissues as a conducting dielectric system or interconnected 
group of such systems. The electrically negative, deeply embedded, 
posterior portions of the eyes may be assumed to contribute a negative 
charge to the neighboring deep-lying tissues. The positive anterior por¬ 
tions of the bulbi are in large part exposed between the eyelids and have 
by means of them and the conjunctiva, contact with the skin and super¬ 
ficial tissues. Rotation of the eyes produces potential changes at the points 
of contact of the electrodes on the skin. Whether the electrodes are 
influenced equally and oppositely by the negative and positive areas of 
the eyeball or primarily by the changes in the position of the positive area 
cannot be definitely answered at present. In either case the relationships 
found between the lateral measurement leads indicate that under condi¬ 
tions of minimal current drainage the deeper tissues surrounding and 
including the eyeballs, while probably made negative largely through the 
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electrical characteristics of the bulbi, all act as conductors or as an elec¬ 
trical field of essentially uniform character. 

Conclusions, —1. A steady potential from the eyeball can be isolated 
for measurement from the potentials of the skin and surrounding tissue 
by making use of the eye's motility, 

2. The measurable ocular polarity-potential of the human eye in situ 
is in the order of 1 millivolt when the eye rotates laterally 30 degrees from 
the primary line of regard; the range found between supposedly normal 
subjects is from about 0.3 to 2.5 millivolts. 

3. The potential can be measured, without discomfort to the subject, 
by means of small metal foil electrodes placed on the skin near the eye, 
and connected to a vacuum tube microvoltmeter used as input for a string 
galvanometer. In this way the measurement is freed from the complica¬ 
tion of voltage drop due to tissue resistance and current drainage since 
the instrument acts as an electrometer. 

4. The potential exhibited by the eyeball is closely proportional to the 
sine of the angle of rotation of the eye, and therefore is to prove useful as 
a means of measuring eye movements in connection with a variety of 
scientific problems.® 

5. Galvanometric deflections registering the steady polarity-potential 
of the eye show no evidence of action currents from the extraocular muscles, 
but do frequently show action current spikes from voluntary and reflex 
winking. 

6. Subjects who have suffered enucleation of one eye show only a very 
slight potential around the glass eye, and this potential appears to be a 
spread from the active eye. This finding indicates that the results from 
measuring each eye separately when both are in place and active are 
probably not greatly in error through mutual electrical influence. 

7. The two eyes do not register equal potentials in most cases thus far 
examined. The potentials of the eyes can be measured in parallel but not 
in series in the same person. The potential of one eye may be made to 
oppose that of the other eye and partly to neutralize it. 

8. When both eyes are active electrodes placed on the temples ordi¬ 
narily give a higher potential than do those from any other placement on 
the skin. 

9. Data reported from a study of 15 young normal subjects show the 
presence of certain simple relationships existing between the lateral mea¬ 
surement leads and the ascertained potentials. These relationships may 
be reduced to simple equations indicating equivalence of certain combi¬ 
nations of leads. The results support the hypothesis that the eyeballs 
and their orbital and interorbital tissues act, at least under conditions of 
xtinltnal current drainage, as one homogeneous bioelectrical field. 

10. The practical medical value of the measurement of ocular polarity- 
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potential is wholly problematical at present. There is some hint that the 
potential varies in certain diseases, but this and other phases of the problem 
remain to be further investigated. 

11. The cause and significance of polarity-potentials is the chief prob¬ 
lem under investigation here. The eyes are unique not in having steady 
electromotive force, probably a characteristic of body tissues generally, 
but rather in having rapid and accurate motility which makes the isolation 
and measurement of their potentials practicable. 

* For a fuller discussion of the performance of the string galvanometer with input 
through a vacuum tube microvoltmeter see W. R. Miles, Jour. Exptl. Psychol . (in press 
1939). 

1 A. Kohlrausch, “Elektrischc Krsehcinungen am Augc/’ Belhe’s Handbuch der 
Normalen und Pathologischen Physiologic, Bd, 12, Text 2, p. 1390, Springer, Berlin, 1931; 
also W. S. Duke-Elder, Text-Book of Ophthalmology , p. 835, Mosby, St. Louis, 1934. 

2 1. L. Meyer, Arch. Neurol, and Psychiat., 21, 901 (1929). 

* W. O. Ferrn and J. B. Hursh, Amer. Jour . Physiol 118, 8 (1937). 

4 H. S. Burr, C. T. Lane and L. F. Nims, Yale Jour. Biol, fif Med., 9, 65 (1936). 

* O. H. Mowrer, T. C. Ruch and N. E. Miller, Amer. Jour. Physiol 114, 423 (1936). 
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THE PHYSICAL STA TE OF THE 1NTERSTELJ A R GAS CLOUDS 

By Otto Struve 

Ybrkes Observatory, University of Chicago 
Communicated December 12, 1938 

1. The investigations by Eddington 1 and by Gerasimovii and Struve 2 
suggested that the state of ionization of the interstellar gas may be very 
high. In fact, it has usually been considered probable that nearly all Ca 
atoms are doubly ionized, and that only a small fraction—perhaps l /iooo— 
are singly ionized. Similarly, for Na the computations gave a ratio of 
Vaoo.ooo for Na/Na + . This result of the computations was in marked dis¬ 
agreement with the observed fact that the interstellar absorption lines of 
Ca II are somewhat weaker than those of Na I. Only the assumption of an 
unreasonably high abundance of Na—of the order of 300 atoms of Na to 
one atom of Ca—could explain the strength of the Na lines. 

An attempt by Eddington* to explain this discrepancy as a result of the 
curve of growth computed for rotational Doppler effect 4 has not met with 
success. * 

An even more drastic contradiction between theory and observation has 
become apparent through the recent discovery by Dunham® of interstellar 
absorption lines of Ti II, Ca I and K I. Evidently, the degree of ionization 
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of the interstellar gas is much lower than the early computations had sug¬ 
gested. It is, therefore, necessary to revise the theory. 

2. Dunham’s 6 discoveiy of the interstellar resonance line of Ca I, 
X 4226.73, is particularly valuable. Although he considers it possible that 
“there is one chance in several hundred that the observed line is not due 
to Ca I/ 1 the agreement in wave-length is almost perfect, and tire cumu¬ 
lative evidence of the lines of low ionization potential of Ti II and K I is so 
convincing that it seems best to rely upon the identification and to use it 
for a preliminary computation of the degree of ionization. 

The line of Ca I is very weak. Although Dunham has not yet given the 
measured intensities, these will, in any case, be rather uncertain because 
of the extreme weakness of the line. The weak interstellar lines lie on the 
steep straight line branch of the curve of growth. 7 Dunham has observed 
Ca I in x 2 Orionis and 55 Cygni. In these stars the equivalent width of 
Ca K is of the order of 0.5 A. Assuming that the Ca lines fall on a curve 
of growth which is similar to the one derived by Wilson and Merrill 8 for 
Na, and that the equivalent width of the Ca I line is of the order of 0.01 A, 
we find approximately; 


N g (Ca+) 

Ni(Ca) 


100 or 150. 



This value is somewhat uncertain, but it is sufficient for a rough orientation. 
It is certainly very much better than anything available in our former work. 
In order to use the ionization equation we must know T (the temperature 
of the radiation, which we shall assume here to be equal to the electron 
temperature T e ) and IS (the dilution factor). For the reaction Ca *—> Ca+ 
we are concerned with the spectral region near X 2000. The energy curves 
of the stars may be extrapolated with a reasonable degree of certainty from 
the observed violet limit, and we shall adopt here approximately the values 
derived by Gerasimovii and Struve, 2 T =* 15,000°, and 0 =* 10~ w . They 
agree reasonably well with a more recent derivation of the energy density 
of stellar radiation in space derived by Grecnstein. 0 

If we substitute (1) in the equation of ionization: 

Nffi 5040 2 in 

log ” Ne * —xi + 1*5 log T 4-15.38 + log “ (2) 

where xi = 6,1 volts, is the first ionization potential of Ca, and if we dis¬ 
regard the statistical weights and the partition functions—the latter be¬ 
cause practically all atoms are in the ground level—we have, roughly: 

log N« = 17.5 (for thermodynamic equilibrium). 
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For interstellar space, we have, accordingly, 


log N e <,pace) =* 17.5 — log fi ** 1.5. 


This corresponds to about 30 free electrons per cm,*—a value which seems 
rather large, but which results directly from (1), provided that (2) may be 
applied in the sense suggested by Eddington 1 and that, moreover, 7" = T € . 
We shall adopt this value for N e(gpiice) and use it to determine the reac¬ 
tions Na <—> Na 4 ' and of Ca+ *—* Ca ++ . For the former we take xi * 
5.1 volts and this is so close to the value used for Ca, that we shall again 
adopt T « 15,000, j8 = 10 “ 16 . The result is, with our former value of 

•^c(space) • 


N a (Na+) 

iw - 27 °- 



Since the ionization potential of Ca 4 * is 12 volts, we are now dealing with 
the region near X 1000 A, and we can no longer use the same values of T 
and 0. It is evident, on general grounds, that T will be higher and 0 
smaller. A reasonable compromise between the data of Greenstein and 
those of GerasimoviC and Struve is T = 25,000°, 0 = 10“ 17 . Using again 
our value of log N e ( >pw;e ) = 1.5, we obtain: 


N, (Ca++) 

N, (Ca+) 1Z ‘ 



3. The values of Ni(Na) and N 2 (Ca + ) are known from the observations 
of the equivalent widths of the interstellar lines. We adopt for Na the 
value by Wilson and Merrill: * 


Ni(Na) = 3 X 10~* per cm.*, (5) 

and for Ca II by Merrill and Sanford: 10 

N,(Ca+) - 9 X 10-° per cm.*, (6) 


The second ionization of Na can be neglected, because of the high ioniza¬ 
tion potential. The same is true of th*e third ionization of Ca. Hence, we 
can use (1), (4) and (5) to compute the total number of Ca atoms and (3) 
and (5) to compute the total number of Na atoms. The result is 


Ni(Na) + Nj(Na) = 8 X 10~ 7 per cm.*. (7) 

Ni(Ca) + N,(Ca) + N,(Ca) * 1.2 X 10~* per cm.*. (8) 


The ratio is about 7 to 1, which compares not unfavorably with the 
terrestrial abundance ratio of about 1.3 in favor of Na. The striking anom¬ 
aly of the former computations has disappeared. The reason for this im¬ 
provement lies in two points: (a) we have computed the electron density 
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^e(»p*ce) from the reaction Ca <—* Ca* and ( b ) we have used different 
sets of T and jS for the reactions near 1000 A and near 2000 A* The second 
point is especially important. The result depends, principally, upon the 
decrease of £ by a factor of 10 in passing from X 2000 A to X 1000 A. The 
exact numerical value of is unimportant and affects only N e ( 8pacc ), but 
not N e ( thermodyncunic equilibrium)* Accordingly, all ionizations remain exactly 
the same if (2000 A)/0 (1000 A) * 10 and if the temperatures remain 
15,000° and 25,000°, respectively. However, if is increased at X 1000, 
Ne(ipace) w iU be increased in proportion and this would require too 
much H. If both values of 0 can be reduced, say, by a factor of 10 the 
agreement between N e ( 8pftCC ) and the probable amount of available H 
will be nearly perfect. But we have at present no excuse for such an arbi¬ 
trary change in ft. 

4. We shall next consider the origin of N e ( #pwe} . Obviously, Ca+, 
Ca+* and Na* can contribute only an insignificant fraction of the required 
number of free electrons. In this respect our present theory departs radi¬ 
cally from that of Gerasimovic and Struve 11 where all elements were assumed 
to be equally effective in the production of free electrons, so that N c could 
be determined from the equation 

*>N e - N*(Ca+) + 2N f (Ca++), 

where p = 0.015 is the percentage abundance of Ca by atoms in the 
crust of the earth. This equation led to a very small value of N e (about 
10"*), which in turn accounted for the high degree of ionization. 

In order to justify our larger value of Ne( g p«e) = 30, we must show 
that there is a reasonable supply of free electrons. The most promising 
source is interstellar H, the existence of which—reasonable on general 
grounds—has recently been suggested by spectrographic observations at the 
McDonald Observatory. 1 * 

Elvey and I have shown from the observations of 35 regions in the 
Milky Way that about 22 show the H„ line in emission. Many of these 
regions show also H, and [0 II] 3727 but only a very few show Ni and N*. 
The bright lines of H„ and [O II] 3727 are apparently not related to any 
particular bright 0 or B stars: they are usually seen over the entire length 
of the slit—about 1?5—and show no pronounced tendency to become 
stronger in the vicinity of definite stars. For example, in the large star 
clouds of Cygnus and Cepheus the emission is present over very large 
areas of the sky, covering hundreds of square degrees. If it forms a single, 
nearby nebula it must be related to a very bright star, such as y Cygni 
or a Cygni. This is not at all probable, because there is little increase in 
nebular brightness as we approach these stars. Rather are we inclined to 
believe that we are dealing with interstellar clouds of gas which are excited 
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to emission by the ultra-violet radiation of many hot stars in the star clouds 
of the Milky Way. The distinction between the two types of nebulae is, 
at best, rather arbitrary. It is an observational fact that the radiation of 
very hot stars, which is perhaps appreciably reinforced by diffuse nebular 
emission in the Lyman continuum, is sufficient to produce bright H lines 
at very great distances. This conclusion is supported by the observations 
of Greenstein and Henyey 13 and those of Struve and Elvey 14 who find that 
the outermost portions of the Orion nebula, at distances of at least 20 
parsecs from the exciting stars, show strong emission lines of H and [O II ]. 
It is quite probable that in ordinary interstellar matter the ultra-violet radi¬ 
ation of the stars is still effective at distances of 100 or more parsecs. 16 

Our hypothesis of the interstellar origin of the extended fields of H emis¬ 
sion receives strong support from the fact that these fields are apparently 
very abundant in the constellations of Ceplieus and Cygnus, where the 
interstellar absorption lines are abnormally strong. On the other hand, 
the Orion region, which is strong in H emission, gives relatively weak in¬ 
terstellar absorption lines. I attribute this to the fact that in the Orion 
region the entire excitation comes from relatively close, very hot stars 
of types 0 and early B. The temperature should, therefore, be roughly 
constant for all wave-lengths (provided, of course, we can rely upon the 
X"" 1 law of interstellar reddening to hold throughout) approximating a value 
of about 25,000°. The dilution constant will also be approximately the 
same for all wave-lengths, being a function of the distance from the excit¬ 
ing stars. At about 10 parsecs it will be of the order of 10~ 16 . If the elec¬ 
tron density is the same as in interstellar space, the ionization will be 
greatly increased, both for Ca <—* Ca + and for Ca+ <—► Ca 4 " 4 *. The 
lines of Ca II should, therefore, be fainter. But an increase in N c will com¬ 
pensate for the increase in 0, and it is difficult to predict the outcome. 

I have determined elsewhere 12 that for interstellar space the number of 
atoms of H in the third quantum level, in a cylinder whose cross-section 
is 1 cm. s , is 


D.Ni (3) « 10. (9) 

If we assume that this cylinder has, on the average, a length D = 1000 
parsecs, we find 

Ni^ * 3 X 10~ 21 per cm. 3 . (10) 

Since the third level of H is not metastable we can use the approximate 
relation 16 



( 11 ) 
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We are here again dealing with the region around 1000 A and shall, there¬ 
fore, use T =» 25,000°, — 10 “ 17 . The result is 


N l (H) - 3 X 10"* per cm. 8 . (12) 

We consider next the ionization of H. Using again T ~ 25,000°, = 

10~ 17 , log N e ( S p» cc) = 1.5, we find 


Na (H+ ) = 
Nx (H) 



Accordingly, H would give us 0.2 free electrons per cm. 8 . Tliis is insuffi¬ 
cient by a factor of about 100. The discrepancy, although large, appears 
by no means hopeless. Our expression (11) is extremely crude and may 
require a large correction, 16 Our original value in (1) can hardly be in 
error by as much as a factor of 10. But the assumption T « T e is probably 
not correct. There are several effects to be considered: (a) the electrons 
are here supposed to come from H and will hence have a higher temperature 
than the particular T which is appropriate for the reaction Ca <—* Ca + ; 
(b) T e may be raised even higher, if the energy curves of the stars present 
strong Lyman continuous absorptions; (c) 7\ will have a tendency to de¬ 
crease because of collisions prior to the processes of recombinations. It is 
not possible at present to estimate these effects, and it is, therefore, fruitless 
to use the more complicated ionization equation 17 which allows for differ¬ 
ences between T and T e . The values of T and £ at 1000 A may be very 
different from those which we have used. Green stein’s computation allows 
for the effect of interstellar reddening, according to the X“ J law. But it 
is, of course, quite uncertain whether we can treat the energy curves of the 
stars as black bodies. The only available evidence rests upon the success 
of Zanstra’s theory in the interpretation of the planetary nebulae. 

A simple change in does not improve the situation. If we reduce 0 
we can get more H atoms in the ground state. But this will at the same 
time reduce the degree of ionization of H, and hence will not appreciably 
change the number of free electrons available from H. 

Dr. Kuiper has called my attention to the fact that Oort’s dynamical 
limit allows a maximum of about 4 atoms of H per cm. 8 . This is ample to 
account for the observed emission lines of H, but it suggests that our elec¬ 
tron density N e (, pftCe ) may be too large. Since this resulted directly from 
the reaction Ca <—* Ca + it is well to consider it in detail. It is not likely 
that the electron temperature can be low enough to reduce N c by a factor 
of 10. It is very improbable that & is much smaller than 10~ lfl or that T 
is far from 15,000°. There may be an appreciable error in (1) although 
hardly by as much as 10. At the present moment it seems most likely that 
several factors combine to exaggerate N e (* P ace)« 

The discrepancy is not very serious, especially when we consider that the 
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absorption lines of Ca I, Ca II, Na I, etc., are produced in regions of inter¬ 
stellar space where the ionizing radiation is relatively weak, while the 
emission lines of H (and of [O II]) come from regions where there is rela¬ 
tively more radiation in the region of 1000 A. Perhaps we should rather 
be surprised that after having passed from the excessively small number of 
H atoms in the third energy level to the very large number in the ground 
level, we come within a factor of about 100 to the value of N e computed 
from interstellar absorption lines. 

5. Perhaps the most significant result of this investigation is the un¬ 
expectedly high abundance of H. We find, roughly, 10* for the ratio of H 
to Ca, by atoms. Approximately the same value holds for the ratio of H to 
Na. 

Since practically the entire mass of the interstellar gas is made up of H 
atoms, the density is approximately 

p = 3 X 10~ 28 gr,/cm.\ 

This result agrees remarkably well with Eddington’s original estimate based 
upon dynamical and thermodynamical considerations. 1 * 

The great intensity of the H emission lines in the Orion nebula and the 
corresponding faintness of the Na and Ca II absorption lines can be ex¬ 
plained principally as the effect of 0 in (11). For interstellar space we 
used 0 m 10~ 17 . For a representative point in the Orion nebula 0 = 10~ u . 
Hence, if all other factors are the same, the bright Balmer lines will be 100 
times stronger in the nebula than in interstellar space. The state of ioniza¬ 
tion of the nebula will depend upon 0/N«. But the ratio of Ni(H)/N*(Ca + ) 
does not change much when we pass from interstellar space to the Orion 
nebula. 

1 The Internal Constitution of the Stars , German Edition, 478 (1928). 

* Ap. Jour., 69 , 19 (1929). 

* M. N„ 95 , 2 (1934). 

4 Unsold, Struve and Elvey, Zeit, Ap,, 1, 314 (1930). 

* C. S. Beals, M. N„ 96, 661 (1936). 

4 Pub, A , S. P., 49 , 26 (1937); Nature 139 , 246 (1937). 

7 Wilson and Merrill, Ap. Jour,, 86, 61 (1937). It should be remembered that for 
the strong line of Ca II the curve of growth is quite fiat. Hence estimates of the ratio 
Ni(Ca + )/Ni(Ca) are necessarily very uncertain. The only available curve of growth is 
constructed by means of stars of different distances, and it is not at present possible to 
correct this curve for the effect of distance. I am inclined to believe that the error should 
not be greater than by a factor of 10, and for our present discussion this is sufficient. 

* Ap, Jour,, 86, 67 (1937). 

9 Unpublished. Greenstein allows for interstellar reddening according to X^ 1 but 
neglects scattered radiation. His data give at X 2000: « 7 X 10~ li if T ■» 15,000°; 

and at X1000: jS»4X 10~ lT if T « 25,000*. Geraaimovifc and Struve find at X 2000: 

10“** T - 12,600°; and at X 1000: 0 - 2.2 X IQ- 17 , T « 15,300°. The 
difference between the two sets may arise, in part, from the manner in which the stars 
have been lumped. 
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*Ap. Jour,, 87 , 122 (1938). 

« Ap. Jour., 69 , 20 (1929). 

11 Struve and Elvey, Ap. Jour., 88 * 364 (1938). 

18 Ap. Jour., 87 , 79 (1938). 

14 Ap. Jour., 87 , 669 (1938). 

** It should, however, be noted in this connection that Eddington (M. N., 96 , 6 
(1934)) has expressed the opinion that "in a normal region of interstellar space the hy¬ 
drogen will be entirely un-kmized, and indeed in molecular form." However, this 

conclusion rests upon "the photons of energy greater than 13,5 volts.having been 

absorbed and transmuted by the hydrogen near the stars." 

*• It would be interesting to improve this relation by a numerical computation similar 
to that which was carried out for He I by Struve and Wurm, Ap. Jour., 88 , 93 (1938). 

17 Gerasimovii, Proc. Am. Acad. Arts Sc., 62, 164 (1927); Harvard Reprint No. 38. 

18 The Internal Constitution of the Stars, German Edition, p. 407 (1928). 


GROUPS OF DEGREE n IN WHICH THE LARGEST DEGREE OF 

A SUBSTITUTION IS A MINIMUM 

By G. A. Miller 

Department op Mathematics, University op Illinois 
Communicated December 9, 1938 

It was proved recently in these Proceedings, 24, 202-204 (1938) that 
a necessary and sufficient condition that there is a group of degree n whose 
substitution of largest degree is as small as n/2 + 1 is that n is of the form 
2" — 2, m > 1, and that when this condition is satisfied there is one and 
only one such group of degree n. Each of the other substitutions of this 
group, besides the identity, is also of degree n/2 4- 1 and the group is 
abelian and of type l* -1 . In a later article published in these Proceed¬ 
ings, 24, 293-296 (1938), the possible groups of degree n in which the 
substitution of largest degree is either of degree n/2 -f 3/2 or of degree 
n/2 -f 2 were also considered. It was proved that there are three infinite 
systems of such groups in addition to a few special cases. In the present 
article we shall consider the more general question of finding groups of an 
arbitrary degree whose substitution of largest degree is relatively small. 

When n is an arbitrary even number it results from the theorem noted 
above that there is a substitution group of degree n whose substitution 
of largest degree may be found as follows: If n exceeds 4 diminish n by the 
largest possible number which is of the form 2“ — 2 and repeat the opera¬ 
tion, if necessary, until the remainder is one of the following three numbers 
0, 2 or 4. If the number of these operations is k when the remainder is 
0 a group of degree n can be constructed according to the theorem noted 
at the opening of the preceding paragraph whose substitution of largest 
degree is of degree n/2 + k. If the remainder after these k operations is 
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2 the largest degree of a substitution in this group is n/2 + k + 1. Finally, 
when this remainder is 4 after these k operations the degree of this sub¬ 
stitution of largest degree is n/2 + k + 2. For instance, when n = 100 
we reduce n and the remainders successively by 62, .30 and 6 and hence the 
group constructed according to the given theorem has for its substitution 
of largest degree a substitution of degree 54. Each of the transitive 
constituents of the group thus constructed is of degree 2. In particular, 
the group is abelian. 

When n is odd it necessarily exceeds unity. We may then proceed 
similarly by reducing n and the successive remainders by the largest 
possible numbers of the form 2 m —2, m > 2, which give positive remainders. 
If after k such operations the remainder does not exceed 5 we can construct 
according to the given theorem a group of degree n whose substitution of 
largest degree is of degree n/2 + k + 3/2. It should be noted that while 
there is only one group of a given degree when the largest degree of a 
substitution is n/2 + 1 there are different groups of degree n in which the 
largest degree of a substitution exceeds this number. In a few of these 
cases the possible groups were determined in the second article cited in 
the first paragraph of the present article. It was noted there that the de¬ 
gree of the group is not necessarily completely determined by the degree 
of the largest substitution when this degree is not n/2 + 1. In particular, 
when this degree is n/2 4* 2 the degree of the group may be either of the 
form 2 m or of the form 2 W — 4. 

A second method for studying this question is to determine the groups 
of largest degree which involve a given substitution 5 as their substitution 
of largest degree. When s is of order 2 we may reduce the degree of s 
successively by the largest powers of 2 which give positive remainders 
and then determine the largest degrees of the substitution groups which 
involve a substitution of largest degree which is such a power of 2. For 
instance, when s of degree 50 32 + 16 + 2 it may be noted that the 

largest degree of a group which contains a substitution of degree 32 as 
its substitution of largest degree is of degree 32 + 16 + 8 + 4 + 2 =» 62. 
The largest degree of a group which contains a substitution of degree 16 
as its substitution of largest degree is 16 + 8 + 4 + 2 * 30. Since all 
the substitutions, except the identity, in these groups are of the same degree 
and there is only one group which has a substitution of degree 2 as its 
substitution of largest degree it results that the largest degree of a group 
which contains the given s as its substitution of largest degree is 94. The 
smallest possible order of such a group is 32 and the largest possible order 
is 32*16*2 - 1024. 

A necessary and sufficient condition that the group is completely de¬ 
termined by s when s is of order 2 is that the degree of 5 is a power of 2. 
In this cose the order of the group is equal to this degree of s and all of 
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its substitutions besides the identity are also of this degree and of order 2. 
In all other cases the smallest order of the possible groups is equal to the 
largest power of 2 which is less than the degree of jr while the largest order 
is equal to the product of the powers of 2 obtained by first finding the 
largest power of 2 which is less than the degree of s and then finding the 
largest power of 2 which is not greater than the remainder obtained by 
subtracting from the degree of s the given power of 2, etc. In all cases 
the groups are abelian since all of their substitutions are of order 2. The 
degrees of the resulting groups are always equal to the sum of the degrees 
of the constituent groups since all the substitutions in these constituent 
groups besides the identity are of the same degree. If k is the number 
of the different powers of 2 which are obtained by first reducing the degree 
of s by the largest power of 2 which does not exceed the degree of s and 
then reducing the remaining degree by the largest power of 2 which does 
not exceed the degree of this remainder, etc., and if these powers of 2 are 
2* 1 , 2®*, etc., then the largest degree of the groups which involve s as their 
substitution of largest degree is equal to the sum of 2** — 2, 2®- — 2, etc. 
In order to determine for any given even degree the substitution of largest 
degree such that the degree of this substitution is as small as possible it 
is only necessary to reduce this even degree by the largest number of the 
form 2 tt — 2 which gives either a positive, remainder or 0 for a remainder 
and then proceed with this remainder, if it exceeds 0, in a similar way. 
The degree of required substitution is then the sum of the given numbers 
of the form 2®” 1 + 1 by which the degrees are reduced. 

The preceding method, with slight modifications, can be used to de¬ 
termine a substitution of smallest degree in the possible groups of a given 
odd degree which has the property that it is the substitution of largest 
degree in at least one of these groups. When this odd degree is 3 such a 
substitution is of degree 3 and when this degree is 5 such a substitution 
is of degree 4, as was stated above. It may be noted that if $ is a sub¬ 
stitution of smallest degree in the groups of a given odd degree n which has 
the property that it is of largest degree in at least one of these groups then the 
order of s is even except in the case when n — 3. A proof of this theorem 
results from the fact that if the order of s is odd and the degree in question 
is odd the degree of s cannot be n, for if it would be n it would then be 
possible to construct a dihedral group of degree n in which the largest 
degree of a substitution would be less than n. In fact, such a dihedral 
substitution group could also be constructed if the degree of the group 
would exceed the odd number n since a cycle of arbitrary odd order could 
then be extended by transpositions so as to obtain a substitution of degree 
« and the group generated by it, less one transposition, could be extended 
so as to obtain the required dihedral group. 

If n > 4 it is always possible to construct substitution groups of degree n 
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such that the largest degree of a substitution contained therein is n ~ r 
where r exceeds 0. It follows from what is stated above that » can be 90 
selected that r is an arbitrarily large positive integer. When r has a given 
value for the number n it does not necessarily have as large a value for 
the possible groups of degree n + 1, but when the degree of these groups 
exceeds n + 1 it is possible to find groups such that r has at least as large 
a value therein as it has for a possible group of degree « since the largest 
degree of a group in a direct product is the sum of the degrees of its con¬ 
stituent groups. For instance, when n « 6 the value of r = 2 as may 
be seen from the groups of order 4 which involve only positive substitutions 
of order 2 besides the identity, but when « = 7 it is not possible to find a 
group in which r exceeds unity. When n = 8 the largest value of r is 
obviously again equal to 2. 

In the groups noted above which have the property that they separately 
involve a substitution of smallest degree for the possible groups of that 
degree such that this substitution is of largest degree in at least one group 
of that degree all the transitive constituents of this group were of degree 
2 or 3. To see that such a transitive constituent may be of as large a 
degree as 6 it may be noted that the dihedral group of order 12 obtained 
by extending the regular cyclic group of order 6 may be made isomorphic 
with the intransitive group of degree and of order 4 so as to obtain a group 
of degree 10 and of order 12 in which there are ten substitutions of degree 8. 
It is easily seen that 8 is the smallest degree in a substitution group of 
degree 10 which has the property that it is a substitution of largest degree 
in the group in which it appears. What precedes leaves various questions 
unanswered in regard to the minimum degree of the substitution of largest 
degree in the groups of an arbitrary degree, but it is hoped that it exhibits 
progress along this line. 


EULER'S CONCORDANT FORMS 
By E. T. Bell 

Department of Mathematics, California Institute of Technology 

Communicated November 29, 1938 

1. Numerous diophantine equations, or systems of such equations, in 
the literature are amenable to what was called the method of reciprocal 
arrays. 5 Even when this method does not furnish a complete solution, it 
frequently reduces the central difficulty to dassical problems which have 
been at least partly solved. Such is the case, for example, with what 
Euler 1 in 1780 called concordant forms, A complete theory of these 
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forms is reducible to a very special case of the problem of making a binary 
quartic a square* It is interesting to observe that substantially this 
special case appears incidentally in Euler’s own discussion of the general 
binary quartic problem . 3 

2, The forms x 2 + ay 2 , x 3 + by 2 are concordant if the system 

x 2 + ay 2 = u 2 f x 2 + by 2 = v 2 , ( 1 ) 

in which a, b are constant integers and ab(a — b) 0 , has at least one non¬ 
trivial solution in integers x, y, u, v. The excluded possibilities for a , b 
offer no difficulty. All letters shall denote integers. 

Let g be any common divisor of a , b, and let a\a$ t bib 2 be any resolutions 
of a/g , b/g into two factors, 

a - gaia 2 , b — gbJh\ k ss <i\a% — (2) 

For each set g f a >\, a*, 62 there will be an equation (3) and its correspond¬ 

ing set of formulas (4). 

If o, 4>, \p are such that 

g<r 2 ~ — bx^ia^ - b^>), (3) 

then ( 1 ) has the solution given by 

2kx = $(a 2 b#t> 2 — axbi*!/ 2 ), (4) 

2 ku = 0 ( 2 aiOa^ — — « 2 ^ 2 ), 

— a?^ 2 ), 

0<r. 

r 

The solution (4) appertains to a particular (3), which in turn appertains 
to a particular (2). For a particular (2), the corresponding (3) may have 
no solution <r, <f>, also, no equation (3) may have a solution, in which 
case (1) has no solution. All solutions, if any, of (1) for fixed a, b are 
given by ( 4 ); moreover, it suffices to take g the greatest common divisor 
of a, b. 

A necessary and sufficient condition that ( 1 ) be solvable is that at least 
one equation (3) be solvable. If N(n) is the number of decompositions of 
n into a product of two factors, there are N(a/g)N(b/g) equations (3), 
and hence at most this number of sets (4). If a particular (3) is solvable, 
it suffices to take 6 — 2kr t r an integer, to get a solution of ( 1 ); all solutions 
appertaining to a particular solution of (3) are obtainable in an obvious 
manner by examining the residues modulo 2k , or k y of the right-hand 
members of (4). 

The rational solutions of z 2 = Q(x t y), Q(x, y) a® a binary quartic, have 
been discussed by several writers , 8,4 who have shown how to deduce chains 
of solutions from any particular solution; but the problem of determining 
a primitive solution has not been solved generally. 
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3 . Conversely, (3) enables us to find a, b such that (i) has solutions. 
For example, the general solution of tr 2 = is <r = afiy, 0 =■* a/9 2 , ^ = 
a 7 2 , where ft 7 may be taken coprime. Hence, if tr 2 — <t>\p in (3), we get 

g - - ^i 7 2 )(ai 7 2 " M 2 ). 

Thus if in (1), 

a =3 aia 2 a 2 (a 2 /9 2 - />i 7 2 )(ai'V 2 “ M 2 ), 

b - M 2 a 2 (a 2 /3 2 - &i7 2 )(ai7 2 - M 2 ), 

a solution of the equations is given by 

2kx = 0a 2 (o26 3 j9 4 — «i&i7 4 ), 

2 &m = 0a 2 (2aia*/9 2 7 2 — aihy* — aA/3 4 ), 

2£r = Ba 2 (2bibtfj 2 y 2 — a\h\y* — a 2 /; g j9 4 ), 

fcy = 0a/ 3y, 

with k as in ( 2 ). 

As a second example, the choice ^ = $ — 1 in (3) gives 

g<r- = (fli - fc 2 )(a 2 - 61 ), 

which, by the method cited , 5 has the complete solution 

g = Ki&, <r = a/ 9 y, a 2 = 61 + gia/ 9 2 , & 2 = <0 - g2<*7 2 . 

with gi, £ 2 , flj, 61 , a, ft 7 arbitrary integers. Hence 

ss giWi{b { + gia0 2 ), b se gigibtim - g 2 «y 2 ) 

give a solvable system ( 1 ). Since any integer a may be written as the 
product of four integers, say a « pqrs , it follows that the infinity of forms 
x* + by 2 , where 

b ^ pq(s - pttft 2 )(r - qay 2 ), 

and a, ft 7 are arbitrary integers, are concordant with any given form 
x s + ay 2 . 

1 The history of the subject is given by L. E. Dickson, History of the Theory of Num¬ 
bers, 2, 472-477 (1920). 

* E. Haentzschel, Jour.fiir die r.u.a Mathematik, 144 , 277, Equation (8) (1914). 

* History in Dickson, loc. eit., 639-4544. 

4 L. J. Mordell, Quarterly Jour , Math., 45 , 178-181 (1913-1914). Also Haentzschel, 
loc. cit, 

4 E. T. Bell, American Jour . Math., 55 , 50-66 (1933). 
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ON THE MAPPING OF ABSTRACT SPACES ON POLYTOPES 

By S. Lefschetz 

Department of Mathematics, Princeton University 
Communicated December 13, 1938 

The first theorems, due to Alexandroff , 1 on the continuous mapping 
of a compactum on a polytope have been variously extended notably by 
the present writer 2 and later also by Kuratowski,* but always to separable 
metric spaces. Extensions to normal spaces under sufficient, if more or 
j£$$; restricted, conditions have proved not too remote. Our present object, 
however, is to outline a theorem giving necessary and sufficient conditions 
for the existence of the mapping. 

The basic space 9? — \x\ shall be a 93-space, i.e., an open set space, the 
open sets being merely subjected to the structural axioms: 0 , 3 ?, the sum 
of any number of open sets, and the intersection of any two open sets, are 
all open sets. No separation axioms are imposed. 

Let 93 “ { U{\ be a point-finite open covering of 9i (each point x is on a 
finite number of sets of 93). Let be a geometric nerve of 33 (deduced 
from the abstract nerve by “filling" in the simplexes with points by means 
of barycentric cobrdinates). The topology of the geometric complex 

is fixed by taking as basis for the open sets on the stars in all the derived 
4> (M) of <t>.< 

We shall say that an open covering 58' is a derived of SB whenever its sets 
may be labelled U[ tt j under the following two conditions: 

(a) There is at most one V\ } for each intersection 5 s* Oand 

UI...J <= Ui.'.Uj; 

(ft) The only non-void intersections in 58' are of the form: U[ .. 

From ( 1 a) follows that 93' is point-finite, and from (ft) that we may 
choose for geometric nerve of 93' a subcomplex <fh of If there exists 
a derived sequence 58° « 93, 58', ... where 93 <w + l) is a derived of 93 {n> , the 
covering 93 is called analytical. 

A continuous mapping T: $R —► 4> shall be called canonical relative to 93 

whenever it maps the strict intersection of any group of sets Ui . Uj 

of SB (i.e., the set of all points on these but on no other sets of 93) onto 
the simplex representing the intersection Uj in the nerve <t>. Suffice 
it to say that the mappings of the Alexandroff type are all canonical. And 
now we have 

Theorem 1. The n. a. s. c. for the existence of a mapping canonical 
relative to 93 is that SB be analytical . Moreover all the mappings of 9t on a 
polytope arise in this manner . 
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Let T be called quasi-canonical relative to ® whenever it is as before 
except that $ is topologized by its Euclidean metric. Then 

Theorem 2. When T is quasi-canonical relative to 93, then ® is analytical . 

Let 93 be called neighborhood-finite 6 (= n. f.) whenever every point has 
a neighborhood which meets at most a finite number of sets of U. 

Theorem 3. When SR is normal and 93 is n. f. there exists a mapping of 
SR which is quasi-canonical relative to 93. 

Theorem 4. For a ^8-space normality ^ every binary open covering is 
analytical. 

In Theorem 4 “binary” could be replaced by “finite” or “n. f.” Since 
non-normal spaces are known to exist, there exist spaces with non-analytical 
finite open coverings. 

If dimension is defined by means of the orders of finite open coverings, 
we can also prove the complementary dimensional mapping result of 
Alexandroff for normal spaces. For a general 93-space the same result 
may be obtained for the “analytical” dimension, i.e., defined by means 
of analytical coverings alone. 

Generalisation. Let 93' be related to 93 as follows: Its sets are labelled 
j y where the set just written C Z7i... Up and the intersections in 93' 
are in accordance with (b) when superscripts are disregarded. 8' is 
called a generalized derived of 93- Suppose that we have a generalized 
derived sequence 93° = 93, 8', ,.with nerves — <£, 3>i, — There 
exists a projection B n : + j —► which for n = 0 is described by 

V \,.. j —► the centroid of the simplex representing £/*,.. Uj in $. We 
have then 

Theorem 5. Under the circumstances just described there exist canonical 
mappings: T„: $R —► d> n such that © n T n + x = T fl , 

From this it is but a step to the imbedding theorem of Menger-Ndbeling, 

along the lines of a proof which we have given some years ago. Theorem 

* 

5 also plays an essential rdle in proving the central proposition which 
we have given in a recent Note. 6 

* P. S. Alexandroff, Ann. Math., 30, 101-187 (1928). 

* S. Lefschetz, Ann, Math., 35, 118-189 (1984). 

* C. Kuratowakl, Fundam . Math., 24, 259-298 (1935). 

Let denote the complex topologized by a metric Euclidean relative to the bary* 
centric coordinates. Then are topologically equivalent when and only when all 
the stars are finite dimensional. J. W. Tukey pointed out to us the very interesting 
fact that $ is likewise metrizable, but in a metric which is unrelated to the metric of 
4>*. See the Note immediately following this by J. W. Tukey. 

* This type of covering has been Introduced for a different purpose by A, W. Tucker 
(Princeton lectures, spring 1937). 

’ These Proceedings, 24, 392-393 (1938). 
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THE INTRINSIC METRIC OF A POLYTOPE 

By John W. Tukev 

Department of Mathematics, Princeton University 
Communicated December 13, 1938 

In the preceding note, Lefschetz has used a new topology for polytopes. 
It is the purpose of this note to describe an interesting metric giving this 
topology. This metric is defined in a purely combinatorial manner. A 
polytopc in the new metric is a uniformly locally contractible space. The 
abstract application of this construction leads to the construction of an 
n-cell from n + 1 vertices. 

1. We consider a poly tope, P, which is a point set described by bary- 
centric coordinates in terms of the vertices of the abstract simplicial 
complex, K . The successive regular subdivisions of K are: K « K {Q \ 
K^f K®\ ...» and their vertices are points of P. 

A sequence of n + 1 vertices, b * a Q> a h . . a n = c t joins b to c over 
K ip) if the simplexes _ u k * I, 2, .. n, belong to K {p) . A {p) (b,c) 

is the least value of n for which this is possible. If b and c are vertices of 
K (p) and hence of K {p + a simple combinatorial argument shows that 
A ip + l) ( b t c) = 2 A ip) (b,c). We define the distance p(b,c) of any pair 
of vertices of any K^ p) by p(6, c) » min.fl, 2~~ p A (p) (b t c)]. The unique¬ 
ness is ensured by the result above. 

If x is any point of P, and a (p) is a vertex of that simplex of K^ p) on 
which x lies, then is a Cauchy sequence in this metric. Hence it 

is easily seen that the metric may be extended by continuity to all the 
points of P. 

Since the open sphere about a (p) of radius 2“ p is the star of a {p) in K} p) t 
it is easy to show that this metric gives the topology used by Lefschetz. 

2. As may easily be seen, every set of P of diameter less than 2~ +1 
lies on the star of some a ip) in K (p \ so that we have the 

Theorem: Every set of P of diameter less than 2~ (p ~ 1) can be deformed 
into a point over a set of diameter less than 2~ (p “ 1) . 

This result is false for polytopes of unbounded dimension in the Euclidean 
metric. 

3. We observe that the process of defining the distance p(b t c) of ver¬ 
tices b and c of K <p) can equally well be carried out for the vertices of a 
sequence of abstract regular subdivisions of an abstract simplicial complex 
K . If we take K to consist of a single n-siraplex and its faces, we obtain 
in this way a metric space with a countable number of points. If we 
complete this space in its metric, it is easy to see that we obtain a space 
homeomorphic to an w-simplex. 
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ON THE CONCEPT OF A TOPOLOGICAL SPACE 

By J. W. Alexander 
Institute of Advanced Study 
Communicated December 14, 1938 

In the following note, we shall generalize the notion of a topological 
space in such a way that it will be possible to distinguish between the 
bounded and the unbounded portions of a space. There are many topo¬ 
logical problems in which it is essential to be able to make this distinction. 
For example, if we wish to develop a completely satisfactory theory of 
connectivity, we must be able to tell whether or not a cycle lies in a bounded 
portion of the space (cf. the remarks below). 

The space of classical topology can be defined in terms of the primitive 
concepts of point and C-set (closed set). We shall find it preferable, how¬ 
ever, to replace the concept of a C-set by that of a CB-set (closed, bounded 
set). Thus, a topological space S will consist of a class of undefined ele¬ 
ments P it called the points of 5, together with a class of point sets B jt 
called the CB-sets of 5, subject to the following three conditions: 

(i) The empty set must be a CB-set. 

(ii) The union of two CB-sets must be a CB-set. 

(iii) The intersection of an arbitrary set of CB-sets must be a CB-set. 

The C-sets of 5 will now be expressible in terms of the CB-sets in the 

following manner. A point set of 5 will be a C-set if, and only if, its inter¬ 
section with every CB-set is a CB-set. Clearly the empty set and the 
set of all elements of S will be C-sets. So also will be the union of two 
C-sets and the intersection of an arbitrary set of C-sets. The C-sets will 
therefore have the properties usually required of closed sets. Every CB- 

set will be a C-set, and the lattice of the CB-sets will be an ideal within the 

* 

lattice of the C-sets. 

A topological space 5 will be said to be bounded if the set of all its points 
is bounded. If S is bounded its C-sets will be indistinguishable from its 
CB-sets. A bounded, topological space in the revised sense of the term 
will thus be equivalent to a Kuratowski space in the classical sense. 1 
Every space S will determine a bounded space S' such that the points of 
S' are the points of 5 and the CB-sets of S' the C-sets of S. However, the 
properties of S will not be deducible from those of S', since it is easy to 
show that S is not uniquely determined by S'. From our revised point of 
view, we shall think of the space R* of n real variables as an unbounded 
space, such that the C-sets and CB-sets of R" are its closed and closed, 
bounded sets, respectively, defined in the usual manner. (This is a differ¬ 
ent topological entity from the space R” regarded as a Kuratowski space 
where all closed sets are treated on an equal footing.) 
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The closure of a set A will be, as usual, the intersection of all the C-sets 
containing A . The set A will be bounded if its closure is a CB-set. The 
O-sets (open sets) will be the complements of the closed sets, the OB-sets 
(open, bounded sets) will be the open sets such that their closures are CB - 
sets. A space S will be called a T Q -space provided that if P and Q are 
any two distinct points of S there exists an OB-set containing one but not 
both of the points. The space will be called a Ti-space provided there 
exists an OB-set containing P but not Q. Finally, the space will be called 
a Ti-spacty or ITausdorff space , provided there exists an OB-set containing 
P and such that the closure of the set does not contain (?. If the space S 
is bounded, these definitions will evidently be equivalent to the classical 
ones. 2 

A set [A) of sets will be said to have the finite intersection property if 
the intersection of each finite subset of [A] contains at least one point. 
A space S will be said to be semi-bicompact provided that if [A ] is any set 
of CB-sets with the finite intersection property there is at least one point 
of 5 common to all the sets A of [A).* A space 5 will be said to be bi- 
compact if it is both semi-bicompact and bounded. This definition is 
again in agreement with the classical one. By a mere paraphrase of 
Wallman’s bicompactification process, 4 every 7Vspace S may be imbedded 
in a semi-bicompact space S* t which last will reduce to S itself if S is 
initially semi-bicompact. Thus the process as applied to the space R H of 
n real variables (interpreted as a space of the new sort) will simply imbed 
R H in itself and not in a bicompact space. 

As usual, a transformation will be continuous provided the original of 
every C-set is a C-set. A transformation will be completely continuous 
if it is continuous and if, moreover, the image of every CB-set is a CB- 
set. Two spaces will be homeomorphic if there exists a one-one completely 
continuous transformation of the first space into the second such that its 
inverse is also completely continuous. Such a transformation will pair 
the points of one space with the points of the other and the CB-sets of one 
space with the CB-sets of the other (hence, automatically, the C-sets). 

The theory of connectivity in terms of gratings 6 assumes a very satis¬ 
factory form as a result of the above generalizations. We take as the 
covering pairs of 5 all ordered pairs (a, c) such that a is a CB-set and c a 
C-set, thus making a distinction between the sets a and the sets c. The 
barriers b of the covering sets will automatically be CB-sets. The chains 
such that their loci are CB-sets will now play the rAle of the so-called 
bicompact chains appearing in the original presentation of the theory. 

1 Cf., for example, Alexandraff and Hopf, Topolo^ie, p. 37. 

9 Loc. eit., pp. 53, et seq. 

• In my paper on "A Theory of Connectivity in Terms of Gratings," Annals of Mathe¬ 
matics, 39,833-912 (1938), the term "locally bicompact" should be replaced throughout 
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by the term * 'semi-btcompact/ ’ as suggested in the footnote on p. 886, A semi-bicompact 
r r space is obviously locally bicompact, in the usual sense. 

4 H. Wall man, “Lattices and Topological Spaces," Annals of Mathematics, 39, 112- 
126 (1638). 

* See footnote 3. In connection with the paper there referred to, the following 
addendum may be useful. Throughout the paper, no mention is made of the so-called 
dual connectivity theory which follows along the. lines developed by Victoria and extended 
to general spaces by Ccch. This is because the dual theory follows immediately from 
the more powerful direct theory by purely group theoretical considerations. The 
chains of a space S (before reduction modulo the empty chains) are expressible as finite 
polynomials in the a*'s and Vs such that no index i appears more than once in any 
term. They, therefore, form a free group G with a generator corresponding to each 
possible term. A character of G is thus determined when we arbitrarily assign its value 
at each generator of G. It can, therefore, be represented by an infinite polynomial in 
the a/s and Vs (with no repeated index in any term), such that the coefficient of each 
term is a real number reduced modulo 1, equal to the value of the characters at the 
generator of G corresponding to the term. The group H of all such infinite polynomials 
is the character group of G. From this point on, the theory of the dual connectivity 
groups can be developed along the lines suggested by Pontrjagin. 
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GROWTH AND DIFFERENTIATION IN LIVING PLANT 

MERISTEMS 

By Edmund W. Sxnnott 

Dbpaktment or Botawv, Columbia University 
Communicated January 12,1939 

Most of our knowledge of the cellular changes taking place during growth 
has been derived from a study of killed and sectioned material. Cell 
division in living plant tissues has been observed in a considerable number 
of cases, but chiefly in hairs, protonexnata and similar structures which 
are only one or two cells thick. It is desirable to learn what takes place, 
in terms of changes in cell number, size and shape, in a typical living plant 
meristem as growth proceeds. Events cannot readily be observed here 
because most meristems are so massive as to be opaque. Furthermore, 
the terminal growing point of a stem is buried in surrounding structures, 
and that of a root is usually enclosed in a relatively opaque calyptra. 

These difficulties may be overcome by the use of appropriate material 
and technique. Seedling roots growing from very small seeds are so 
delicate, often only six or eight cells thick, that light passes through them 
readily. In most cases, however, direct observation of the actual meri¬ 
stem is prevented by the root cap; but in some of the small-seeded grasses 
the cap is reduced to a group of only a few rather loose cells and the meri¬ 
stem is thus nearly naked. Species of Agrostis, Phleum, Poa, Sporobolus 
and related genera provide particularly favorable material. 

It has been found possible to grow these very delicate roots under 
essentially normal conditions by germinating the seeds on strips of moist 
lens paper on microscopic slides, placed in covered staining dishes. About 
a centimeter of tap water is left in the bottom of the dish, which keeps 
the air humid and the paper moist. After about four days at room tem¬ 
perature the young roots are usually more than a centimeter long and are 
ready for study. The slide is now placed on the stage of a microscope 
and the root coveted with a few drops of water. The meristem may be 
examined directly under a water immersion lens, but more satisfactory 
results have been obtained by placing a cover glass over the root, sup- 
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ported by glass chips on either side. The root may now be studied under 
any immersion objective, but the author has found water more satisfactory 
than oil for contact, since the latter tends to spread over the edges of the 
cover. Care must be used to avoid any pressure on the root when the 
cover glass is applied or removed, and to keep the root continually moist, 
for otherwise growth will stop immediately. By means of a camera 
lucida, drawings may be made of the cell outlines of the surface layer of 
cells, the second layer and sometimes the third layer. The slide should 
be returned to the damp chamber as soon as possible. 

Drawings may be made at intervals of from one to several hours. If 
a marker, such as a cell of unusual shape or size, is located in the first 
drawing, then all the cells may be numbered with reference to it, and 
located again in the second and later drawings. In this way, all the new 
cell walls which have appeared through division in the interval may be 
recognized. Changes in cell size, both before and after division ceases, 
may also be measured. The actual cell lineage for a long series of cells 
from the apex of the meristem to the point where elongation has ceased 
may thus be determined. The nuclei are to be seen only vaguely and 
details of mitosis are not visible.* 

These roots are very sensitive to gravity and will not continue to grow 
normally more than a few minutes on the horizontal stage. It is more 
satisfactory in some respects to keep them vertical, with the microscope 
in a horizontal position, but this makes difficulty in the maintenance of 
liquid contact between lens and cover, and in the use of the camera lucida. 
Photographic records may be made, but unless conditions are very favor¬ 
able, these have been found less satisfactory than drawings. The chief 
difficulty thus far encountered is the tendency for the growing tip to twist 
spirally and thus sometimes to prevent continuous observation of a given 
row of cells. 

The approximate rates of cell division and of cell elongation may readily 
be measured. The rate of elongation of the whole root may also be ac¬ 
curately determined by marking the location of a given point under the 
camera lucida at constant time intervals. The characteristic rhythmic 
nutation of the root tip may be observed and its period and amplitude 
measured. 

The method here described makes possible a fresh approach to the study 
of a number of other problems of growth and differentiation in a typical 
terminal meristem. Preliminary results in three of these problems, as 
studied in the genera Poa, Phleum , Agrostis , Chloris and Sporobolus , are 
presented briefly here, 

1 . Factors Determining the Shape and Position of New Cell Walls .— 
The cells in all layers are in regular longitudinal rows, so that the new 
walls, with me exceptions, are transverse or essentially so. In equa* 
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tional divisions the wails are straight, but in non-equational ones, as in the 
divisions giving rise to root-hair initials in some genera, they are com¬ 
monly curved from the first, with the convex side toward the larger cell. 
A new wall is never laid down directly opposite a previously formed cross 
wall of any neighboring cell. If the natural position for the new cross 
wall would tend to bring it into such a relation, this will be avoided by a 
bending of the new wall so that it joins the side wall at a point at one side 
or the other of the place where the cross wall of the neighboring cell is 
attached. A new cross wall tends to join the side wall halfway between 
the points of attachment of the two nearest cross walls, either of this cell 
or a neighboring cell. This is the position which would be assumed if the 
walls were liquid films. In many cases, however, this position would result 
in daughter cells very unequal in size, and in such cases the new wall is 
pushed considerably nearer the point of attachment of one of the cross 
walls. The point where the new cross wall joins the side wall thus seems 
to be determined by an equilibrium between the tendency to divide the 
mother cell equally (or into two parts of definite proportions) and the 
tendency to bisect the free side-wall space. 

2 . “Sliding Growth .'*—Since the point where each new cell wall is laid 
down can thus be definitely located with reference to the walls of all ad¬ 
jacent cells, and since this relationship can be followed throughout the 
history of all these cells, it is possible to determine with some certainty 
whether the cells slide along each other during the process of growth. This 
may best be studied in the relationships between the cells of the surface 
layer. All the evidence indicates that sliding growth does not occur. The 
relative positions of the transverse walls of adjacent cells are maintained 
essentially unchanged from the time they are laid down until the cells are 
many times their original size and growth stops. There is a definite 
gradient in cell expansion, beginning just before division ceases, and 
gradually increasing until maximum growth is attained. In this all the 
cells participate almost equally, though the root hair initials and certain 
stunted cells grow somewhat less rapidly than the rest. The relative 
position of their walls thus changes a little, but this is clearly due to a 
greater growth in some parts of the wall than in others and not to sliding 
growth. No case has been observed where the end wall of one cell has 
passed by the end wall of an adjacent cell during growth. The relative 
wall positions between the surface layer of cells and the layer immediately 
below have also been determined and here, too, the positions established 
when the cell walls are laid down persist to maturity. 

3. The Differentiation of Root Hairs .—In Phleutn, Poa and Agrostis, 
the cells which are to produce root hairs (the “trichoblasts” of Leavitt 1 ) 
are definitely set apart at the last cell division. This is usually either the 
third or the fourth division from the tip of the root. At this division the 
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apical (distal) member of the pair of daughter cells is always smaller than 
the basal. It has denser protoplasmic contents and its walls tend to bulge 
outward slightly. At some distance back from the tip, when elongation 
has ceased, this cell produces a root hair. The other cell, which rarely 
may divide again, never produces a hair. In these genera, therefore, 
differentiation for this character occurs very early and the potencies of 
the cells are sharply limited almost from the beginning. In Chloris and Spo- 
tobolus , on the other hand, trichoblasts ordinarily do not appear, all the cells 
being essentially equal in size from the beginning and all being capable of 
producing root hairs. Some of the cells stain differently from others, and 
a differentiation of root hair cells may occasionally be observed before the 
hairs are formed. These plants evidently provide good material for a 
study of the factors controlling the differentiation of root hairs. 

Summary .—Materials and methods are described, by the use of which 
it is possible to observe and measure the multiplication and growth of 
cells in living root meristerns. This technique has been applied to the 
problems of the location of new cell walls, of “sliding growth/* and of the 
differentiation of cells which are to form root hairs. 

1 R. G. Leavitt, Proc. Boston Soc. Nat. Hist., SI, 273-313 (1904). 


QUANTITATIVE ANALYSIS OF THE INTERACTION OF 

INDIVIDUALS 

By Eliot D. Chapple 

Department of Anthropology and Department of Industrial Research, Harvard 

University 

Communicated January 13, 1939 

Up to the present time, no quantitative studies of human interaction 
have been undertaken, .with the exception of observations by Dorothy 
Thomas and her co-workers on the behavior of children. 1 These studies 
were designed to develop an "index of personality" based on the percentage 
of total time spent by a child handling objects, interacting with people or 
playing alone. Only percentage figures were secured for interaction, and 
the authors were more interested in developing criteria for determining 
the reliability of observers. 

This paper represents a preliminary account of quantitative results 
secured through the use of a crude recording apparatus, now being super¬ 
seded by an accurate instrument. Although the investigation was pri¬ 
marily exploratory, it is believed that a discussion of the results obtained 
by use of the old instrument will be of interest as an indication of the 
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possibilities of research in this field. It must be emphasized that the 
conclusions herein presented are entirely tentative. They must be tested 
by the use of accurate apparatus under laboratory conditions (using a 
one-way screen, etc.). This work is now in progress. 

The present studies resulted from the development of operational 
methods for the description of the relations of individuals. These opera¬ 
tions were evolved in the course of the analysis of material collected in 
field studies of communities. From the consideration of this material, a 
working definition of the class of phenomena was derived, which may be 
stated briefly as follows: Individuals are considered to be in interaction 
if the action of one individual is followed by the action of another individual. 
The full definition and a description of the analytic procedures are given 
elsewhere. 2 Here it is sufficient to point out that such an action is a 
manifest (hence observable) phenomenon, and may be made up of words, 
gestures, in general, of overt muscular activities. No distinction is made 
between kinds of actions. 

In order to obtain a record of a sequence of actions manifested by 
individuals, it is necessary to use some kind of a time-recording apparatus. 
Accordingly, a simple device was improvised. A large wheel was fitted 
to the rubber roll of an old noiseless typewriter. A small dectric motor 
drove this whed by friction at a uniform rate of speed (15 inches to the 
minute). A roll of adding-machine paper, mounted on a brass frame, 
was fed through the roll to a take-up driven by another small motor. The 
take-up motor rewound the paper on a wooden roll and was arranged so 
that no pull was exerted on the paper coming through the typewriter. 
Thus, any influence on the speed due to the changing size of the upper 
roll was eliminated. An observer, seated at the typewriter, struck a 
designated key when the first individual acted, and when this action was 
ended by the action of the second individual, another key was struck. 
By the alternation of the two letters on the moving tape, a continuous 
record of a conversation could be secured. The length of time of each 
action was obtained by measuring from the top of the first letter to the 
top of the second. We thus obtained a series of durations of the actions 
of two individuals. 

Observations were made only on two individuals at a time, due to the 
limitations of the machine. Other difficulties in recording, now elimi¬ 
nated in the new apparatus mentioned, were due to the inability to record 
those instances when two individuals talked at the same time. (In this 
case, individual B was recorded as ending A'$ actions, and then almost 
immediately A comes in again.) It was also impossible to mark where 
one individual fell silent in the midst of an action and began again when 
the other individual was not observed to manifest an action. Because 
of the lack of proper facilities for observation the observer had to be seated 
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in the same room, with the subjects at a distance of eight to ten feet away. 
The effect of this situation was to a large degree minimized, due to the 
fact that the subjects were colleagues who had known each other for several 
years, and the conversations were those which would ordinarily have 
taken place. The same observer was used in all observations described 
in this paper. For this reason, the error due to the observer may be re¬ 
garded as constant, and is neglected in the rough approximations here 
described. We shall consider two series of eight observations, and one of 
five. One individual was a member of ail three pairs. Due to difficulties 
in getting the subjects together, only a few observations were obtained 
on pairs made up of the other three individuals, and we shall therefore dis¬ 
regard those figures. 

In each observation, lasting from thirty to fifty minutes, the two indi¬ 
viduals manifested a total number of actions ranging from 320 actions (155 
interactions) to 840 actions (420 interactions). The durations of any 
single action varied from 0.2 seconds (the minimum that could be recorded 
on the machine) to extreme values of well over a minute. Frequency dis¬ 
tributions showed a characteristic asymmetry, the curve being definitely 
J-shaped. When one-second intervals were used, the mode fell in the 
interval between 0.2 and 1.1 seconds, containing about one-third of all 
values. The means of different individuals differ from observation to 
observation, the lowest 2.83, the highest 7.81, but approximately two- 
thirds of the values were found between the mean and 0.2, the other one- 
third in the higher values. In the present paper, we shall concern our¬ 
selves not with the probability that any single unit of action will have a 
given duration, but rather with the way in which the sequence of dura* 
tions is arranged. 

In order to describe the order of occurrence of the action-durations of 
two individuals, we obtained a kind of internal average by summing each 
five units of action. For reasons that need not be discussed here, attempts 
to use running averages were discarded. This summing of five should 
average out errors due to the observer; it is sufficiently small to be sensitive 
to fluctuations, yet at the same time affords the advantages of an average 
while enabling us to obtain the sum of the durations of any given series 
of actions. By comparison of the variation of the values of both indi¬ 
viduals, A and B, we could begin to estimate the effect of one on the other. 
A visual representation was afforded by plotting the sequence of sums of 
fives for each individual on a graph, the ordinate representing the cumula¬ 
tive number of actions and the abscissa the cumulative time (sum of five) 
of the actions of each person. The same procedure was used in treating 
the units of interaction, summing by fives and plotting the results cumu¬ 
latively. 

Upon inspection of the curves for the separate individuals, it was seen 
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that no single empirical function described all the curves in a single series 
of observations. We therefore provisionally regarded the curves as made 
up of a series of straight lines, each describing that period of action during 
which an individual's rate was approximately constant. By selecting 
points on the curve in which the variation was a minimum, we calculated 
the slopes between the points and thus obtained a sequence of slopes for 
each individual. The rate of any individual for a given slope is defined 
by Xt/n. 

It should be pointed out that in the present study we have to regard 
these slopes as making up a sequence of rates of silence for each individual. 
This way of looking at the facts derives from the operations used to obtain 
the discrete durations. With the particular apparatus used, a typewriter 
with a moving tape, we are unable to obtain a measure of the duration of 
an action of one individual uninterrupted by the action of the other 
individual. Let us suppose that one individual is observed to act con¬ 
tinuously without pause for twenty seconds. If the other person acts 
by nodding his head or uttering a monosyllable, this single action would 
be recorded as made up of three or four shorter actions. On the other 
hand, if one individual remains silent while the other individual continues 
"to talk, the silent individual obviously cannot be interrupted. His 
silence will continue until he manifests an action. In other words, with 
this machine we could not distinguish the pauses an individual makes in 
an action during which the other person acts from those instances when 
both were talking at the same time. If the reader wishes to regard these 
figures as representing rates of action, he merely needs to shift the figures 
about. It should be pointed out, however, that this way of regarding 
the figures is not justified by the operations, and the results obtained 
(now to be described) reinforce this view. 

In table 1, we present the slopes (mean rate), the sum of the durations, 
as well as the durations of each slope in chronological time for two con¬ 
versations from different series. The table is arranged in order of the 
occurrence of these slopes in the sequence of units of interaction. From 
this table, it may be seen how one individual often maintains a slope 
while the other changes several times. There is no simple relation be¬ 
tween the durations and the values of the slopes; nor is there any evident 
correlation between the slopes of one individual and the other. 

In order to obtain an approximate description of the interaction of 
individuals represented by these slopes, we shall have to consider three 
questions: (1) what determines the value of the slope of an individual; 
(2) what determines the duration of any single slope of an individual; 
and (3) what is the nature of the dependence of the individuals upon each 
oilier; that is, is this relationship expressed in the associated slopes and 
their durations? 
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Let us first take up the question of the relationship of these slopes to 
one another. It is evident that we cannot express a single slope of indi¬ 
vidual A as a function of the slope of individual B, since we do not find 
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It should be 


noted that EDC is characterized by a pattern made up of a slow slope followed by a fast 
one, a simple alternation, while GB lias wide variations due to two very slow slopes, 
and CMA exhibits a fast-slow pattern but with intermediate pairs of values having a 
different ratio than the first and last pairs exhibited. 

one slope of individual A associated solely with a single slope of individual 
B. In fact, such a situation is very rare in this material (five j n 
333 slopes manifested); while one individual main tain? a constant rate, 
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the other individual may manifest as many as five different dopes. If 
we hope to describe the duration of a single slope of individual A as some 
function of the slopes that B manifests during the time that A is constant 
we shall have to express the relationship as one between the durations. 
By estimating the ratio of the durations of A's slope to the total time 
(the sum of the durations of the slopes of both A and B), we can then see 
whether this varies as a function of the value of the slope. 

When log slope is plotted as a function of this ratio for all the slopes 
manifested by one individual in interaction with another individual, it 
is found that the points representing the relationship make up a band. 
The band has a constant width and may be enclosed by two parallel lines 



fitted to the points making up the border. Figure 1 represents the band of 
GB with EDC 

When the bands for the three pairs discussed here were plotted, it was 
found in the equation 

log Sa “ Wa/Ia + te) + constant 

where S equals the slope, and A and B are the two individuals, and t the 
sum of the durations, that the constant describing the slope of the band 
was the same for individual EDC in the three pairs in which he interacted, 
differing in slope from the bands of GB f CMA and FLWR t who also differed 
from each other. Unfortunately we were unable to obtain a sufficient 
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series for the other individuals with each other, but it is an obvious possi¬ 
bility that the constant k in this relationship is invariant for each individual. 
This similarity in the value indicates why these slopes should be regarded 
as representing silences. Since the same slope is found for the silences 
and not for the individual's actions in three separate series, it may be 
assumed either that the individual adapts the durations of his actions to 
the other person and does not adapt his silences, or that the recording 
device’s limitations are responsible. No solution is possible, of course, 
until a more accurate apparatus is employed. 

What precisely does the band function tell us? In the first place, it 
is evident that the function imposes limits upon the duration of any single 
slope. If individual A manifests a slope of a particular value, and B 
manifests a slope which does not bring the value of the ratio within the 
limits of the band at the given value of log slope for A f then individual A 
will maintain this slope, until other slopes manifested by B bring the 
ratio within the band limits. Thus, the duration of a slope at a given 
value is determined (within certain limits) by the proportion it makes 
with the total time. For the different individuals with whom EDC inter¬ 
acts, however, the band for the function has a different width, and it is 
suggested that the width of the band and the distribution of points within 
it is a measure of the degree of adaptation of the individuals to one another. 

Not only do individuals seem to possess constant slopes with bands 
having definable limits; in one case, an individual, FLWR t exhibits a 
marked discontinuity. At a value of log 0.4800, the whole band shifts 
towards the .Y-axis and changes its slope, although the width of the band 
remains constant. This indicates, for this individual at least, that when 
he slows down to rates of silence above 3.02 seconds, the duration of his 
slope forms a greater proportion of the total time, and he has, therefore, 
differing rates of adjustment in interaction. 

It should be pointed out that the limits of these bands cannot properly 
be regarded as defining the probability that repeated measurements of 
log slope as a function of the ratio will fall within the band instead of 
outside it. We shall come upon such a function a little later in this paper. 
In this case, however, the situation is more complex. If a band encloses 
the values of the function for each conversation* it will be observed that 
the width varies from day to day, although the slope remains constant. 
In some observations, all the points fall on a straight line; in others, points 
forming both borders of the total band are included in a single observation. 
The question of probability, then, involves the distribution of the varia¬ 
tion for single observations. The limits of the band for all observations 
on a given pair define this probability. The view that the probability 
distribution is made up of bands for single observations is supported by 
the fact that the limits of the band do not act as limits which rigidly 



Vol. 25 , 1980 


ANTHROPOLOGY: E. D. CHAPPIE 


65 


control the change of slope. That is, when individual A changes to a 
certain slope, the first slope of individual B may bring the ratio within 
the band limits. That individual A does not shift depends upon two 
factors, (1) the existence of minimum and possibly maximum durations 
for slopes, the former giving a kind of threshold effect, the conditions for 
which have not yet been investigated; and (2) the limits of variability 
defined by the width of the band in a single observation. In this latter 
case, the variation in width of the bands is an expression of the variation 
in adjustment of the slopes of one individual to the slopes of the other, 
and hence depends upon the variability of the constituent individuals. 

If we are to investigate this variability further, we must develop some 
way of dealing with the individual values of the slopes, regarding the 
preliminary definition of the problem of their durations as sufficient for 
our present purposes. In one-half of all observations, 13 out of 23 for 
EDC of which seven were with CM A, and a smaller number for the other 
individuals, the sequence of slopes forms a pattern of alternating fast and 
slow slopes. In the majority of these cases, there is a constant relation¬ 
ship between the fast and slow slopes. That is, if each sequence is broken 
up into a series of pairs, and each slow slope in a pair divided by its ac¬ 
companying fast slope, the ratio or its first difference is constant for all 
pairs in the observation. The constant varies from observation to ob¬ 
servation. If we assume provisionally that this alternation of fast and 
slow slopes is characteristic of individuals in interaction, we must then 
try to show why deviations from this pattern take place. We shall not 
attempt to determine the conditions defining the ratios of the slopes nor 
the variation in their absolute values when the ratios are constant. 

If a consistent explanation is to be introduced to explain the deviations, 
we must find out whether the variability in the values of slopes differs 
for each individual or whether all the individuals under consideration 
vary in the same way. In order to obtain a measure of this variability, 
the dispersion of the slopes was expressed as a function of their mean value. 
If log <r slope is plotted as a function of log Mean slope, where a =* 
Vsiyit — 1, the measurements for all four individuals fall within the 
limits of a narrow band defining the probability that measurements of <r 
as a function of the Mean will fall within the band instead of outside it.* 
The slope is greater than one and the origin is on the abscissa. Hence 
log <r « k log M + Constant. It should be pointed out that a plot of <r 
of the raw figures against the Mean of the raw figures gives us a similar 
band with the slope approaching 1. It is, of course, premature to suppose 
that this function will be characteristic of all individuals on the basis of 
such a small sample, but it is of interest to point out that similar results 
have been obtained by Crozier and his co-workers for a wide variety of 
biological material. 4 



66 


ANTHROPOLOGY: E. D. CHAPPIE 


Prog N. A. S, 


Since we know that these four individuals vary in exactly the same way, 
we do not have to regard the occurrence of extreme slopes for any single 
individual as due to a special property of that individual. Rather this 
variation or the causes thereof would seem to be common to all the indi¬ 
viduals studied. If we assume that every individual alternates between 
fast and slow rates, then deviations from this pattern must have a con¬ 
sistent explanation. These deviations are uniformly very slow rates 
occurring either in a position where a slow rate was expected, but not 
one so large (on the theory that in any conversation, if the ratio of each fast 
slope to its accompanying slow slope is calculated, the constant derived is 
constant for all such pairs in a single conversation) or else such deviations 
occur in place of a fast slope, thus disturbing the regularity of the pattern. 
If the rates and durations of the other individual are then examined to 
see whether such deviations are preceded by uniform conditions, it is seen 
that in all cases the other individual has maintained a single slope for high 
numbers of interactions (from 30-100 units, the number varying with 
each individual). If it be remembered that the duration of a slope is 
determined (within limits) by the ratio of its duration to the total duration 
(sura of both A's and B's slopes during that time), then it is evident that 
deviations from the fast-slow pattern follow after a slope has been main¬ 
tained longer than would have been the case if the rates of the two indi¬ 
viduals had adapted to one another. This adaptation is, of course, de¬ 
termined by the value of the function, log slope » &(/a A*+/js)+ constant, 
for the constituent individuals. 

Summary .—In recording the interaction of pairs of individuals, the 
measurements secured represent the durations of the separate actions of 
an individual alternated with his silences or inactions. If each five actions 
of an individual are summed and plotted cumulatively, a series of slopes 
is obtained, during each of which the individual maintains an approximately 
constant rate. 

The analysis of these slopes indicates* that the duration of each slope 
is determined by the rate of the slope and its duration in chronological 
time (the sum of the durations of both A and B) t the relationship having 
the form, log slope * Wa/Ia +tn) + constant, within the limits of a band 
of constant width. It is suggested that the constant is invariant for the 
individual. 

Each individual is regarded as alternating between fast and slow rates. 
Although the values of these rates vary in a single conversation, the ratio 
of each fast rate to its accompanying slow rate is constant for the con¬ 
versation, but varies from event to event. 

Deviations from this pattern occur in more than half the cases. It is 
shown, however, that both representatives of the pattern (calculated) and 
its deviations vary in a uniform way. If the mean of the slopes of each 
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conversation is calculated and its standard deviation, it is found that log 
*t slope = fc(log Mean slope) + constant, with all the points falling within 
a band of constant width. This relationship was the same for all observa¬ 
tions on four individuals. It was then assumed that deviations could not 
be due to individual differences in variability as measured by this function. 

It was then shown that deviations were in all cases preceded by slopes 
maintained over a period of time due to the operation of the suggested 
uniformity governing the duration of slopes at different values. 

1 Thomas, D. S,, Loomis, A. M., Arrington, R. E., Observational Studies of Social 
Behavior , New Haven (1933). 

* Chappie, E. D., Measuring Human Relations (to be published). 

* Crozier, W. J., and Holway, A. H., Proc. Nat . Acad. Sci 24, 3 (1938). 

4 Crozier, W. J., Determinisme et Variabilite, Paris, Hermann, 56 pp. (1935) (and 
citations to earlier work); Jour . Gen. Physiol „ 19, 503 (1935-1936); Crozier, W. J., 
and Holway, A. H„ Proc. Nat. Acad. Set., 24, 3 (1938). 


ASTROPHYSICAL CONSEQUENCES OF METASTABLE LEVELS 

IN HYDROGEN AND HELIUM 

By O. Struve, K. Wurm and L. G. Hknyry 
Ybrkes Observatory, University of Chicago 
Communicated January 9, 1939 

1. The metastability of an atomic level can influence its population only 
under conditions which differ materially from thermodynamic equilibrium. 
In or near equilibrium the populations of the levels are independent of 
transition probabilities and depend only upon the temperature of the 
system. On the other hand, when the deviations from equilibrium are 
marked, as, for example, in the case of a gas excited by diluted black-body 
radiation (nebulae, outer shells of stars), cyclical processes play a funda¬ 
mental rdle. Observationally the metastability of a level produces dis¬ 
cernible effects when the interval of time between successive excitations is 
less than the lifetime of the level. Under these conditions, the metastable 
level can have a population of the same order of magnitude as in the case of 
equilibrium* Consequently, we may expect to observe in the continuous 
spectra of stars shining through the gas absorption lines arising from meta¬ 
stable levels, in addition to those arising from the ground level. Of course, 
for sufficiently great thicknesses of the gas we may observe weak ab¬ 
sorption lines even when the metastability is not completely effective, 
provided that the number of atoms in the level is greater than about 10 l * 
in a column whose cross-section is 1 cm. 1 along the line of sight. 

The existence of metastable levels in hydrogen (2S) and helium (2*S 
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and 2 8 S) is particularly interesting since the spectra of these elements can 
be observed astrophysically over an enormous range of conditions: from 
stellar atmospheres to nebulae and, in the case of hydrogen, even to inter¬ 
stellar space. The emission lines of H and He are very strong in the Orion 
Nebula. 1 In absorption, only the He line X 3889, which arises from the 
metastable level 2 8 S, is seen 2 superposed over the continuous spectra of 
stars which shine through the nebula. No H lines arising from the meta¬ 
stable 2S level have been found, in spite of the fact that H is almost cer¬ 
tainly much more abundant than He. It is the purpose of this paper to 
show that this apparent discrepancy may be explained by a change in the 
lifetime of the metastable H level which depends upon the electron density 
of the gas. 

For an excited level which connects directly with the ground level, the 
population in the presence of diluted radiation is: 


hrit . 

tti — fiiWe 9 



where W is the dilution factor. For a metastable level whose forbidden 
transition probability is An the population is 1 

A ***» 

m = ft, W ~ e kt ■ (lb) 

Aa 

* 

2. The Balmer lines are very strong in emission in the Orion Nebula, 
and intensity measurements by Ambarzumian 1 indicate that the numbers 
of atoms in several quantum levels higher than the second are all of the 
order of 10 4 cm. -s . The number of atoms in the second level is not known, 
because we cannot observe the Lyman emission lines and because observa¬ 
tions fail to show any definite trace of the Balmer absorption lines. The 
latter are difficult to observe because all stars located in the Orion Nebula 
contain ordinary stellar absorption lines of hydrogen. However, in some 
of these stars the stellar Balmer lines are greatly broadened by the ionic 
Stark effect and by axial rotation. The absence of strong and sharp Balmer 
absorption lines of nebular origin is therefore well established. It is 
probable that if the number of atoms in the second level n% £: 10 1S , the 
absorption line of the nebula would have been observed. We shall ag«nri» 
that n, < 10 ls . In the case of hydrogen we may assume that va « pu. 
Hence from (la) and (lb) 


Am = «, 10^ 

An n i < 10 4 


10 8 . 



Accordingly 


ris < 1 sec. 


(Orion Nebula) 


( 3 ) 
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3. We have good evidence that interstellar space contains a consider¬ 
able amount of atomic hydrogen, and a rough determination of the 
intensities of interstellar emission lines in certain regions of the Milky 
Way gives *= 10 cm.“l This value is probably not representative of 
all regions of interstellar space, since it depends upon observations of 
selected regions in which the brightness of the emission lines is greater 
than the average. A better estimate for average conditions is 

n% * 1 cm."*. 


This is the number of third-level atoms in a column having a cross-section 
of 1 cm. 2 and extending to the effective limit of vision, which we estimate 
to be of the order of 1000 parsecs « 3 X 10 21 cm. There is very good 
evidence from the spectrum of Nova Lacertae, whose distance is about 900 
parsecs, 4 and from other objects, that there are no observable absorption 
lines of hydrogen. Hence n% < 10 12 and by formula (2): 

< 10 12 and Tts < 10 4 sec. (Interstellar Space). (4) 

i 

4. Bethe 6 has discussed theoretically the question of the lifetime of 
the 2 2 Si/, level of hydrogen. He states that the lifetime due to spontaneous 
transitions to the ground level is of the order of several months. If, 
however, the atom is in an electric field the atom can also pass to the 
ground level by first going to the 2lPw a level. Indeed, under most astro- 
physical conditions the fields, due to the presence of ions, govern wholly 
the lifetime of this level. Bethe shows that, for a weak field, the ratio of 
the lifetime of the 25 level to the lifetime of the 2 P level is given by 



where 1/4 j 9 is the lifetime of the 2 P level and k/2ir is the Stark splitting 
of the 25 level, that is, 


2t ef 
h 300 




Here F is the electric field expressed in volts per centimeter and is 
the matrix element of a coordinate of the electron in the hydrogen atom. 

The average field due to the presence of electrons has also been con¬ 
sidered by Bethe. If n is the number of electrons per cm.®, the electron 
occupies a volume \/n which, if replaced by a sphere, has a radius 


r as 



1 / 


( 7 ) 
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Betke takes one-half of this radius as the mean distance between the 
hydrogen atom and the nearest electron* The field of the latter is, there¬ 
fore, 

F - .SCO e volts/cm. (8) 

The fields due to other electrons can be neglected since they can be regarded 
as forming a uniform charge distribution. 

Equations (5) to (8) can be combined so as to express the ratio (5) in 
terms of n and of atomic constants. Inserting the numerical values of 
the constants, 6 we find: 


— = 2.3 X 10 u «- 4/s . (0) 

T2F 

Since 7 — = 40 = 6.3 X 10~*, we have 

r 2 p 

ns = 4X 10 (10) 

It is also of interest to investigate the order of magnitude of this effect 
for the metastable level 2 l S of helium. In a field the 2 l S level interacts 
with the 2 1 P level and becomes partly a P level. The ratio of the life¬ 
times of the 2 l P and 2 l S levels are in the ratio of the Stark splitting to the 
separation of the interacting levels:' 8 Using hydrogenie wave functions, 
Foster 8 has computed the Stark splitting for a weak field as 0.0285 F 2 
cm."where F is expressed in 10 5 volts/cm. The separation of the levels 
is 5857 cm.'" 1 . Hence, expressing F again in terms of n, we have 

— = 9 X 10* n - 4/a . 

r 2 ii> 

* 

A comparison of this equation with (19) shows that the effect under con¬ 
sideration is of a completely different order of magnitude for the two 
cases. The importance of the effect for hydrogen is due to the fact that 
the 25 and 2P levels have exactly the same energy. For the metastable 
2 3 S level of helium the effect of a field is even smaller than for the 2 l 5 level. 
Actually, under most conditions, the lifetime of the 2 J 5 level will be gov¬ 
erned by other factors, particularly by collision transitions to the 2*5 level. 
5. For interstellar space we have, approximately:* 

n e = 30 cm." s . 

Hence, formula (10) gives 

tas “ 4 X 10* sec. (Interstellar Space). (11) 

Before we compare this value with the observational result (4), we must 
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multiply the latter by 4 to take account of the fact that the levels 2Pi /JS 
and 2P 3 /2 are not metastable. We conclude that the theoretical lifetime 
is consistent with the observational value. 

For the Orion Nebula n f is not known. Hence, we determine », from 
(10) in such a manner that (3) is obeyed; 

n, > 2 X 10 4 cm,” 3 . 

We have no means to verify this result by direct observation. For the 
Trifid Nebula, in which the density is probably considerably smaller than 
in the Orion Nebula, Rosseland 10 found 


n e « 235 cm." 3 . 


The somewhat higher value for the Orion Nebula appears entirely plausible. 

6. O. C. Wilson 2 has found that in the Orion Nebula He I (2 3 5-3 8 P) 
\ 3889, appears as a strong absorption line. No accurate determination 
of the equivalent width is available, but we estimate tit = 10 18 cm. ' 2 . 
The emission lines of He I are strong, but no determinations of m have 
been made. Perhaps we may estimate == 10* cm.~ 2 , This would give 
from (2): 

~ « 10 10 and « 10 2 sec. (Orion Nebula). (12) 

A21 


Accordingly, the metastability of the He I 2*5 term in the Orion Nebula 
is much more pronounced than that of the H 25 term. This is in good 
agreement with the theory because we have seen that the theory would 
give an exceedingly long lifetime for the term. 

The question arises whether the astronomical evidence is compatible 
with a practically infinite lifetime of the 2 3 5 level, as has been suggested 11 
from physical theory. Apparently this is not the case. Formula (lb) 


holds if W <£ . 

A 81 


If 


21 


31 


, we have approximately; 


^ hr 

# 2 = me~ «'• (13) 

If this were true (13) and (la) would give 

-• = W = 1()- 10 . 

«2 

It is probable, however, that for those parts of the Orion Nebula to which 
the observations refer W is more nearly of the order of 10~ u or 10" 18 . 
Hence, we should be inclined to regard (12) as real. 

The He I line (2 l S--4 l P) X 3965 has been looked for in the spectra of the 
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same Orion stars which show strong (2 3 5~3 3 P). No absorption line has 
been found. However, since all lines of the singlet system of He are 
much weaker than the corresponding lines of the triplet system, we cannot 
assert, from the observational evidence, that the lifetime of the 2 l S level 
is necessarily shorter than that of the 2 8 5 level. A careful search for the 
line X 5016 should settle this question. 

7. The spectrum of Nova Lacertae shows conclusively that for inter¬ 
stellar space the He I line (2 3 5- 3*P) gives n 2 < 10 12 . Since no emission 
lines have been observed we cannot determine the upper limit of An/An. 
The ionization of the interstellar gas is much lower 3 than that of the Orion 
Nebula; hence the absence of the He I lines is not surprising. 

8. Formula (10) shows that for relatively low electron pressures the 
25 state of H completely loses its metastability. Thus, when 

n e » 10 10 cm. ” 8 

the lifetime becomes of the order of 10” 8 sec. This is of the order of the 
electron density in the chromosphere. In outer shells of B and 0 stars, 
where the electrons come almost entirely from the ionization of hydrogen, 
we estimate n t = 10* cm.” 3 . Hence the hydrogen lines should behave 
as though they originated from a metastable level. 12 However, it is 
possible that in 9ome relatively dense shells n e becomes large enough to 
reduce the lifetime of the 25 state of H to such an extent that the Balmer 
lines will lose with respect to lines of other elements which originate from 
the ground level or from a metastable level. One is reminded of the great 
strength of the He I line X 3889 in y Cas 13 which surpasses the Balmer 
lines, although in normal giant spectra (where Stark effect is absent) the 
Balmer lines are always much stronger than the He lines. High density 
and strong ionization reduce the lifetime. Hence, in late-type giants, 
conditions are favorable for a high degree of metastability of the 25 level. 
The enhancement in a Ori of the multiplets (a 8 D~s 7 D°) and (a 8 D“S 7 P°), 
which originate from the ground level of Fe I, show that departures from 
thermodynamic equilibrium are conspicuous. It is tempting to explain 
the great strength of the Balmer absorption lines in supergiants of late 
spectral type as a consequence of the metastability of the 25 level. How«? 
ever, it is premature to discuss this matter further until accurate measure¬ 
ments of the Paschen lines have been made. 

1 V, Amhamimian, Zeits. Astrophys., 6, 112 (1933); Poutkovo Obs. Circ 6 (1933). 
This expression is valid only when W is small compared to An/Ati. 

* O. C. Wilson, Pub . Astr. Soc. Pacific, 49, 338 (1937). 

* Struve, Proc . Nat. Acad, Sci „ 25, 36-43 (1939). 

4 J, A. Pearce, Pub. Astr. Soc. Pacific , 49, 149 (1937). 

3 Handbuck der Physik, 24, Pt. 1, 452 (1933). 

* The matrix element is y/§ times the Hartree unit of length, as may be verified 
from the formulae 34. 2, et seq., of Bet he, into which we insert n - 2, j «* i/ t and mm t/ t . 
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7 Bethc, op. cit. Table 17, page 144. 

8 Condon and Shortley, The Theory of Atomic Spectra, p. 413 (1935). 

9 Proc. Roy. Soc. t A117, 137 (1937). 

10 Theoretical Astrophysics , p. 319 (1936). In his earlier book, Astrophysik auf Atom- 
theorilischer Grundlage, p. 235 (1931), Rosseland gave n f ** 470 cm. ' 1 . 

,l We are indebted for stimulating discussions of this point to Dr. D. H. Menzcl of 
Harvard University and Dr. G. Breit of the University of Wisconsin. 
l * Struve and Wurm, Astrophys. Jour. % 88, 107 (1938). 

u R. Baldwin, Astrophys. Jour, (in press). See spectrum (a) of his illustration. 


THE RESOLUTION OF SIX TESTS INTO THREE GENERAL 

FACTORS 

By Edwin B. Wilson and Jane Worcester 
Harvard School of Public Health 
Communicated January 14, 1939 

It has been pointed out that if n tests are to be resolved into / generals 
and n specifics the expression 

T - 2 (« - 0 * - \ 0 * + l) 

must be zero or negative and that when T * 0 the resolution if possible 
at all is unique in the sense that no arbitrary parameter is involved in the 
solution but not necessarily in the sense that there shall be only one solu¬ 
tion. 1 The case of six tests and three factors is the simplest in which the 
possibility of multiple distinct solutions arises. It is the object of this 
note to exhibit a 6 by 6 correlation matrix which has two solutions for the 
resolution.* 

The problem is to determine six communalities h\ so that the matrix 


hi 

ru 

7l3 

ru 

ru 

rw | 

n s 

*5 

r« 

ru 

r 3 6 

rte 

TtZ 

rss 

*5 

fu 

r« 

r w 

ru 

ru 

ru 

h\ 

n 6 

r<6 

'16 

H 6 

tzb 

r« 

hi 

ru 6 

I n« 

r« 

7w 

r*6 

r» 

*5 1 


shall reduce to rank 3. There is no four-rowed minor which does not 
contain at least two communalities; consider therefore 


r w 

ru 

ru 

ru 

r» 

fa 4 

r« 

r»6 

hi 

r M 

ft s 

rw 

r« 

h\ 

ru 

r« 


SB 0. 
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This expands into a quadratic equation in the communalities h\ and hi as 


rn r it 

+hl 

r 14 ru r, 4 


ria rig fje 


rn r u r u r w 

ru fw 

r u r-u, 

0 r 45 r« 

+h\ 

0 Taft ^36 

+ 

f23 r u r-if, 

6 ?U 

r u 0 r u r 4 « 


Including the above, three equations may be obtained by non-equivalent 
permutations among the subscripts 1, 2, 5, 6; these three are linearly 
related, indeed if their signs be taken aright their sum is 0; of the set. of 
three, however, any pair are usually independent and may be solved for 
k\ and h\ to give a pair of solutions, ordinarily different. When either of 
these pairs is inserted in the place of fej and hi, four-rowed minors may 
be found which contain only one other communality and hence the com¬ 
plete solution contains just two sets of communalities. 

The following matrix 


h\ 

.50 

.16 

.48 

.24 

.64 | 

1 .56 

hi 

.20 

.66 

..51 

.86 

.16 

.20 

't 2 

.18 

.07 

.23 

.48 

.66 

.18 

h\ 

.30 

.72 

. 24 

.51 

.07 

.30 

hi 

.41 

.64 

. 86 

.23 

.72 

.41 

hi 


may be reduced to rank 3 by either of the following set of communalities: 

.425016 

.902308 

.063569 

. ,546923 

.386667 
.998000 

It will be observed that although some of the communalities in the two 
sets are nearly equal, others, notably h\ and h\ (and, presumably, because 
of their nearness to 1, h\) are decidedly different. It may further be noted 


hi — .0.4 or h\ 


2 _ 


K 


hi 


2 _ 


= .85 or hi 


= .00 or hi = = 


hi = .56 or h\ 


h\ - .50 or hi 


s _ 


K 


2 _ 


= .93 or hi 


a _ 


432 
1015 

1173 
1300 

• 311 
4900 

711 

1300 ~ 

116 

-OS 

300 
998 


1000 
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that in both sets some of the communalities are tolerably far removed from 
the value of the largest correlation coefficient in their row or column which 
is the provisional value assigned by Thurstone in his centroid method of 
determining the factor loadings. 51 

One set of factor loadings for the two solutions is: 



I 

II 

III 

I' 

11/ 

III' 

*1 

.8 

0 

0 

. 6524 

0 

0 


. 7 

.0 

0 

.8584 

.4068 

0 

x 3 

0 
* M 1 

.1 

- .1 

. 2453 

-. 0259 

.0515 

jv* 

*v4 

.6 

A 

— ,2 

. 7358 

.0699 

. 0265 

Xb 


. o 

.4 

. 3679 

. 4774 

-. 1530 


.8 

.5 

— 0 
* 

.9810 

.0441 

. 1835 


It will be noted that the factor loadings are different, often decidedly 
different. Furthermore, although the set I, II, III or the set I', II', 
III' may be changed by an orthogonal transformation of o° a degrees of 
freedom operating upon them, the two sets cannot be obtained one from 
the other by any orthogonal transformation operating upon them 1 —the 
solutions are distinct. 

If we should take the correlation matrix 


hi 

. of) 

.16 

A 

00 

. 24 

.64 

.56 

h\ 

. 20 

.66 

.51 

.86 

.16 

.20 

hi 

.08 

.27 

.13 

.48 

.66 

.08 

hi 

.30 

.72 

.24 

.51 

.27 

.30 


.41 

.64 

.86 

.13 

.72 

.41 

hi 


and try to determine the communalities so as to reduce the rank of the 
matrix to 3 we should find only one set of solutions all of which lay between 
0 and 1 and hence were possible; the other set, though real numbers, would 
contain at least one communality which was either negative or greater 
than 1. The solution for the possible set of communalities and of factor 
loadings is 




I 

II 

III 

h\ 

.64 

.8 

0 

0 

hi 

.85 

.7 

.6 

0 

h\ 

.21 

.2 

.1 

» 4 

hi 

,56 

.6 

.4 

-.2 

hi 

.50 

.3 

.5 

.4 

hi 

.93 

.8 

.5 

-.2 
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If we should take the correlation matrix 


h\ 

.56 

.16 

.48 

.24 

.64 1 

.56 

hi 

.20 

.66 

.51 

.86 

.16 

.20 

hi 

.18 

.07 

.25 

.48 

.66 

.18 

h] 

.30 

.76 

.24 

.51 

.07 

.30 

hi 

.33 

.64 

.86 

.25 

.76 

.33 

h\ 


we should find that no set of communalities could be obtained which would 
reduce the rank to 3 and hence permit a resolution into 3 generals and 6 
specifics. The three matrices do not look notably different. 

If the pentad expression 6 be defined as 

P 12345 “ r i2 r 13^24^35^45 + fu?Iff'nfuTzh + ^12^14^25^34^35 

+ + rurursirurat + 

~~ r^rur^rnTib — “ ?vzT 'ufMfata 

“ ^ 13 ^ 4 ^ 24 ^ 25^35 “ f itf u?M? Kf> ~ ^ 14 ^ 15 ^ 28 ^ 25^34 

the quadratic equation for any communality, say h\ f becomes 

P 12456 {h\Y + H 3 .12466^3 + ^3-12466 « 0, 

where H and K , like P t are skew symmetric in the letters 1, 2, 4, 5, 6 and 
are in fact as follows: 


^3-12466 
Ha-12456 


— ^ 31^32456 + T\ z Pum + ^ 34^85612 + f»Pmn + **<^81345 

- r 3 ir32[r4 & r6fl(r,4f26 - Wu) + WabCWu - r 16 r M ) + 

— rHr 2 5)] 


+ nine similar terms in which the pair 1, 2 is replaced by any other 
pair of two from the five numbers 1, 2, 4, 5, 6. 


The analytical conditions for resolubility into two sets or just one set or 
no set of three generals and six specifics are naturally complicated; it 
is probably better to proceed to effect a solution arithmetically. 

If one should go up to the next case in which the resolution may be 
"unique,” viz., n - 10, / - 6, there may well be a higher multiplicity than 
two for distinct solutions. 

If one should undertake to find solutions by Thurstone’s centroid method 
it is clear that some method of successive approximations and convergence 
would be necessary—and necessarily very tedious. 6 It may well be that 
the actual determination of any or all solutions in a particular case would 
be of no value, but it does seem to be of some value to recognize that the 
method of factor analysis as a mathematical method admits of a plurality 
of solutions in some cases. In so far as three general factors are deter- 
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minable from six tests there may logically be two distinct solutions—and 
therewith two distinct sets of specifics but the team tests for corresponding 
specifics in the two sets must be the same. 7 

1 E. B. Wilson, Jour. Gen. Psychol., 2, 153-172 (1929), especially p. 156. 

* The authors are indebted to the Carnegie Corporation for a grant to cover the cost 
of the calculations involved. 

' L. L. Thurstone, 7'he Vectors of Mind , p. 89. As a matter of fact h\ in either set is 
less than any correlation coefficient in its row or column, and hi is greater than any. 

4 Of course, as the two sets are each three mutually orthogonal unit vectors, either 
can be carried into the other by some orthogonal transformation operating not in the 
3-space defined by either set but in the 6-dimcnsionaI space defined by the six vectors 
of the two sets—this being not the 6-space defined by the 6 tests. 

* T. L. Kelley, Crossroads in the Mind of Man, p. 58. 

1 If one should apply Thurstone \s method without proceeding to successive approxi¬ 
mations one would find a set of generals, with their factor loadings, which was not 
identical with either of the two sets I, II, III or T, IT, III'. If it were true that the 
set found could be rotated into either of these sets by an orthogonal transformation 
operating upon it, the lack of identity might be of no significance by virtue of Thur¬ 
stone's assumption that in any case the set found is without psychological significance 
until it has been so rotated as to be psychologically interpretable; but as the solution 
found by Thurstone's method is not in general in the 3-space of I, II, III or of V , II', 
III' no rotation of it in the sense in which he uses that word will bring it into agreement 
with either of those sets which the general theory indicates might be of significance. It 
may well be that the Thurstone centroid solution and the true distinct solutions I, II, 
Ill and I', If', III' alt lie nearly enough in the same 3-space to be practically indis¬ 
tinguishable when one has regard to the sampling errors of the correlation coefficients 
determined from relatively small samples. It may also well be that within the freedom 
permitted by those sampling errors the question as to whether the resolution can be 
made in two, one or no ways is itself indeterminate. If more than 6 tests are to be 
resoluble into three general factors plus specifics very complicated analytical conditions 
must be satisfied by the correlation coefficients. If 6 tests arc resoluble into three 
general factors plus specifics in two ways one may conceivably build tip additional tests 
which would be consistent cither with the solution I, II, III or with the solution I', 
II', III', but ordinarily not with both. We may thus have two sets of n tests, n > 6, 
resoluble into three generals and n specifics, the generals as well as the specifics being 
different, even though there be six tests common to the two sets. 

7 E. B. Wilson, Proc. Nut. Acad . Sci., 20, 193-196 (1934). 



78 


PHYSIOLOG Y: W. J. CROZIER 


Proc. N. A. S. 


TEMPERATURE AND THE CRITICAL INTENSITY FOR 
RESPONSE TO VISUAL FLICKER. II 

By W. ]- Crozier 

Biological Laboratories, Harvard University 
Communicated January 13, 1939 

1 , Initial tests of the relation between temperature and the curve of 
flash-frequency ( F ) vs. flash-intensity (I) critical for response to flicker 1 
showed that change of temperature merely shifts the F — log I contour 
on the log I axis, without essentially altering its form. Rise of 
temperature moves the curve to lower critical intensities. This fact is 
of primary significance for the theory of the flicker-response contour. 2 
The exact mode of dependence of the shift in position upon temperature, 
as revealed by more elaborate experiments with various animals, thus 
assumes particular importance. The first experiments 1 were made at 
o temperatures only. For an insect (Anax, nymph) and a teleost (sun- 
fish, Enneacanthus) it appeared that a somewhat unusual relationship 
obtains. Theory calls for the reciprocal of the critical intensity at a fixed 
flash-frequency as the proper measure of excitability. The temperature 
characteristic 8 (/x in the Arrhenius equation) for 1 /I was not constant but 
increased with rise of temperature. Hence it was suggested 1 that visual 
excitability measured in this way might well be so complexly determined 
as to make its analysis quite involved. 

More complete investigation was made of the flicker-response contour 
of the turtle Pseudemys. i Here a simplex curve is found, without compli¬ 
cations due to the gross morphology of the eye (as in most arthropods 8 ) and 
without the involvement of two sets of visual response-elements (“rods” 
and “cones” as in most vertebrates). As fundamentally in all other 
cases investigated, the F — log I contour is a probability integral. The 
adequacy of this formulation arises directly from the fact that a large 
number of elements are available for the determination of the response, 
and that each of these fluctuates in its contribution. Elevation of tem¬ 
perature reduces the critical intensity for each of these elements in the 
same proportionate way, if the population is homogeneous with respect 
to type of chemical organization. Hence if excitability is governed in 
the fashion typical for physiological processes involving speeds or fre¬ 
quencies, 6 we expect l/I (F constant) to obey the Arrhenius equation, 
with constant jd s. For Pseudemys this was found. 4 

The exceptional instances first encountered were therefore reinvestigated 
with especial care. Processes demonstrably complex in their quantitative 
dependence on temperature should provide significant tests of the general 
theory of temperature characteristics. Of these the most important for 
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the view that the control of speeds and frequencies in biological systems 
is essentially simple rather than complex, are those instances in which p 
increases steadily with rising temperature. Processes of this kind are 
necessarily governed by the resultant of 2 or more difierent concurrent 
reactions with different “activation energies'* simultaneously contributing 
to the control of the occur¬ 


rence of the observed result. 7 8 
Such processes have seldom 
been established in biological 
observations—a fact which is 
in itself significant. The mean¬ 
ing of the data in the single 
most fully illustrative case, 
involving the respiration of 
sea urchin eggs,” has been 
completely missed. 10 

2. Determinations of criti¬ 
cal intensity for response of 
A nax nymphs to visual flicker 
have been made at 2 flash- 
frequencies (F = 20/sec. and 
F « 55) at temperatures be¬ 
tween 8° and 36°. 11 The 
technique, methods of calcu¬ 
lation and tests for statistical 
homogeneity of the material 



FIGURE 1 


1 /J m at F «■ 20 (solid dots) and at F » 55, at 
various temperatures, for A nax nymphs, with 
light-time fraction * 0.50. Each 7 m is the 
mean of 30 measurements. 11 Values for F -» 
55 are multiplied by antilog 1.205. The excep¬ 
tional points at F ** 65, 35 ?8 are by experi- 


have been described else- mental analysis known to be due to special 


where. 11 * 12 The form and 
maximum of the F — log I 
curve is independent of tem¬ 
perature, (A minor compli¬ 
cation not significant for the 
present discussion occurs at 
36° for F * 55 only. 11 ) The 
apparent temperature charac¬ 
teristic for 1 // is the same 


effects at this level ; 11 I m departs by only 0.03 to 
0.09 log unit. The upward concavity on the 
Arrhenius grid shows that ju in the equation 1/7 
» exp, ( ’-fx/RT) increases continuously as T 
rises. t Consequently at. least 2 different proc¬ 
esses participate concurrently in the control of 
1/7. The curvature found is accurately re¬ 
produced by the summation of the two proc¬ 
esses whose velocity curves arc shown below, 
one with n «* 19,200 and the other with p * 
3400; their velocities are equal at 16.9°. 


for F — 20 and F * 55, and 


increases steadily as t° increases (Fig. 1). 

The upwardly concave curve in figure 1, with log (1//) plotted against 
1/T°abs.> is easily accounted for as the resultant of the concurrent action 
of 2 processes with p * 19,200 and p * 3400, respectively, with velocities 
equal at 15.9° (Fig. 1). The suggestive correspondences of m * 19,200 
for dehydrogenations 11 (as of sugars) and such processes as diffusion for 
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the low fx, point the way for specific attempts at the identification of these 
processes through suitably designed experiments. 

3. The flicker contour for the sunfish Enneacanthus is found to present 
a different kind of situation. 18 Its elucidation again illustrates the neces¬ 
sity for closely spaced observations of known relative precision for the 
interpretation of temperature functions. With Enneacanthus there 
occurs a break in the 1/1 curve for a given F, at ca. 20°C. Above this 
temperature m is higher than from 8° to 20°. Relations of this type are 
uncommon, but not unknown, 8 * 14 and there is nothing in theory which 

forbids them. 

One flash-frequency (F = 4) 
was chosen in the so-called 
“rod” section and another 
(F ~ 25) in the “cone” part of 
the sunfish flicker contour. 16 
The shape of the F — log I 
curve is independent of tem¬ 
perature, in each of these seg¬ 
ments. But the break in the 
temperature curve (Fig. 2) is 
unmistakably emphasized by 
the fact that for the “rod” 
part of the function the curve 
is definitely shifted downward 
on the l/I axis to a lesser 
extent than for the cone part, 
below 20°. This makes it 
obvious that the critical tem¬ 
perature at ca . 20° is a real 
phenomenon in this system, 
even if it were not already 
dear that no single continu¬ 
ous curve will adequately 

describe the data at F * 25 (Fig. 2), 

The values of /x for the sunfish data are 8100, 14,400. The same values 
hold for both “rod” and “cone” sections of the curve. At any temperature 
the values of l/I* for F = 4 and F « 25 are in the ratio of 24,000:1 or 
(below 20°) more. This is a rather striking illustration of the fact that 
lx for a biological system is essentially independent 6 * 1416 of the velocity 
of the underlying process (here measured by 1/1). 

4. That diverse magnitudes of m are encountered for flicker-excitability 
in different animals naturally signifies that the spedfic chemical control 
of the exdtability is different This does not necessarily mean that the 



FIUUKB i! 

l/I m for F * 4 and F « 20, the former di¬ 
vided by 23,950, with the sunfish Enneacanthus. 
Each point is the mean of 30 observations. 
Points with tags are from an early series. 1 For 
the “rod” (F * 4) and the “cone” (F - 20) 
parts of the F « log / curve the m's are identical. 
The critical temperature (20°) is marked by a 
wider dislocation of the F m 4 measurements. 
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substances undergoing chemical change as result of illumination are 
different. Substrate materials in the excitability reactions could be the 
same, but catalysts different. 

It is just as likely, however, that the substances involved could even 
be the same, and their metabolic interrelations, but that in different kinds 
of animals different steps or links in the system are found in the slow 
“pacemaker” r61e. 4 The data on experimental modification of fx 17 make 
this entirely possible. Differences in the locations of critical tempera¬ 
tures ( Pseudemys , 20°; Enneacanihus 30°) prove that such differences in 
organization are real. 

Application of the hypothesis 16 that the data of visual flicker are to be 
interpreted in terms of retinal photochemistry has led 19 to the conclusion 
that for Enneacanihus there must be deduced a different photochemical 
stationary state equation for the “rod” and “cone” parts of the contour. 
For the “rods,” light and dark processes are each of second order, for the 
“cones,” light process is first order, dark process second. The equation 
does not in fact describe the F — log I curve, 10 and is moreover incon¬ 
sistent with the direction of the temperature shift; apart from this, the 
invariance of m for “rods” and “cones” (Fig. 2) shows directly that the 
chemical control of excitability is the same in both. 

This is not in conflict with the existence of 2 populations 21 of sensory 
effects, as proved by their behavior in inheritance 22 and by the present 
results with Enneacanihus. Since there is every reason to regard these 
2 populations of elementary sensory effects as resident in the central 
nervous system, 28 there is a general basis for expecting their chemical 
organization to be of the same kind. That it is of the same kind, in 
Enneacanihus, is shown by the fact that with increasing proportion of 
light-time in the flash-cycle the rates of increase of the abscissa of inflection 
in the “rod” and “cone” parts of the F — log I curve are identical. 24 

1 Crorier, W. J., Wolf, E., and Zerrahn-Wolf, G., Jour. Gen. Physiol 20, 393, 411 
(1938-1937). 

• Crorier, W. J., Wolf, E„ and Zembn-Wolf, G., Ibid., 20, 431 (1936-1937); 21,17 
(1937-1038). 

1 Crorier, W. J., Ibid. t 7, 123 (1924-1926). 

4 Crorier, W. J., Wolf, E., and Zerrahn-Wolf, G., Proc . Nat. Acad . Sci. f 24, 126, 216 
(1938); Jour. Gen. Physiol., 22 (1938-1939) (in press; Pseudemys). 

9 Crorier, W. J., Wolf, B., and Zerrahn-Wolf, G., Jour. Gen. Physiol 21, 223 <1037- 
1938); Crorier, W. J., and Wolf, E., Ibid., 22 (1938-1939) (in press; Asellus; Cam- 
barus]. 

9 Crorier, W. J., Proc. Nat. Acad. Set., 10, 461 (1924); Jour. Gen. Physiol „ 7, 189 
(1924-1926). 

T Crorier, W. J., and Stier, T. J. B., Jour. Gen . Physiol., 9, 49 (1925-1926). 

• Crorier, W. J., Jour . Gen. Physiol, 7, 189 (1924-1926). 

• Korr, I. M., Jour. Cell. Comp. Physiol., 10, 461 (1937). 

29 An analysis of data on this situation wilt be given elsewhere. 
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11 A fuller account is appearing in: Crozier, W. J., and Wolf, E.. Jour. Gen. Physiol. 
(1938-1939). 

'‘Crozier, W. J„ Wolf, E„ and Zerrahn-Wolf, G., Ibid., 20, 211 (1980-1937); 21, 
463; etc. (1937-1938). 

>' Crozier, W. J„ and Wolf, E„ Ibid., 22 (1938-1939) [in press, Sunfish No. 2|. 

*« Cf. Pincus, G., Ibid., 14, 421 (1930-1931). 

» Wolf, E„ and Zerrahn-Wolf, G„ Ibid., 19, 495 (1935-1936); Crozier, W. J„ Wolf. 
E„ and Zerrahn-Wolf, G., 20, 211, 411 (1936-1937); 21, 313 (1937-1938). 

“ Crozier. W. J., and Stier, T. J. B„ Ibid., 7, 699 (1924 1925); Crozier, W. J., Ibid.. 
9, 531 (1025-1920). 

w Crozier, W. J., and Stier, T. J. B„ Ibid., 7, 429 (1924-1925); 9, 547 (1925-1920); 
Crozier, W. J., 18, 801 (1934-1935). 

» Hecht, S., Physiol. Rev., 17, 239 (1937). 

>• Crozier, W. J., Wolf, E„ and Zerrahn-Wolf, G., Jour. Gen. Physiol , 20, 393 (1936- 
1937); Hecht, S„ The Harvey Lectures (1938), 35 (1937-38); Jour. Appt. Phys., 9, 156. 
* This can best be tested only in cases not structurally complicated; cf. 4, ‘ etc. 

« Crozier, W. J„ Wolf, E., and Zerrahn-Wolf, G., Proc. Nat. Acad. Sci., 24, 125, 538 


(1938). 

» Crozier, W. J„ Wolf, E„ and Zerrahn-Wolf, G„ Jour. Gen. Physiol., 21, 17 (1937- 
1938); Proc. Nat. Acad. Set.. 23, 516 (1937); Crozier, W. J., and Wolf, E„ Ibid., 24, 
.542 (1938); Jour. Gen. Physiol, [in press] (1938-1939). 

“ Crozier, W. J., Proc. Nat. Acad. Sci v 22, 412 (1930); Crozier, W. J., and Holway. 
A. H„ Proc. Nat. Acad. Sci., 23, 23 (1937). 

“ Crozier. W. J,. Wolf, E„ and Zerrahn-Wolf, G„ Jour. Gen. Physiol , 21, 313 (1937- 
1938). 


EXPRESSIONS FOR THE CURRENT IN THE BLOCH APPROX I - 

MA TION OF ‘' TIGHT BINDING’ ’ FOR METALLIC ELECTRONS 

Bv J. Bardeen and J. H. Van Vlkck 
University of Minnesota and Harvard University 
Communicated January 14, 1939 

Various approximate methods have been used for the calculation of 
metallic wave functions. 1 Of these, the most important are: (1) the 
approximation of “tight binding’’ in which it is assumed that the atoms 
are relatively far away from oue another, so that the overlap of the wave 
functions of the electrons in neighboring atoms is small;* (2) the opposite 
limiting case, the approximation of nearly free electrons, in which it is 
assumed that the variations in the potential energy are small in comparison 
with the kinetic energy of the metallic electrons* and (3) the method of 
Wigner and Seitz 4 and its extensions by Slater,* which is the most accurate 
of all. We wish to discuss the expressions for the current in the first of 
these methods. In this method, the Bloch wave functions are approxi¬ 
mated by a linear combination of atomic wave functions. 

The Bloch form for the wave function of a metallic electron is - 
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exp(ik*r)w* (r), where w*(r) has the translational period of the crystal 
lattice. The vector h is the propagation vector of the electron wave, and 
is in magnitude 2ir/\ t where X is the wave-length. The standard expression 
for, say, the x-componcnt of the current carried by an electron in this 
state is: 

i x m ev x - - (eh/irixi)fl+Sityk/ dx) - ^*(d^**/dx)]dr. (1) 

The Bloch expression for the same component of the current is 6 

i x - -{2ice/h)(bE/bk x ) (2) 

where E is the energy, expressed as a function of the propagation vector 
k. These two expressions are, of course, equal if fa is an exact solution of 
the Schrodinger equation: 

~(A78irV)A** + V(t)fa = E k fa (3) 

in which F(r) is the periodic potential of the crystal lattice. If fa is 
determined by some approximate method, there is no reason to suppose 
that (1) and (2) will give the same result. In fact, if hydrogen-like atomic 
wave functions, e ~'“ r , are used for the calculation of the Bloch wave func¬ 
tions in the approximation of “tight-binding" it is found, as will be shown 
more explicitly later, that (1) is just one-third of (2). 7 

Such disagreement on the current is perhaps at first surprising, because 
one might expect that, at least in the limiting case when the distance 
between the atoms is very large, the approximate wave function so derived 
will be very close to the exact wave function, obtained by solution of the 
Schrodinger equation. However, in this limit the current goes to zero, 
and while both (1) and (2) approach zero, the ratio between them does 
not approach unity. 

It is the purpose of the present paper to point out this discrepancy, 
explain somewhat its causes and to examine the type of wave function 
for which exact agreement is to be expected. 

Let us first examine the nature of the field in which the electron moves. 
We may assume that the potential in the crystal lattice is fairly constant 
in the regions between the atoms, and, without loss of generality, this 
constant potential may be taken equal to zero. If the potential in the 
neighborhood of any atom is U(r), the total potential in the crystal is* 

V(I) - ZtU( |r - ftl), (4) 

where the sum is over all lattice points (designated by the vectors p,). 
Here U(r) cannot be taken to be the true atomic potential (i.e., the field 
of the ion about which the valence electron of the free atom moves), as 
is generally assumed, because the latter will fall off as 1 /r for large r, and 
the sum (4) will be infinite for an infinite lattice. Rather, one should use 
a screened field which in the neighborhood of any atom is very nearly equal 
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to the field of the ion, but which falls off exponentially instead of as 1/r 
at large distances. The screening of course is due to all the valence 
electrons except the one under consideration. These considerations 
indicate that to compute the Bloch functions one should use, instead of 
the true atomic wave functions, functions which are determined from a 
screened ionic field. We show below that if this is done the expressions 
(1) and (2) give the same value for the current, at least in the limiting 
case when the atoms are far apart. The disagreement on the current 
mentioned above, which occurs if true atomic wave functions are used, 
thus seems to be connected with the choice of the crystalline potential. 

We proceed with the mathematical proof of the foregoing statements. 
The equation for the 4 ‘atomic’ ' wave functions <p(r) from which we will 
construct the Bloch wave function is 

-(**/8rV)M0 + U(rMr) « E^(r). (5) 

For simplicity we assume that (p(r) is a radial (r) function. We also 
assumed that U (r) falls off much more rapidly than 1 /r for large r, so that 
the asymptotic form for <p(r) which holds if U{r) — 0 is: 

*~* r /r, ( 6 ) 

in which a is determined from 

£o ~ -aV/ftrV (7) 

The true atomic wave function would instead have the asymptotic form 
e" ar , which is appropriate for an electron moving in a coulomb field. 

The wave function of an electron moving in the crystal lattice is formed 
from an appropriate linear combination of the “atomic” wave functions. 8 

'f'k = 2, exp[ik p/J v>(|r - m\), (8) 

the sum running over all lattice points. 

In this approximation the energy, £>, is: 8 

E k = JSo + 2j exp[—ik-p,] »( |r - p/|)( V(r) - U{r)j v (r)dT. (9) 

The Bloch expression for the velocity of an electron in the state k is 

v x = (2ir/h)(dE/dk x ) = - (2r/k)X t i(p t ) z I t exp[-tk-p,], (10) 
in which /; is the integral; 

Ii - f — Pr|)( V(r) - u(r)^<p(r)dr 

* f <p(\t - p«|)(s #(|r - p»|))(p(r)<ir. ( 11 ) 

m 4= 0 

The second form follows from the first by substitution of the expression 
(4) for F(r). Since we are assuming that U( |r - p M |) is small except in 



Vot. 25, 1939 


PHYSICS: BARDEEN AND VAN VLECK 


85 


the neighborhood of p m , the only significant term in the sum over m is 
that for which m *= /, so that 

h « f<t>( |r — pf|)Z7(|r - p t \)<(>{r)dT. (12) 

Using the vSchrodinger equation (5) for <p(r), we see that It may be written 
in the form: 

wj( (*V8rV) A + £e)*(|r - p,|) j v(r)dr. (13) 

Since 

A>(>i.\i — p/|) ** A # vK|r — pif|), (14) 


(the second Laplacian is taken with pi as the variable) we may express 
Ii in terms of the overlap integral 

e(p) * yv(|r - p\)<p(r)Ar. (15) 

Thus 

I, - l(*»/8r*M)^ + £»)g(p) 


A s 2 dg ) 



To obtain the second form we have made use of the fact that <p(r) and 
consequently g(r) are radial functions. 

The ordinary expression for the velocity is obtained by substituting 
the expression (8) for fa into equation (1). We then have: 

v x « (ifc/2rp)2| exp[~ik-p,] yV(r)(d?(|r - p,|)/dx)dr. (17) 

Now 

dv?(|r — pjf|)/3* = — d<p(|r — p/|)/5(p/)*» (18) 

so that 

v* - ~(ih/2TjA)2i[dg(pi)/d(f>t)x] exp(-*k-p/] 

* ™(tA/2irp)Sit(p/),/pil[dg(pi)/dpiJ exp[-*k-p,]. (19) 


In view of (16), the two expressions (10) and (19) for the velocity will be 
equal only if 


h 2 d*g 2dgl h 2 (2dg\ 

8»VUp s + ~pdp] + ** " 8irV \ ~pd~p/’ 



or if (cf. Eq. (7)) 


d 2 g/dp 1 — a *g = 0 . 


(21) 
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Thus we must have 



where c is a constant. 

The overlap integral g(p) will have this form if the major contribution 
to the integral comes from the region where the potential is fairly constant 
(and, by assumption, equal to zero) because in this region the wave function 
will have the form e^^/r. It is not difficult to show that the overlap 

/ £—«lr—#1 g~~ at 

\r~ ' p \ ~r d r * P ro P or ti ona l to e ~ ap > and tl ius has the 
desired form. 

On the other hand, for hydrogen-like wave functions of the form e~ af , 
the overlap integral is proportional to 9 

^“^{1 + ap + l M«p) 2 !, 

and with tnis expression (19) is just one-third of (10). 

1 See, for example, M F. Mott an^ H. Jones, Theory oj the Properties of Metals and 
Alloys (Oxford, 1936) Chap. II, or A. Sommerfeld and H. Bethe, Handbuch der Physik , 
2nd Edition, 24, 2, p. 370, Berlin (1934). 

=» F. Bloch, Zeits . Physik, 52, 565 (1928). 
a R. Peierls, Ann. Physik , 4, 121 (1930). 

4 E. Wigner and F. Seitz, Pkys. Rev., 43, 804 (1933). 

6 J. C. Slater, Ibid., 45, 794 (1934). 

6 Cf. Mott and Jones (reference 1), p. 93. 

7 Analogous considerations apply to the corresponding two ways of computing the 
diamagnetic current induced by a magnetic field. [F. London, Jour, de Physique , 8, 
397 (1937).] If the diamagnetism is computed directly from an integral similar to (1) 
rather by differentiation with respect to the field strength (the analog of (10)] and 
if hydrogcnic wave functions are used, London’s estimate of the resonance integral 
necessary to account for the diamagnetism of aromatic compounds is raised from 4.4 
to 13,2 electron volts. The fact that the latter value is unreasonably high need not 
cause concern, as the hydrogenic model is not really applicable. Anyway, the change 
by a factor of three cancels out in computing the relative amounts of diamagnetism of 
different aromatic substances, so that the ability of his theory to predict the variation 
of diamagnetism with chemical composition is not affected, 

* CL Mott and Jones (reference 1), p. 05 and following. 

9 Cf. W. Heitler and F. Loudon, Zeits . Physik , 44, 455 (1927). 
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THE OX IDA T10N-RED UCTION POTENTIALS OF LAKE WATERS 

AND THEIR ECOLOGICAL SIGNIFICANCE 

By G. E. Hutchinson, E. S. Drevey, Jr., 1 and Anne Wollack 
The Osborn Zoological Laboratory ok Yale University 

Communicated January 3, 1939 

Since the classical studies of Thienemann, 2 it has been realized that the 
nature of the profundal Chironomid fauna of a lake provides a valuable 
criterion in lake classification. It has usually been believed that oligo- 
trophic lakes with a rich supply of hypolimnetic oxygen have a Tanytarsus 
fauna, eutrophsc lakes, with a poor supply, a Chironomus fauna. Lund- 
beck 3 elaborated this generalization, characterizing various mesotrophic 
categories, without adding much information as to the chemical condi¬ 
tions of the different subtypes. The work of Miyadi 4 indicates that 
inconsistencies, notably involving “oligotrophic Chironomus ” lakes, may 
arise in some regions. In the course of a study of the benthic faunae of 
Connecticut lakes, one of us (E. S. D.) has recognized comparable in¬ 
consistencies, as for instance when Lake Quassapaug, Middlebury, is 
compared with Job’s Pond, Portland. At the end of summer stagnation 
the oxygen content of the bottom water of the former lake is, in spite of its 
greater depth, lower than that of the latter, yet Quassapaug is a typical 
Tanytarsus lake, while Job’s Pond resembles Miyadi's “oligotrophic 
Chironomus' * lakes. Chemical studies (Hutchinson 6 ) have indicated large 
amounts of ferrous iron in the hypolimnion of Linsley Pond, a typical 
eutrophic Chironomus lake, while Jahn® found that the bottom water of 
Quassapaug has a redox potential but little lower than that of the surface 
water; comparison of Yoshimura’s 7 figures for hypolimnetic iron in some 
of the lakes studied by Miyadi strengthened the suspicion that oxidation- 
reduction potentials might be of interest in relation to the Chironomid 
typology of lakes. We have accordingly measured the potentials set up 
on a bright platinum electrode immersed in freshly collected lake waters, 
and at the same time have determined ferrous or total iron, total manga¬ 
nese, pH and oxygen. All potentials were determined between 15° and 
20°C.; to the nearest centivolt, they may be taken as correct for 18°C. 
Hill's 8 a-a f dipyridyl method was used in the determination of ferrous 
iron. 

In general the freely circulating epilimnetic waters give potentials of 
from 0.40-0.50 volt, referred to the standard hydrogen electrode; such 
values are to be expected in well-oxygenated waters in the absence of 
reductants (Cooper 9 ). Two lakes give somewhat lower surface values 
(Queechy, Canaan, N. Y., 0.43 volt, and Wononskopomuc, Salisbury, 
0.44 volt). In the hypolimnion of most lakes the potential is found to 
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vary with the amount of ferrous iron present, though owing to the high 
dilution and complex composition of the water theoretical treatment can¬ 
not be attempted. In only one case, that of the bottom water of Queechy, 
are both the redox potential and ferrous iron (Eh 0.15 volt, Fe ++ 0.4 
mgms. per liter) so low as to suggest the presence of a non-ferrous poising 

system. 



Data for Lake Quassapaug (Q), 3 Oct. 1938 and for Highland Lake (H) 7 Oct. 

1938. 

In figure 1, data for Lake Quassapaug, with an oligotrophic Tanytarsus 
fauna, and for Highland Lake, Winchester, Connecticut, with a mesotrophic 
Endochironomus fauna are set out, while in figure 2 data for the eutrophic 
and "oligo trophic” Chironomus lakes, Linsley Pond, North Branford, Con¬ 
necticut, and Job's Pond are presented. It will be seen that the Bh 
curve shows little variation in the Tany tar ms lake, slightly greater hypo- 
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limnetic reduction in the Endochironomus lake, a strong microzonal fall 
in potential in the oligotrophic and marked reduction throughout the 
hypolimnion in the eutrophic, Chironotnus lake. All have “eutrophic'’ 
oxygen curves. In certain mesotrophic lakes Chironomid larvae are 
found which, though yielding on emergence adults of a new species of 
Chironotnus (s. str.) near hyperboreus , have but one pair of, or no, ventral 
blood gills, a condition common in mesotrophic species. This form is 
provisionally designated as "mesotrophic Chironotnus It occurs with 
Tanytarsus in Lake Wononskopomuc, which shows a very slight fall in 
potential, to 0.41 volt, at 30.2 m., and without Tanytarsus in East Twin 



FIGURE 2 

Data for Job’s Pond (J), 4 Oct. 1938 and for Linsley Pond (L), 10 Sept. 1938. 


Lake, Salisbury, where the potential falls microzonally to 0.33 volt at 
22.5 m. Mount Tom Pond, a true Chironotnus lake intermediate in gen¬ 
eral character between Linsiey and Job's Pond, shows a fall from 0.46 
volt at 8 m, to 0.26 volt at 13 m. Queechy Lake, a rather oligotrophic 
true Chironotnus lake, shows a microzonal fall to 0.15 volt at 0.5 m. above 
the deepest mud, in this resembling Job's Pond; alone of all the lakes 
studied a low potential occurred without much ferrous iron being present 
and a sulphide poising system may well be involved. It would appear 
therefore that where the water approximately 0.5 m. above the deepest 
mud has a potential of above 0.4 volt, the mud itself supports a pure or 
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mixed Tanylarsus fauna, where below 0.3 volt a true Chironomus (four 
ventral blood gills) fauna is found, while in the intermediate range either 
Eftdochironomus or mesotrophic Chironomus , with a reduction of ventral 
blood gills, occurs. It is important to note that muddy water from 
Wononskopomuc shows that very low potentials (0.15 volt) are prevalent 
in the mud itself in the vicinity of the animals, so that the relationship here 
established is primarily of typological interest, indicating the reducing 
power of the mud as it affects the open water, rather than of significance 
in the respiratory physiology of the mud-inhabiting animals themselves. 

The general data incorporated in the above account were partly ob¬ 
tained from a study supported by the Bache Fund of the National 
Academy of Sciences and partly from a survey conducted by the Con¬ 
necticut State Board of Fisheries and Game; the potentiometer used was 
purchased with a grant from the Sheffield Fund of Yale University. The 
generosity of these bodies in making our researches possible is here grate¬ 
fully acknowledged. Our best thanks are also due to Dr. O. A. Johannsen 
of Cornell University for examining our Chironomidae. 

1 Sterling Fellow in Biology. * 

* Ini. Rev. Hydrobiol., 6, 243-249 (1913); Verh, naturh. Vex. preuss. Rheinl ,, 72, 1- 58 
(1917); Arch. Hydrobiol 12, 1-65 (1920); Ibid., 13, 609-646 (1922). 

* Arch . Hydrobiol Suppl , 7, 1-473 (1926); Ibid., 10, 208-357 (1936). 

4 Jap . Jour. Zool , 4 , 417-437 (1933). 

* Proc. Nat. Acad. Set., 24, 63-69 (1938). 

* Cold Spring Harbor Symposia Quant , Biol, 2, 167-180 (1934). 

1 Jap. Jour. Geol Geogr., 9, 61-69 (1931). 

* Proc. Roy. Soc„ B 107, 205-214 (1930). 

» Jour. Mar. Biol Assoc., 22, 167-175 (1937). 


ON IDEALS OF DIFFERENTIAL POLYNOMIALS 

By J. F. Rirr 

Department of Mathematics, Columbia University 
Communicated January 4, 1939 

Notwithstanding the excellent work of Raudenbush on perfect ideals, 
the general theory of ideals of differential polynomials is in a state which 
can hardly be called definitive. We hope to increase the plausibility of 
the existence of a complete theory in proving here a theorem of some 
generality on unrestricted ideals. Applied to the very special case of a 
single differential equation, in one unknown, of the first order, this theorem 
provides a substantial idealtheoretic background for the theory of the 
singular solutions of the equation. 
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Theorem: Let 2 be an ideal of differential polynomials in the unknowns 
yi, ..., y n . Let the manifold Wl of 2 be composed of manifolds , not neces¬ 
sarily irreducible, 3fli, ..., 9M 8 , none of which has a solution in common with 
any other . Then 2 can be represented in one and in only one way as the 
intersection of s ideals 2 U 2*, the manifold of 2* being 

One sees that it is sufficient to treat the case of s ~ 2. As Sfti and afa 
are mutually exclusive, there exists a relation 

A + B ~1, (1) 

where A holds SWi and B holds 9%. For some p , ( AB) P is in 2. We raise 
both sides of (1) to the 2pth power. In the first member of the resulting 
equation, let M represent the sum of those terms in which the exponent 
of A exceeds p , and N the sum of the remaining terms. Then M + N *= 1 
and MN is in 2. 

We shall prove that the derivative M f of M is in 2. The derivative of 
AIN , which equals — 2), is in 2. Thus 2 contains M'(AN 2 — 1). 

Because N*M f is in 2, 2 contains N f is also in 2. 

Now let 2i and 2 2 be, respectively, the ideals generated by 2 + M and by 
2 + N. Then 2i and 2 2 have 9Dh and 9%, respectively, as manifolds. 
We shall prove that 2 is the intersection of 2i and 2 2 . 

It suffices to show that if a form G is contained in 2i and in 2 2 , G is con¬ 
tained in 2. vSuch a G , because it is in 2i, has, by what precedes, an ex¬ 
pression C + DM, with C in 2. As G is in 2 2 , DM is in 2 2 . Because M — 

1 — N and N is in 2 2 , D is in 2 2 . Let D = E + FN with E in 2>. Because 

2 contains MN, 2 contains DM and hence G. 

We settle now the question of uniqueness. Let 2 be the intersection of 
ideals 2[ and 2%, whose manifolds are, respectively, 9Dh and 

Let G be any form in 2[. Some power N 1 of N is contained in 2^ 
Then GN* is in 2, hence in 2 t . Because N =* 1 — M, G is in 2t. Again, 
let H be any form in Si. For some t , 2[ contains M l and hence IIM*. 
As M =* 1 — N and HN is in 2, 2[ contains IT. We have proved that 2! 
and 2[ are identical So also, then, are 2 2 and 2^ 

What precedes shows that, for any value of s, each 2; is obtained by ad¬ 
joining a suitable form Mi to 2 and taking the ideal generated by 2 + 
M t . The forms of 2i will all be of the type C + DMi with C in 2. One 
sees that, if 2 has a basis for which a single exponent can be used, the 
same will be true for 2 it and the least possible exponent for 2,- will not 
exceed that for 2. 

The above work goes over, with no essential additions, to forms in 
several independent variables. 
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GENERAUZA TIONS TO SPACE OF THE CA UCHY AND MORERA 

THEOREMS 

By Maxwell Reads and E. F. Bbckenbach 
Department of Mathematics, Rice Institute 
Communicated December 16, 1938 

Introduction .—Consider the function 

w *= /(s) = xi(u, r) -f ixt(u t v) y z « u + iv , (1) 

defined and continuous in a simply connected domain D. A necessary and 
sufficient condition that f(z) be analytic in D is that the Cauchy-Riemann 
equations be satisfied there: 

\w =* 0, (2) 

where 

X * — 

ou ov 

is a differential operator. From (2) we obtain 

E (X**)’ - 0* (3) 

3 - i 

According to the Cauchy and Morera theorems, a necessary and suffi- 
cient condition that the continuous function f(z) in (1) be analytic in the 
simply connected domain D is that for each circle C lying in D, 

fcf(*)dz - 0. (4) 

Now (4) may be considered to be ap integral analogue of the differential 
condition (2); it implies 


E v)dzY = 0, (5) 

3 - 1 

which is analogous to (3). 

The real functions 


Xj =* Xj(u, v), j m l, 2, 3, (6) 

defined and continuous in a simply connected domain 27, will be said to 
define a surface 5. A generalization of (3) to space is 

J E (**,)* « 0, 


17 ) 
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which characterizes isothermic maps; that is, maps which are conformal 
except at points where E « G « 0. 

An analogous generalization of (5) to space is 

E [J'cXj(u, v)dz] t - 0. (8) 

j m l 

In this note we summarize some of the results which we have obtained 
in the study of equation (8). A more complete discussion will appear in a 
subsequent publication. 

We shall have frequent use for the following direct computation. Let 
the functions (6) have continuous partial derivatives of the rath order in 
a simply connected domain D t so that they admit finite Taylor expan¬ 
sions about each point (« 0 » *>o) of D f 

m r n Vf d d\ n 1 

Xj{u, v) « £ ~/[v cos * ^ + sin e § V J x Jj + ~ 1. 3, (9) 


where the partial derivatives are evaluated at (uq, vq), where <r(/*) denotes 
a quantity (not always the same quantity) such that 


and where 



u — Uo = r cos 0, v — »o = r sin 0. 


Then, for the circle C with center (w 0 , Vq) and radius r in D, the left-hand 
member of (8) assumes the form 

Jk + 2 


3 8m* 8* - 

E \fcXj{u, v)dz] 4 « -X s E E E Zfir=r 


S - 1 


where 


fZ i *“i ,“i 2*" - *(&/)* 

k C, h C, (A* - - *Xx,) + «r(r*” + *), (10) 


G 


d d\/ d 

4 “ xx " 's + *sAs 


‘S 


5* e>* 

rpzx - X 


&«* dt>* ’ 


and where the *C» are binomial coefficients, 


1 isM £3S 


*/ 


S/(* - 5)/ 


I. Characterization of Isothermic Maps .— Theorem 1. If the functions 
(6) have continuous partial derivatives of the first order in a simply connected 
domain D, then a necessary and sufficient condition that they map D iso- 
thermically on a surface S is that for each point («», vo) of D, 



94 


MATHEMATICS: READE AND BECKENBACH Proc. N. A. S. 


t [fcxj(u, v)dzV = <r(r 4 ), (») 

; “ I 

where C is the circle with center at (wo, Vo) and radius r in D. 

Proof: With w — 1 in (9), (10) becomes 

2 f c[*j( u > v)dz] 2 = -irV £ Qw)* + frO’ 4 )- (12) 

j «« 1 j ** 1 

From (12), it follows that (7) is both necessary and sufficient for (11). 

II. Characterization of Those Isothermic. Spherical Maps Which Do 
Not Map Circles on Circles- Lemma. If Ike functions (6) are not identi¬ 
cally constant , and if they map D isothermically on a surface S that lies on a 
sphere Q of finite radius , then a necessary and sufficient condition that they 
map circles on circles is that the first quadratic form of S have the expression 



_ c 2 (du 2 + dv 2 ) _ 

— Wo) 2 + (v — v Q y '+ a 2 ] 2 


a > 0, c > 0. 



Necessity. Consider the stereographic projection of Q on the (xu ocf)- 
plane, and let the map of 5 be D\ The product of the transformation 
(6) and the stereographic projection maps D on D\ and carries circles in 
D into circles in D\ It follows that the product of the two transformations 
is equivalent to a single linear transformation, whence a computation 
yields ds 2 in the form (13). 

Sufficiency. Let the stereographic projection of D on the sphere 
Q f be S', where Q ( is the sphere with center at (wo, % o — c/2a) and radius 
p « c/2a, and where the pole of projection is at (w 0 , Vq, a). The first 
quadratic form of S' is found to be identical with that of S, so that S and 
S' are applicable. Therefore S and S' are either congruent or symmetric; 
in either case, since circles in D are mapped on circles on S', it follows that 
circles in D are mapped on circles on S. 

We note that if one non-null circle in D is mapped on a circle on the 
spherical surface S by the isothermic functions (6), then all circles in D 
are mapped on circles on S. 

Theorem 2. If the functions (6) have continuous partial derivatives of 
the third order in a simply connected domain D, then a necessary and sufficient 
condition that they map D isothermically on a surface S that Ides on a sphere 
of finite radius , such that circles are not mapped on circles, is that 

2 lfcXj(u, v)d»]* « tr(r“) 

; •* l 

hold identically in D for a = 6, but not for a ■= 8» 


( 14 ) 
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Necessity. With w = 3 in (9), (10) becomes 


E [fcXj{u, v)dzY 
j - i 


- "ff' E jr 4 (\x ,) 2 + - (kxj) ( A\x t ) + 

l2(.\xj)(A*\Xj) + 3(AX*,)»]1 + „{*). (15) 


For our isothermic spherical map, we have 

E ~ G t F — 0; £ — — 0; e = kE; k = const, j* 0, (16) 

where E t F, G and e , /, g are Hie coefficients of the first and second funda¬ 
mental quadratic forms for S. The formulas of Gauss, simplified by (16), 
yield 


2 (X*j)(AX*y) = 0. 

j ~ i 

It follows from (7), (17) and (15) that (14) holds for a — 6. 


(17) 


Suppose that (14) holds identically in D for a = 8. Then, by (15), we 
have (7), (17) and 

2 £ (\xj)(^\xj) + 3 E (4**/) 2 - 0. 


J - 1 


j m \ 


A computation, using (16), yields 


J - i 


whence 


It follows that 


4ife 2 £(\ 2 £), 2 (4X*>) 

i «* i 


3(X£) S - 2fi(X 2 E) 


£» / V (,) , 


4fc*(XE) a , 


( 18 ) 


09 ) 


where \^(z) = 0, so that (p(s) is analytic in D. From the imaginary part 
of the left-hand member of (18), we obtain 


3£»du 

£ 


2E U tdu 3 Evdv 

~K~~ ' eT 


2E uv dy 

E u 


whence 


\E - E* / V ( “ ) + i« wW ). 


( 20 ) 


It follows from (19), (20) and the Cauchy-Riemann equations, that 

e m{u) <= ao« + at, = 


a# + a,, 


( 21 ) 
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where a 0 , a h <h are real constants. Substituting from (21) in (20), and 
integrating, we find 

_4_ 

r a rao 

I (w* + v 2 ) 4“ diti + atv + a* 

Since on S the Gaussian curvature K is positive, it follows from 

K - - A log £ 

that (22) may be written in the form (13). Hence, by the above lemma 
circles in D are mapped on circles on S, contrary to hypothesis. 

Sufficiency. Applying the differential operator X to (7), we obtain 

E (X*>) ( &Xj) «= 0, (23) 

J - i 

and then applying X to (23), and using (17), we obtain 

*1 

E (X*j*)(As&) - 0. (24) 

i - i 

The four real linear homogeneous equations in Axj, j — 1, 2, 3, implied 
by (23) and (24), have a solution other than Axj — 0, j «* 1, 2, 3, only 
if the rank t of the matrix of coefficients of the system is less than three; 
but a computation shows that t < 3 implies e = g, / = 0. Hence, (7) 
and (17) imply that D is mapped isothermically on either a minimal 
surface or a sphere. 

If D is mapped isothermically on a minimal surface, that is, if (7) and 
Axj = 0, j — 1, 2, 3, are satisfied, then, by (10), (8) is satisfied for each 
circle C in D; in particular, (14) is satisfied identically in D for a — 8, 
contrary to hypothesis. Or if D is mapped isothermically on a surface 5 
that lies on a sphere Q, and if circles in D are mapped on circles on S, 
we consider any circle C in D and its image C' on S, and project Q stereo- 
graphically on the plane II of C', with D' being the map of Don II; there 
is induced an isothermic mapping 

Xj m yj( U , v), j = 1, 2, 3, 

of D on D', that is, on a minimal surface; hence, 

2 IScyj{n, v)ds]* «■ 0; 

J - i 



but on C, 
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*/(«, v) s yj(u, v), j = 1, 2, 3, 
so that again (S) holds. 

Hence, under our hypotheses, D is mapped isothermically on a spherical 
surface of finite radius, and circles are not mapped on circles. 

III. Characterization of 7'hose Isothermic Spherical Maps Which Map 
Circles on Circles and of Isothermic Maps on Minimal Surfaces .— Theo¬ 
rem 3. If the functions (6) have continuous partial derivatives of the third order 
in a simply connected domain D, then a necessary and sufficient condition 
that they map D isothermically either on a spherical surface , carrying circles 
into circles t or on a minimal surface , is that (8) hold for each circle C in D; 
further (14), with a * 8, is equivalent to (8). 

The proof is contained in the proof of Theorem 2. 


AN EQUIVALENCE THEOREM FOR SERIES OF ORTHOGONAL 

POLYNOMIALS 

Bv G. H. Peebles 

Department op Mathematics and Mechanics, Institute op Technology, 

University op Minnesota 

Communicated January 9, 1939 

1. Introduction .—A set of polynomials [£«(#) = c%x n + • . ] which 
satisfy the relations 

p(x)p H (x)p m (x)dx * (1) 

» 

where p(x) is non-negative on (a, b) and such that J' p{x)dx > 0, may be 

a 

used to expand formally an “arbitrary” function f(x ): 

f(x) *** 2Z P*i X ) S p(f)fQ)Pn(i)dt « 2 b*P*( x )‘ (2) 

n •* o o h *■* Q 

One may then consider the problem of showing for what interval, if any, 

lim £ btpkix) = f(x). 

n—+ op *<-0 

Concerning one of the several methods of attacking this problem, 
Shohat says, 1 "The supreme goal, when dealing with [(2)], is to show that, 
regarding convergence, it behaves in a certain subinterval of (a, 6) like 
the ordinary Fourier series expansion of /(*) or of some function simply 
related to it. This constitutes what we call the equiconvergence theorem, 
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of greatest importance in our theory' Indeed, we well know the wide 
range of validity of the Fourier series expansion, which makes it such a 
powerful analytical instrument. The classes of [orthogonal polynomials] 
for which this goal is attainable are evidently the most interesting, and 
the method by which the goal has been attained is evidently the most 
powerful one.” 

This goal has been attained by A. Haar 2 and W. H. Young* for p(x) = 1 
(Legendre polynomials) and by G. Szego 4 for a more general weight func¬ 
tion. The purpose of this paper is to present a compact and self-contained 
proof of equivalence, without the use of asymptotic formulas, which by 
reason of its simplicity seems to render the whole theory much more 
accessible, and at the same time, without reproducing all the results of 
more elaborate investigations, leads incidentally to an extensive range of 
conclusions which are believed to be new. 

A polynomial expansion which is shown to be equivalent to a Legendre 
polynomial expansion is in turn equivalent to a Fourier series expansion, 
if the restrictions given by Haar and Young hold. A more direct con¬ 
nection, however, can be made \yith a Fourier series expansion by means 
of the so-called trigonometric polynomials. If the interval (a, b) is taken 
for simplicity as ( — 1, 1), the trigonometric polynomials are those orthogo¬ 
nal with respect to the weight function (1 — Relation (2) for 

these polynomials becomes by the substitution x * cos 0 the Fourier 
series expansion of the even function/(cos 0). 

The method used in proving the equivalence theorem will be seen to 
be applicable to systems of orthogonal functions other than polynomials. 6 
It depends on a simple relation for the difference of two partial sums. 
Suppose the system of polynomials [p n {x; pi)] are orthogonal and normal¬ 
ized with respect to the weight function pi(x), the polynomials [p%{x; ps) ] 
are orthogonal and normalized with respect to the weight function p*(x), 
where, here and hereafter, it is understood that pi(x) and p%(x) are non¬ 
negative, positive on a set of positive measure and of class L(a , ft). Let 

« X 

Sn{x; pi) m 22 hpi(x; pa) and s n (x; pa) = 22 Oipi(x; Pt) be the »tb partial 

»*»Q imO 

sums of the formal expansions in terms of the two systems of a func¬ 
tion f(x) of classes Lpi(a, b), L 2 pi(a, b) and Lpt(a, b). The difference 
Sn(x; p^ - s H (x; pi) is a polynomial of degree » at most; so 

tt 

s*(x; pt) - s n (x; pi) - £ r *«pk{x; pi), (3) 

»-o 

where r*„ depends on n and is given by the formula 

b n 

»» ■ S /*(*) 12 [<Upi{x; pj) - hpilx; pj)] p h (x; pi)dx. 

a »wQ 
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n b 

By virtue of (1), r*„ = u* - 52 f pt{x)pi(x; pi)Pk(x; pt)dx. Assume 

t —0 a 

that a function p(x) of class L z pi(a t b) exists such that p(r)pi(#) = pjjx) 

b 

almost everywhere in (a, b ). Then / te(x)pi(x; pi)pk{oc; fn)dx = 

6 a 

y Pi(r) [p(r)/>*(r; pa)]^(x; pi)rfx and, if Bik represents the last integral, one 
has from ParsevaTs formula = y pi(r)p (#)/>*(#; fh)J{x)dx — a*. 

# *» o a 

Hence 


od 


rjfen = X] 

* •»« l 


and lim Ykn = 0. 
« —► « 


Equation (3) with the relation just obtained enables one to place on 
p(x) additional conditions sufficient for lim [j*( r; p%) — s n (x; pi)] = 0 


n 


to 


wherever the polynomials [pn(x; p^)] arc bounded. It follows that if one 
series converges to a value, diverges, is summable, the other must likewise 
converge to the same value, diverge, be summable; if one series is uni¬ 
formly convergent in an interval where the polynomials \p n (x; P2)] are 
uniformly bounded, the other is uniformly convergent in this interval. 
The powerful convergence tests for Fourier series expansions become, 
through the medium of the function /(cos 0), instruments for determining 
the convergence of any polynomial expansion of f(x) which can be shown 
to be equivalent to the trigonometric polynomial expansion. The present 
treatment is believed to constitute, in particular, a valuable simplifica- 
tion in the theory of convergence and summability of Legendre series as 
well as of more general series of Jacobi polynomials. 

2. Notation .—Subsequent discussion will be simplified if certain 
abridgments are permitted. The symbol n(x; X) will be understood to 

represent a function of the form 


X — 


Xi 

X 

- f t 

Xr 

* — 

3 


a 


b 

— a 

a * * 

T- 

a 


where always Xi, X 2 , ..., X, £ 0 and a £ r x < r% < ... < r p £ ft, and the 
symbol v m (x; p), a polynomial _ ’ ( yH q ) ot 

degree m «= pi + p* + •.. + p„ non-negative on (a, 6). The r’s are arbitrary 
points of the interval (a, b) t but, in any one instance, if there is occasion to 
write several such functions, say, ir(x; X), w(x; X'), *r«(x; p), the r's are to be 
the same for each function* It will be convenient, when setting down condi¬ 
tions preparatory to establishing some contemplated result, to regard t(x; X) 


as consisting of a single factor 


x - 

- r 

b - 

- a 


This has the advantage of per- 
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UK) 


mitting one to replace a set of relations 9uch as Xi > X* > x£, ,. 

X, > by X > X' and, it will be seen, amounts to first proving the result 
for the simple function and then extending it to the more general function. 
Products such as r(x; \)t(x; X') will be written in the form ir(x; X + X')* 

Further simplification is effected by substituting the statement, “pa(jc) 
is equivalent to pi(#),” for the statement, “the two expansions of f(x) in 
terms of the polynomials corresponding to the weight functions p%(x) and 
P\(x) are equivalent/* 

3. Preliminary Formulation. -A special form of relation (3) is required 
for the procedure given here. Let p%{x) = t(x; X)pa(x) and without 
change in the restrictions on and definitions of pi(x), ps(*)» p(x) and f(x), 
but with slight modifications of the definitions of and Bik, write relation 
(3) for p 2 (V) and pi(r): 

n 

s«(x; &) - s»(x; Pl ) = E n>»Pk(x; to), 

Jit-0 

oo t q> 

run = E S pi(x) [*•(*; \)p(x)pk(x; pt)]pi(x; pi)dx = £ 

* m ft + l C * — II -f- 1 

One sees from the definition of Bik that 


it{x; \)p(x)pk(x; ps) ~ Jj B ik pi(x; pi). (4) 

l-o 

b 

The existence of f pi(x)[p(x)]*dx assures the existence of 

a 

b 

S Pi(*) [r(x;\)p(x)fa(x; to)]*dx. 

a 

Hence 



and 


ft 

= S pi(*)[ir(a:; \)p(x)pt(x; pj)]‘d* = 

0 

/■*•(*; )>)p{x)to(x) [£*(*; Pi)]*djc 

a 


co b 

E - 5 ?* “ f Pi(x)[*(x; \)p(x)pk{x; pj) — <r»(x; k)]*dx, 

i*n + 1 « 

n 

where a H (x; k) * E BuPi(x; pi). 

i* o 


(5) 

( 6 ) 


Let r m (x; ju) be a polynomial of the kind described above, p, £ X; and, 
for every value of k <. n - m, let P* _*_„(*) be a polynomial of degree 
n - k - m at most. Since the integral in equation (6) is inp» » <wr ^ J if 
<r n (x; k) is replaced by any other polynomial, one has, for h £ n - m. 
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E S|» s / Pi(*) M*.' \)p(x)Pk(x; pt) — ir m (x; n)Pk(x; pt)P n -ii-m(x)]*clx 

1 a 

b 

= f (nix) [«•„(*; n)pk(x; ps)] s [ir(*; X — n)p(x) — P n -k-m(x)]*dx. (7) 

41 

Suppose 7 r m (x; m) and the P’s can be taken so that m)] 2 pi(*) £ 

t(x; X)pa(x) and | ir(x; X - tx)p(x) - P*_*„ m (*) | £ a constant. 

Then 


ou 


E B*k £ 4-*-* f P\{x)\rm{x; n)V[pk{x; (n)Ydx 

i *• n 4* 1 <* 


5 ./'*•(*; *)/*(*)[/>*(*; in))*dx - e^-k-m- 


By Cauchy’s inequality, 

1/2 


?kn 


{ « ^ 1/2 / «> \ 1/2 / co \ 

E bt\ |E Bh\ 4 

i “ n + 1 / \» «■«•+*! / b ■" » + X / 


1/2 


&n —At — m* (®) 


Hence, if Af(*) ^ | pk(x; pt) | in (a, b) fork =* 0, 1, .. one has from (3) 


s n (x; Pi) - $*(*; pi) £ M(x) 


/ ® 'l 1/2 

\* ** n + 1 / 


n-m n [“ «. “I 1 / 2 ) 

E tn-k-m + E E ft • 

A «■ Q *»«(-M‘t-lL«-ii+l J / 


r 


( 9 ) 


There is some latitude in the choice of assumptions sufficient to cause 
the second member of the last inequality to tend to zero as n increases 
indefinitely. Since more satisfactory results are obtained, in general, if 
fix) is lightly restricted, fix) will be left, as heretofore, a function of classes 
Lpxia, b) and L % p x ia , b) and the severest restrictions placed elsewhere. 

Suppose d/dx[i r(je; X — m)p(#)] satisfies a Lipschitz condition of order 
a: | d/dx[vix; X — p)pix)] XmXl - d/dx[wix; X — p)pix)] XmXi | I — *i | a ,Y> 
a constant, 0 < a £ 1. Then, for n> 1 , there exists a polynomial Pnix) 
of degree n at most such that | x(x; X — p)p(sc) — P»(#) | ^ K/n l +* in the 
interval (a, 6 ), where K depends only on y and the length of the interval.® 
Hence, the polynomials governing the magnitude of the e*s can be so chosen 

K K K 

that *?o *■-*-" 31 (» - m) l+ “ + in — m - l) 1+ “ +■■■+ 2 ,+ “ + tl + 

m 

eo < a constant for all values of n. Equation ( 5 ) shows that £ B?* is 

»*»!• + 1 

bounded lor all values of n and k, if *(%; X)p(jc) is bounded in (a, 6). The 
number of such terms appearing in (9) is a fixed number m. The assump- 
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tion that f(x) is of class Z. s pi( a > ft) implies that lim ]C ft* “ 0. There- 

*—+•* i~n + 1 

fore, if M(x 0 ) exists, lim [r*(ro; pa) — $*(ro; Pi)] * 0. 

As the boundedness of M(r) is important in this result, it is useful to 
know that the polynomials [pn{x; p*)] are bounded at a value of x which 
is not a zero of ir(x; X)p(r) and for which the polynomials [pn{x; pi)] are 
bounded. 7 The conditions given are sufficient to permit one to replace 
the sign of formal expansion in (4) by the sign of equality. 8 Since £** = 

b 

f v(x; \)fxi(x)pk(x; p*)pi(x; pi)dx « 0, when i < k, r(x; \)p(x)p k (x; pj) - 

( m \l/t K 

* 2^ Bikpi(x; pi). But | Bik | ^ | Z Pj*j ^ ^ ^ _ ~” Y y+g , when 

i — k — « — 1 > 1. Hence, if jV(#) £ | £*(#; pi) | for A * 0, 1, ,. 

^ J ^ (*+£+* | ^ | § K , K 

pk{x; p*) ^ iV(r) | ^ I B^ + giT* + + • - * + 

Yu +•••!* As Bik is uniformly bounded, the desired result 

follows immediately from this inequality. 

The conditions which are sufficient for these results are collected for 
future reference in a 

Lemma. If f(x) is of classes Lpi(a, b) and L 2 pi(a, b) and if there is a 
function p(x) and a polynomial 7r ra (x; y) } p ^ X, such that in (a, b) p*(x) » 
p(x)pi(x) almost everywhere , tt(x; X)p 2 (x) ^ [ir m (x; m)]*Pi(x) and d/dx[ir(x; 
X — p)p(x)] satisfies a Lipschitz condition of order a, then the two expansions 
of f(x) in terms of the polynomials [pn(x; p»)] and [p n (x; pi)] are equivalent 
wherever the former system is bounded . The polynomials [p tt (x; p*)] are 
bounded wherever the polynomials [p n (x; pi)] are bounded except for the zeros 
of v(x; X)p(x). 

4. Equivalence Theorem .—From the preceding Lemma it is possible 
to draw a succession of results which can be combined in a single theorem. 
The first result, however, comes more easily from the procedure leading 
to the Lemma, Let ir{x; X) « ir m (x; m) « 1, and let p(x) be a polynomial of 
degree r, non-negative in (a, 6). Then forn — k & r one can take * 

ce 

p(*) and so have from (7) 2 -S’* - 0. The first inequality of (8) shows, 

• ** * + 1 

therefore, that r*. « 0, k — 0,1, — r, and, since £ Bh is bounded 

for all values of n and k, thatr**, ft = « — r + 1 ,tends uniformly to 
zero as n increases indefinitely. One has from (3) p(x)p t (x) equivalent to 
Pi(sc) wherever the polynomials \p*{x; pp t )] axe bounded. One also has 
the polynomials [&,(*; ppj)] bounded where the polynomials [ pjp; pi)] 
are bounded except for the roots of p(x}.’ Hence, p t (x) and p(x)pi(x) are 
equivalent wherever the polynomials [£»(*; Pi)] axe bounded and p(x) ft 0. 


ir(x; \)p(x) 

K 

(n — ft — 
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As a first application of the Lemma, let p%(x) p t (x) * w(x; 
where pi(x) has the properties hitherto attributed to pi(x). In abridged 
notation, let the integer p X' + 1 and X * 2 m — X'. Then ir(x; \)p%(x) ■» 
*(*; \)r(x; X')pi(x) « r(x; X + X')pi(*0 * **(#; 2 p)pi(x) ^ *(x; 2p + 
XOpiW • [»■»(*; m)1Vi(»)- Since X — p « p — X'£l and p(x) = 1, 
[ir(x; X — p)p(#)] satisfies a Lipschitz condition of order a in (a, ft). 
Hence, by the Lemma, p*(x) is equivalent to pi(x) wherever the polynomials 
[pn(x; pa)] are bounded. But pt(x) =* \v m (x; p)] 2 pi(x) is also equivalent to 
Pi(x) wherever the polynomials [£„(:*:; pa)] are bounded. Therefore 
r(x; X')pi(#) and pi(ac) are equivalent wherever the polynomials [pn(x; pa)] 
are bounded, or, using part of the last result, wherever the polynomials 
[pn(x; pi)] are bounded with the exception of the points r\, r*, ... r„. 

To advance still further suppose p%(x) ^ vw(x; V)pi(x), v, a positive 
constant. In the Lemma let X be an even integer greater than or equal to X' 
and let p » X. Then w(x; X — p)p(x) = p(x) and Pi(x) = x(x; \)p%(x) ^ 
vt(x; X + X')pi(r) ^ wr(x; 2X)pi(r) = v[ir m (jr; p)] 2 pi(#). The Lemma calls 
for pt(x) ^ [ir m (x; p)] 2 pi(#), whereas, here ps(tf) ^ v[ir m (x; p)]*pi(*). But 
this is readily seen to present no difficulty. Therefore, if p f (x) is assumed 
to satisfy a Lipschitz condition of order a, p*(x) and pi(x) are equivalent 
wherever the polynomials [p n {x; p*)] are bounded. By the preceding 
result, the same statement can be made for p%{x) and p*(ae). So pa(x) 
and pi(x) are equivalent where the polynomials [pn(x; p a )] are bounded 
and x(x; X')p(») p* 0. 

The last case which includes most of the earlier results is contained in the 

Theorem. If the polynomials [p n (x; p%)] and [p tt (x; pi)] are orthogonal 
and normalized with respect to the weight functions pj(x) and pi(x) over the 
interval (a, b), if f(x) is of classes Lpi(a, b) and L 2 pi(a, b), and if a function 
p(x) and a set of points r u ra, ..., r„ exist such that in (a, b) pa(x) ^ 

Hjx — r* | x **pi(x), pt(x) » p(x)pi(x) almost everywhere, and p'(x) satis- 

fies a Lipschitz condition of order at, where v is a positive constant and the 
\'s are non-negative constants, then 

• ft 

lim 2 [pi>( x ; Pi) S p*(t)f(0p*(t; pt)dt — 

w—*• w a 

ft 

pkix; px) f pi(t)f(t)Pk(t; Pt)dl] - 0 

a 

¥ 

wherever the polynomials fp n (x; pi)] are bounded and p(x) U | x — r ( | x< s* 0. 

This Theorem can be further generalized. If p(x) » (1 — **) _1/ *, 
p'(x) does not satisfy a lipschitz condition. But the derivative of the 
product (1 — **) l/ ’p(*)i after removing discontinuities, does. One has, 
then, (1 - x*) l/t pt(x) equivalent to pi(x), (1 - **)^*Pi(*) equivalent to 
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te(x) and, for a function of class Lpi(a, b), pt(x) equivalent to p\(x) wherever 
the polynomials [pn(x; pi)] are bounded except at —1 and 1. It is clear 
from this example that one may supplement the Theorem by the statement: 
The restriction on p'(x) may be replaced by two conditions, f(x) is of doss 
Lpi(a, b) and a set of points r[, r,, .... r,> exists such that in (a, b) d/dx 

y f 

[p(x) n ] x - r' I x '*] satisfies a Lipschitz condition of order a, where the X' *s 

i-i 


are non-negative constants. The conclusion then becomes pz(x) and pi(x) 
are equivalent wherever the polynomials [p n (x; pi)] are bounded and 


p(x) n |x — r s 


x * II t x — r[ | x '‘ 5* 0. 


i-i 


i — 1 
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CURVATURE ELEMENT . TRANSFORMATIONS WHICH 

PRESERVE INTEGRABLE FIELDS 

By Edward Kasnbr and John De Cicco 
Departments op Mathematics, Columbia University and Brooklyn College 

Communicated January 11, 1939 

I. Introduction .—We shall begin by giving some of the fundamental 
concepts in the geometry of curvature elements of the plane. By a 
curvature element , we mean simply a point of a curve together with the 
first two derivatives of the curve at the given point. A curvature element 
is given by the four numbers (x, y y p f q) t where (#, y) are the cartesian 
cobrdinates of the point, p is the derivative of y with respect to a, that is, 
p * dy/dx, and j is the derivative of y with respect to a, that is, q 
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dp fix a* d 2 y/dx 2 . We observe that a curvature element may be repre¬ 
sented in the plane by a point together with a circular arc passing through 
that point. We shall call the totality of ® 4 curvature elements of the 
plane a plenum. 

A set of oo 1 curvature elements of a plane is called a series of curvature 
elements. A series may be given by the three equations y = y(x) f p = 
p(x) t q = q(x), where y t p> q are arbitrary functions of x only. If a series 
satisfies the two conditions dy-pdx = 0, dp~qdx — 0, the series is termed a 
union. A union obviously consists of a curve or a single fixed lineal 
dement (x 0t y 0 , p 0 ). 

A collection of <» 2 curvature elements is said to be a field of curvature 
elements. A field may be given by the two equations p = p(x f y) f q = 
q(x, y), where p and q are arbitrary functions of (x t y) only. If there 
exist oo 1 unions which fit the curvature elements of a given field (that is, 
all the curvature elements of the <x> 1 unions coincide exactly with all the 
curvature elements of the given field), the field is said to be an integrable 
field . Of course not all fields are integrable fields. The necessary and 
sufficient condition that the field p = p (x, y), q = q (x, y), be an integrable 
field is that the functions p and q of (x, y) satisfy the single partial differential 
equation of first order q = p x + pp y . 

A set of co 8 curvature elements is termed an opulence of curvature de¬ 
ments. An opulence may be given by the single equation q = q{x, y, p), 
where q is an arbitrary function of ( x , y, p) only. An opulence corre¬ 
sponds to a differential equation of the second order. We can always 
find co 2 unions whose curvature elements coincide exactly with the curva¬ 
ture dements of a given opulence. Therefore every opulence is an in¬ 
tegrable opulence. 

A transformation between the curvature elements of two planes shall be 
termed a curvature element transformation . A curvature element trans¬ 
formation does not, in general, convert every union into a union. If a 
curvature element transformation converts every union into a union, then 
it is called a contact transformation . It is a well-known theorem of Back- 
lund that the group of contact transformations of curvature elements is iden¬ 
tical with the group of extended contact transformations of lineal elements. 

A curvature dement transformation does not, in general, convert every 
integrable field of curvature elements into an integrable field of curvature 
dements. The problem of this paper is to find the group of curvature 
element transformations which convert every integrable field into an 
integrable field . Our fundamental result is that our group of transforma¬ 
tions is the group of contact transformations , that is t the group of extended 
contact transformations of lineal elements , Thus the solution of our problem 
gives us a new characteristic property of the group of extended contact 
transformations of lineal dements, 
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We note that we do not demand that a single union of an integrable 
field shall be converted into a single union of the transformed integrable 
field. But it does result from our work that if a transformation carries 
every integrable field into an integrable field, then a single union of an 
integrable field is sent into a single union of the transformed integrable 
field. 

II. Integrable Fields of Curvature Elements into Integrable Fields of 
Curvature Elements .— Fundamental Theorem. The necessary and suffi¬ 
cient conditions that the curvature element transformation 

X » X(x, y, p, q), Y - Y(x, y, p, q), P = P(x, y, p, q), Q = Q(x, y, p, q), 
converts every integrable field of curvature elements into an integrable field of 
curvature elements are that the functions X, Y, P, Q satisfy the equations 


X « X(x, y, p), V - Y(x, y, p), 


Y* 4 pYy 

X X + fXy 



P* 4 PP, 4 qPp 
X x 4 PX, + qX p ’ 



where X and Y are functions of (x, y, p) only. Thus our group of trans¬ 
formations is the group of contact transformations of curvature elements. In 
other words, it is the group of extended contact transformations of lineal elements. 

The sufficiency of our theorem is obvious. The remainder of the paper 
is concerned with the proof of the necessity of our theorem. 

Under our transformation, we must have 

Q = Px + PP r> (1) 

whenever q - p x 4 ppy. The equduon (1) may be written in the form 


Q 


X , 4- X t p x + X^q x 
Y x 4 Ypp x 4 Pgfi, 


P* 4 Ppp» 4 Pj?* 
Y x 4 Ypp x 4 Y,q x 

X x 4 Xpp x 4 X t q x 
P» 4 PpPx 4 P&x 


X y 4 Xppp 4 X Q q y 
Yy 4 YpP, 4 Y t q y 

Py 4 PpPy 4 P& v 
Y 9 + Y *Py 4 Krf, 

Xy 4 XpPy 4 X&y 
Py + PpPy 4 P t q y 



where p x - q - ppy. The equation (2) must be an identity in p„ q x , &. 
Hence, upon setting the coefficients equal to zero, we obtain the five partial 
differential equations of first order 
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Q 

Q 

Q 


y y 

j\ q -A p 

Y q Yp 

— 

1 Pp Pp 

P Yq Yp 

+ P 

X q X t 
P* Pp 

X. X y 
Y q Y y 

i 

| 

Pp Py 
Y 9 Y y 

+ P 

Y Y 

A q A y 

p p 

X x x q 
Y x Y q 

* 

P x P q 
Y x Y q 

+ P 

x x x q 
P* P< 


t 


t 


Q 

Q 


x x + px y x p 

Y x + pY y Y P 

X x + qX t X y 
Y x + qY, Y y 


P x + pP y P p 
Y' + pY, Y t 

P* + qP t P y 

Y x + qY f Y y 


+ P 
+ P 


(3) 


X x + px y 

x p 

Px + pPy 

Pp 

Xx + qXp 

Xy 

Px + qPp 

Pp 


In the rest of the paper, we shall concern ourselves with the solution of 
these complicated equations. We shall show that the only possible solu¬ 
tion for the four functions X, Y, P, Q with non-vanisliing jacobian is 
furnished by the equations (L), and therefore we have actually an ex¬ 
tended contact transformation. 

Now let a, b, c, d represent the quantities 

a - P t - QX q , b~P t - QX P , c — P y QX y , d = P x - QX x . (4) 

Before proceeding, it must be observed that at least one of the four quan¬ 
tities a, b, c, d must be different from zero. For otherwise the jacobian of 
the transformation would be zero. This is contrary to our hypotheses. 
By means of (4), the five equations (3) may be put in the form 

a(Y t - PX t ) - b(Y t - PX q ) = 0, 
a(Y y - PX y ) - c(Y t - PX q ) m 0, 

a(Y x - PX x ) — d(Y t — PX q ) - 0, (5) 

b[Y x + pY y - P(X x + pX y )} - (pc + d){Y t - PXp) - 0, 

(qb + d)(Y y - PX y ) - c[Y x + qYp - P(X x + qX,)) - 0. 

We shall prove that Y q = PXq. For let Y t ^ PX t . Then we can solve 
the first three of equations (5) for b, c, d, obtaining 

, (Yp - PX t )a (Y y - PX y )a , (Y x - PX x )a , aS 

b m y py * C * y _ py » ® “ y _ PV ' 

Xq x q r a j i q r Ag 

Upon substituting the values of b , c, d, as given by (6), into the last two of 
equations (5), we find that they are identically satisfied. Hence under 
our assumption that Y q & PX q , we find that the equations (6) give the 
complete solution of the equations (5). 

From the above equations, we find that a & 0. For otherwise all four 
of the quantities a, b, c, d would be zero. Therefore by the assumption 
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that Y g & PXg, and by the fact that a & 0, and by equations (4) and (6), 
we see that equations (6) are equivalent to the equations 

P' - QX' = Pp - QX, _ Py ~QX y __ }\ - QX, 

Yg - PXg Yp - PXp ~ Yy ~ PXy ~ Y x ~ PXy (7) 

Thus from what was said above, the equations (7) are the complete solution 
of the. equations (5) under the assumption that Y t ^ PX q . 

We observe that the jacobian J of our transformation can be written 
in the form 


Xg Xp Xy X, 


Xg Xp Xy X x 

v V V V 


Yg - PXg Yp - PXp Yy ~ PXy Yy - PXy 

P P P P 
* q * P x y J * 


Pg - QXg Pp - QXp Py ~ QXy P % ~ QX, 

Q , Qe Qy Q* 


Q , Qp Qy Q* 


( 8 ) 


By means of the equations (7), we find that the value of the jacobian J of 
the transformation, as given by (8), is zero. Thus we have proved our 
assertion that Y q -- PX t . 

Since F, = PX 9 , we find that the equations (5) become 

a(Y p - PX t ) m 0, a(Y y - PX y ) = 0, a(Y x - PX x ) « 0, 
b[Y x + pY y -P(X x +pX y ))- (pc + d){Y P - PX p ) = 0, (0) 
(gb + d) ( Y y - PX y ) - c[Y x + gYp - P{X x + S X # )] = 0. 

We shall show that a = P q - QX, = 0. For if a ^ 0, then from what 
we have just proved and from the first three of the above equations, we 
obtain 

Yg = PXg, Yp - PXp, Yy - PXy, Y x = PX (10) 

It is easily seen by these equations that the jacobian / of our transforma¬ 
tion vanishes. Since this is impossible, the validity of our assertion that 
a — 0 is established. 

Since we have proved that Y t = PX C and a * 0, the equations (5) 
reduce to the two equations 

b{Yx + PY y - P{X, + pX y )] - (pc + d)(Y p - PXp) = 0, 

(2 b + d)(Yy - PXy) - c[Y x + gYp - P(X x + g X # )] - 0. {11) 

We now proceed to discuss the solution of (11). In order to simplify this 
discussion, we introduce the substitution 


X — d 4* pc + gb . 


(12) 
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Upon eliminating d from (11) and (12), we find that equations (11) are 
equivalent to the two equations 

b[Y x + pY y + qY P - P(X x + pX y + qX p )} - X(K, - PX p ) = 0, 

(13) 

c[Y x + pY y + qY p - P(X x + pX y + qX p )] - \(Y y - PX y ) - 0. 

We shall prove that Y x + pY y + qY p — P(X x + pX y + qX p ) — 0, For 
let us suppose that this is not the case. From the above equations, we 
find that X y* 0. For otherwise b ~ c « 0, and hence from (12), b = c = 
d = 0. Thus all four of the quantities a, b t c, d are zero. This is im¬ 
possible. 

Now since Y x + pY y + qY p — P(X x + pX y + qX P ) 0, and X 0, 
we find upon dividing the two equations (13) and making use of (4) that 


QX t 


QX 


PX 


PX 


(14) 


By use of (4) and (12), we find from the first of equations (13) 

P P ~ QXp _ P x + pPy + qPp Z Q(X x + pXy ± qX p ) 

’ P(X x + P X y + qX P ) 


Y P - PX p 


Y x + pYy + qY p - 
It follows from (14) and (15) that 

Pp - QX P P y - QX, 


.(15) 


QX, 


PXp Yy - PXy Y x - PX, 


(16) 


By these equations, the fact that Y q — PX Q and the fact that a = P q — 
QX q = 0, we find that the jacobian (S) of the transformation is zero. This 
is impossible. Thus we have proved that 

Y x + pY y + qYp « P(X x + px y + qXp). 

Since Y x + pX y + qY P ~ P(X x + pX y + qX p ) } the equations (13) then 
reduce to the equations 

\(Y P - PX p ) - 0, X(Fy - PX y ) = 0. (17) 

We shall prove that X * P x + pP y + qP p - Q(X* + pX y + qX p ) = 0. 
For if X & 0, then from the fact that Y q = PX qi and from what we have 
just proved above and from the preceding equations (17), we obtain the 
equations (10). Thus the jacobian of our transformation vanishes so 
that it follows that X * 0. 

We have thus far obtained the following solution for our system of 
equations (3) or (5) 

Y t ~PX v Y x + pY y + qY t = P(X t + pX y + qX t ), 

P, - QX t , P, + pP, + qP P - Q(X, + px, + qX P ). 



no 
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The equations (18) obviously satisfy the equations (3) or (5) identically. 
It remains to prove that the only functions X, Y,P,Q with non-vanishing 
jacobian which satisfy (18) are given by the equations (L) of our theorem. 

We shall prove that X q = 0. Let us suppose that X t ft 0. Then Y„ ft 0 
and P g ft 0. By eliminating P and Q from the equations (18), we find 

Y, + pY y + qY p - (X x + px y + qXp) 

(19) 

f±, d d\ Yj _ (X, + pXy ± qX p ) _d /FA 
\dx +P by + g bp) X, ~ X q i>q\xj ’ 


Upon taking the partial derivative with respect to q of the first of equa¬ 
tions (19), and also simplifying the second of equations (19), we obtain 


(XJ P ~ X p Y 9 ) + X,(Y xq + pY n + qY PQ ) - Y q (X xq + 

px n + qX tg ) = X q {X x + px y + qXp) ~ (Jfy, 


S 

Xg(Y x g + P Yyg + qY H ) - Yg(X x g -f pX yg + q X Pq ) - 


X q (X x + pXy + qX t ) 


Upon subtracting these two equations, we find 






Upon substituting (21) into (18), we find that under the assumption that 
X q & 0, the equations (18) are equivalent to 

p “ X ■ f 6 ■ + pY » “ P(x *+ **»)• 

( 22 ) 

p f 

0 * y > P* + pPy -f qPp = Q(X x + pX y + qX p ), 
where X q & 0, Y q v* 0, P q ^ 0. 

Under the existing conditions we see that Xp ft 0 and hence Y p ft 0. 
For if X p — 0, then Y p = 0 and hence X and Y are independent of p. 
From (22), we see that X, Y, P, and Q are independent of p. This mafr 1 * 
the jacobian of our transformation zero. This is impossible so that we 
must have X p ft o and hence Y t ft 0 . 

From equations (22) and the fact that X t ft Q and Y t ft 0, we find 
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Y. + PYy 


(X x + pX y ) 




d \ Y * (*« ± PXy + g X,) a / Yj\ 
\dx +P dy + q bp) X t ~ X t dq \Xj- 

Upon taking the partial derivative with respect to p of the first of equations 
(23), and also simplifying the second of equations (23), we obtain 

(XpY y - X y Y p ) + X P (Y xp + pY yP ) - Y p {X xp + pX yP ) « 


X p (X x + pX y ) 





X P {Y xP + pY yP ) - Y P (X xp + pX yP ) - X p (X x + pX y ) ~ (jA. 
Upon subtracting these two equations, we find 



Substituting (25) into (22), we find that under the assumption thatX fl 3 * 0, 
the equations (18) are equivalent to 



(26) 

Q**~f,P x + pP y + qP P = Q(X x + pX y + qX t ), 

A q 

where X P & 0, X q ^ 0, Y p j* 0, Y t ^ 0, P t 0. From equations (26), it 
follows immediately that the jacobian of our transformation is zero. This 
proves that X q must be zero. 

Since X Q «■ 0, it can be shown that the equations (18) are equivalent to 
the equations (L) of our theorem. Thus our curvature element trans¬ 
formation must be an extended contact transformation of lineal elements. 
This completes the proof of our theorem. 

An analogous problem in space dealing with the transformation of lineal 
elements of curves and surfaces is discussed in another paper. 1 

1 See Keener, “Lineal Element Transformations Which Convert Normal Families of 
Curves into Normal Families,“ Duke Mathematical Journal, March (1939). The result 
lives a new characterisation of space contact transformations. 
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A DETERMINATION OF THE DISTANCE TO THE GALACTIC 

CENTER 

By Harlow Shapley 
Harvard College Observatory 
Communicated February 15, 1939 

1. In a southern field of eighty square degrees not far from the galactic 
center a recently completed study shows six hundred galaxies and more 
than five hundred variable stars. Of the latter, more than half are of the 
Cepheid type. Wc can use the apparent magnitudes of the Cepheids for 
work on galactic dimensions, and in particular we can make a new esti¬ 
mate of the distance to the nuclear star clouds in Sagittarius. 

The field, MWF 269, which has been under study for the past two years, 
is adjacent to and partly overlapping MWF 233, reported in various earlier 
contributions. Both fields are of importance in that they help to outline a 
galactic window—a region relatively near the galactic circle in which the 
presence of numerous external galaxies argues for little space absorption 
and for the dependability of the Cepheids in distance measurements. 

MWF 269 is centered at IK* 20 w , —55° (1900), galactic coordinates 307°, 
— 20°. The area is that covered by an S X 10-inch plate made with the 
Metcalf 10-inch triplet at Bloemfontein. On plates with this instrument 
301 new variables were found, of which 179 are of the cluster type; also 143 
were already known in the area (mostly from the overlapping part of the 
MWF 233 survey), and of them sixty-seven are of this same useful type. 
Since the variable star survey with the Metcalf telescope (MF plates) is 
essentially complete only to magnitude 15.5, we have supplemented it with 
a series of photographs with the Bruce telescope (A plates) on the central 
part of the field, increasing the depth by about one magnitude. Once a 
variable star has been detected on the Bruce plates, it is generally possible 
to identify and measure it on the MF series. In the study of the cluster 
variables for the purpose of galactic measurement we have followed the 
customary plan of measuring only the plates necessary to provide identifi¬ 
cation of type of variable and a good determination of the median magni¬ 
tude. The list of new variables in MWF 269 will be published in the 
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Annals of the Observatory, together with details on the magnitude system, 
the relative frequency of various types and the distribution of variables 
over the field. 

The frequency of the median magnitudes of the cluster variables found 
in the MF survey for the entire eighty square degrees of MWF 209 (supple¬ 
mented with the thirteen previously published cluster variables in this 
region) is illustrated in figure 1, which shows the number of variables in half 
magnitude intervals. The maximum at magnitude 15.3 is too near the 
effective discovery limit of the Metcalf plates to demonstrate certainly a 
maximum space density at the corresponding distance. It is to test the 
reality of this maximum, which might be taken to indicate where the line of 
sight crosses the galactic nucleus, that the frequency distribution of the 
magnitudes of the variables in a central area of twenty square degrees has 
been examined on plates taken with the Bruce telescope. These plates 
carry the essential completeness of the survey to objects with median 
magnitudes well below 10.0. But to permit the translation of observed 
apparent magnitudes into distances corrected for space absorption it is 
necessary first to look at the census of external galaxies in the field. 

2. Ten long-exposure A plates with stellar limits near the sixteenth 
magnitude have been used in a complete survey of MWF 209 for the dis¬ 
covery of galaxies. Their qualities differ considerably, but since there is 
much overlapping we are confident that the study is complete to the six¬ 
teenth magnitude, and that down to magnitude 17.4 the frequency of 
galaxies can be used satisfactorily to judge the degree of space transpar¬ 
ency. To increase the weight of the determination by involving more 
objects, we have used the galaxies throughout the whole eighty square 
degrees of MWF 209 in deriving the absorption for the central twenty 
square degrees. The nebular distribution is fairly uniform over the field, 
the total numbers in the four quadrants being 149, 100, 174, 179. The 
nebular magnitude system has been established as for MWF 233. 1 The 
results from the individual A plates will be published eventually as part of 
the general survey of galaxies. It is sufficient for the present study to ab¬ 
stract from the ten plates the following magnitude frequency relation, 
which gives the number of galaxies down to and including various magni¬ 
tude limits: 

To magnitude, 15.0 16.0 16.06 16.5 17.0 17.4 

Number, 25 53 82 129 281 542 

Following the method outlined in Tercentenary Papers, No. 13, 2 and 
with N representing the number of galaxies per square degree to the ob¬ 
served magnitude m\ we compute the total photographic space absorption 
from the relation 

hm ~ m* — mi — 1.67 log N. 
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Again taking — 15.4, we obtain the following results: 


m f 

15.0 

15.6 

16.06 

16 5 

17.0 

17.4 

N 

0.31 

0.(50 

1 02 

1.61 

3 51 

0.78 

dm 

0.45 

0 49 

0 03 

0.75 

0.69 

0 61 

Weight 

1 

2 

2 

2 

1 

1 


The mean value of the absorption, 0.01, is subject, of course, to the 
assumption that the uniform density hypothesis is useful in this region of the 
sky, and that the magnitude scale and the adopted space-density parame¬ 
ter, w lf are reasonably approximate. All of the cluster variables of 


15" l(T 



Magnitude-frequency diagram for 233 cluster variables in MWF 269. 
Abscissae are observed median photographic magnitudes; ordinates are 
numbers of variables in half-magnitude intervals. 


MWF 269 lie at distances from the galactic plane, r sin 0, greater than a 
thousand parsecs. It is reasonable, therefore, to assume that the space 
absorption is between the observer and the variable stars (is, in fact, in 
the neighborhood of the sun), and therefore that Sm ** m f — m can be 
treated as a zero point correction to the magnitude scale, the same for all 
the variables whatever their magnitudes and distances. 

3. The frequency of the corrected median magnitudes of the cluster 
variables in the central twenty square degrees of MWF 269, where the 
survey has been uniformly carried to the workable limit of the Bruce plates, 
is shown in the second and third columns of table 1. The mean median 
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magnitude in the third column has been corrected for a space absorption of 
six-tenths of a magnitude. The corresponding distance is given in the 
fourth column of the table, computed from the relation log r » 0.2 (m — 
10), where we express the distance, r, in kiloparsecs and adopt the usual 
value of the absolute magnitude, M ™ 0. 

An inspection of the data in the first three columns of table 1 shows that 
for the central twenty square degrees, as noted above also for the whole 
field, there is a maximum frequency at w / = 15.3, m = 14.7; the corre¬ 
sponding distance is 8.7 kiloparsecs. But the volume in successive magni¬ 
tude intervals is increasing as r 8 , and the space frequency of the variables is 
falling off with distance because of galactic concentration. The numbers 
in column 2 must be corrected for both of these factors, and the “cone of 
observation'’ thus transformed to an equivalent cylinder in space, parallel 
to the galactic plane and extending toward galactic longitude 307°. When 
such a reduction has been made we shall be able to test better the evidence 
that there is a maximum number of variables per unit volume as we pass 


the galactic nucleus. 

i. 

TABUS1 



MAOH1TUOK 

INTKRVAL 

NUMBER OF 
VAK1AB1-.BR 

CORKKCTRD MR AN 
MAGNITUDE 

r 

(Kl-C.) 

Nv, a 

12.5-12.9 

1 

12 3 

2.88 

8.7 

13.0-13.4 

2 

12.55 

3.24 

13.3 

13.5-13.9 

2 

13.15 

4.27 

7.1 

14.0-14.4 

7 

13.74 

5.00 

14.3 

14.5-14.9 

16 

14 22 

0.98 

22.1 

15.0-15.4 

27 

14.70 

8.71 

27.0 

15.5-15.9 

16 

15.15 

10.72 

12.7 

16.0-16.4 

5 

15.60 

13,18 

3.5 

16.5-16.9 

1 

16.1 

16.60 

0.7 


4, We have as yet little information about the galactic concentration of 
variables in the vicinity of the galactic nucleus. The best adjustment for 
the decrease in density in the z coordinate (perpendicular to the galactic 
plane) that we cau now make for the relative numbers in MWF 209 is 
through use of the recently derived (unpublished) density function for the 
southern galactic hemisphere. From an investigation of 180 variables in 14 
fields covering 1120 square degrees, with galactic latitudes between —20° 
and —90°, we have found 

Nfi ** IQ .0.»(r sin $ + 0.4) ^ 

In deriving this relation a mean total photographic absorption of a quarter 
of a magnitude was adopted, a value justified by the observed frequency of 
nebulae in the fields studied. 

5. Writing N r for the observed number of cluster variables in MWF 289 
at given intervals along the "cone of observation” (column 2 of table 1). 
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and N at given by equation (1), for the average number of cluster variables 
in unit volume as a function of distance from the galactic plane, we have 
for the number in MWF 209 reduced to unit volume at the distance z =* 
r sin fi } 

= k N r /N,r* (2) 

where k is a proportionality factor which we shall take as 10 1 * 976 so that the 
reduced number of variables N VtS will be equal to the observed number, 
N r = 27, in the magnitude interval 15*0 to 15.4. This choice of k essen¬ 
tially frees the reduction from concern that the adopted N* is probably 
irrelevant in the region of the nucleus; we are, in fact, reducing the numbers 
in the near and far parts of the cone to the distance r = 8.7 kiloparsecs. 
For MWF 209 the latitude is 20°. Equations (1) and (2) may therefore be 
written 

log N s = —0.080 r - 0.10 (!') 

and 

log N VtS =* 2.07 + 0.080 r + log N r - 3 log r. (2') 

The calculated results are in the last two columns of table 1. When the 
corrected frequencies are plotted against distances it is found that the 
region of high density is encountered at r = 8.55 kpc. * If we assume that 
the cluster variables are concentrated symmetrically toward the center of 
the nuclear star cloud, in longitude X. = 327°, we compute the distance to 
the galactic center from 

r c = r sec/? sec(\ — 327°) 

and obtain the value of 9.7 kpc., in general agreement with values recently 
derived on dynamical grounds and from the space distribution of the globu¬ 
lar clusters. 

6. There are several factors of uncertainty in the use of the photometric 
method sketched above which, when summed up, indicate the possibility 
of a considerable error in the derived result. These uncertainties can be 
examined by tabulating the estimated mean errors as follows: 

in the zero point of the period-luminosity curve. 

in the observed median magnitudes of variables in MWF 
269 (including scale and zero point, and observational errors) 
in the space absorption as derived from distribution of gal¬ 
axies. 

in the estimate of the magnitude of maximum frequency. 0.1 

We conclude therefore that if our basic assumption that the maximum 
in the magnitude-frequency distribution of cluster variables in MWF 269 


0.15 


0.2 


0.15 
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implies the more or less symmetrical distribution of variables about the 
galactic nucleus, the distance to the center of the galaxy is 

r c — 9.7 =*= 1.2 (m. e.). (3) 

The magnitude frequency curve in the area MWF 2311, which is some¬ 
what more distant from the galactic center and in lower latitude, does not 
yield as clear a maximum as appears in MWF 209. The pronounced 
maximum found some years ago H in MWF 185 is at magnitude 15.75, but 
the absence of galaxies in this low latitude field near the galactic center does 
not permit the application of the present method. 

A special study is now in progress of the variables in those fields on the 
border of the galactic nucleus in which nebulae are abundantly found. Wc 
should be able with the additional material to reduce the mean error of (3) 
to half the present value. 

1 Harv. Circ., 411 , 3 (193*5). 

3 Harv, Ann., 105 , 243 (1930). 

3 Shapley and Swope, these Proceedings, 14 , 830 (1928). 


SUPERNOVAE AND STELLAR COLLISIONS 

* 

By Fred L. Whipple 
Harvard College Observatory 
Communicated February 13, 1939 

Introduction. The hypothesis that a nova may originate from a collision 
of two stars would long have been favored except for the theoretical rarity 
of such collisions. Luyten, 1 Jeans 2 and others have calculated that a 
stellar collision should occur in our Galaxy only once in 10 1 * to l() 7 years, 
whereas several novae occur each year. William Pickering and Nolke 3 
suggested that collisions of stars with bodies of asteroidal or planetary 
dimensions might be sufficient to setoff the explosions. 

Supernovae represent a catastrophic phenomenon of far greater magni¬ 
tude and much smaller frequency than do ordinary novae. Modern esti¬ 
mates of the space densities of stars in the nucleus of the galaxy and in 
external galaxies indicate much greater values than those of a few years ago. 
It is the purpose of the present study to show that on the basis of recent 
data the frequency of stellar collisions can be comparable, with the frequency 
of supemovae, and that the collision hypothesis must be considered in a 
discussion of the origin of supemovae. 

1. Distribution. —It is necessary first to study the space distribution of 
supemovae in the external galaxies with which they have been associated. 
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Table 1 contains, in the eighth column, the apparent distance (r in parsecs) 
from the nucleus of the galaxy to the supernova for each of the twenty well- 
authenticated supernovae occurring outside our system. The distance 
has in each case been corrected (to r c in the ninth column) for an estimated 
projection oil the line of sight. Each galaxy was observed by the author 
on photographs, the position of the supernova located and the correction 
made on the assumption that the supernova lay in the principal plane of the 
galaxy as estimated from the apparent major and minor axes. The mean 
ratio of r/r c for a random distribution of all supernovae directions should be 
tt/ 4 -- 0.79. The mean ratio from table 1 is 0.82. 

table i 


Distances of Supkrnovae from Nuclei 


DAT ft 

N. <J. C. 

TYPH 

m I>9 

m-U 

Act cos 6 

A& 

r 

rc 

KItK 

1885 

224 

St, 

4 5 

22.2 

- 15? 

- 4? 

21 

34 

4 

1037 

1003 

Sc 

13.3 

20.8 

+ 48 

- 1 

530 

740 


1901 

2535 

SBc 

13.7 

28.2 

4“ 19 

4- 7 

440 

440 

5 

1920 

2008 

SBc 

13.6 

28.1 

- 19 

4- 5 

400 

480 

6 

1912 

2841 

St, 

10 6 

25.1 

- 50 

4- 20 

270 

410 

i 

1937 

4157 

Sr 

12.0 

20.5 

4- 42 

4- 42 

580 

930 

8 

1030 

4273 

Sc 

12.4 

26.7 

0 

4- 29 

310 

400 

9 

1920 

4303 

SBc 

10.4 

26.7 

- 11 

+ 69 

740 

740 

10 

1001 

4321 

Sc 

10.5 

20.7 

-110 

4 4 

1170 

1170 

11 

1914 

4321 

Sc 

10.6 

20.7 

4- 24 

-111 

1200 

1200 

11 

1805 

4424 

Sbpec 

12.6 

26.7 

4- 75 

- 11 

810 

970 

12 

1019 

4480 

En 

10.1 

26.7 

- 16 

+KH) 

1070 

1070 

13 

1015 

4527 

Sc 

11.3 

26.7 

4- 44 

4 8 

470 

620 

11 

1939 

4030 

E 

10.8 

26.7 

- 26 

4 20 

350 

450 


1907 

4074 

St, 

14.5 

29.0 

- 10 

4 11 

4(H) 

680 


1037 

14182 

Sc 

13.5 

24.8 

4 30 

4 40 

220 

220 


1923 

5230 

Sc 

8,8 

24.8 

-hi 09 

4 58 

550 

600 

14 

1895 

5253 

Irr. 

11 0 

25.5 

4" 16 

4 23 

170 

260 

15 

1934 

14719 

Sb 

13.9 

28.4 

4- 6 

- 13 

330 

0(H) 


1917 

0946 

Sc 

11.1 

25.3 

- 30 

-105 

610 

010 

16 


Limits in Distance (parsecs) 0-300 301-000 601 900 901-1200 
Numbers of Supcrnovae 3 6 6 5 


The angular distances (nova-galaxy nucleus), given in columns six and 
seven, were obtained from the sources indicated by the references in column 
ten or were measured by the author from Harvard plates* The distance 
moduli (m- M) t apparent magnitudes {mp*) and types for the galaxies 
were, when available, adopted from Baade’s 17 tabulation. Jn other cases 
an absolute magnitude of —14.5 was assumed 18 and Miss Sawyer’s 19 values 
of apparent magnitude were used. The year in which the supernova at¬ 
tained maximum light is given in the first column. A questionable super¬ 
nova which has been omitted from table 1 is the one discovered by Wolf 20 
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near Messier 101. Its absolute magnitude did not certainly exceed —10 
and the light curve was peculiarly flat. Miss Sawyer omitted it from her 
list. The computed value of r c is 2060. 

The numbers of supernovae for equal steps in nuclear distance are shown 
at the bottom of table i. It can be seen that the frequency is fairly uni* 
form with distance, indicating approximately a 1 ft law of frequency against 
area in the principal plane of the average galaxy. The surface luminosity 
is distributed in a similar fashion. It is of importance to notice that few 
supernovae occur outside the “main bodies'’ of the galaxies as measured by 
Hubble. 21 The Crab Nebula appears to have been produced by a super¬ 
nova 22 and is an exception in regard to position, as would be Wolfs super¬ 
nova in Messier 101, if real. 

A study of the literature and photographs shows that ten of the twenty 
supernovae listed above were apparently located on the main axis, a con¬ 
spicuous arm or a condensation of the galaxy. Eight were in areas of 
intermediate brightness or could not be well studied, and only two were in 
apparently dark areas. Zwicky 8 states that for N. G. C. 4157 the super¬ 
nova occurred in an obscured area. Supernova 4321 (1914) occurred out¬ 
side the brighter regions but w&s observed on only one plate. As a working 
hypothesis it seems likely that the supemovae are distributed in an external 
galaxy as is the luminosity, with perhaps some tendency to avoid the 
nucleus. Hubble 22 came to this conclusion for the ordinary novae in 
Messier 31. The quantitative distribution of supemovae in linear distance 
from the nuclei is remarkably similar to that for the ordinary novae as 
observed by Hubble. 

2. Theory of Collisions. ’-The frequency of stellar collisions may be 
calculated in the same manner as the frequency of molecular collisions in a 
gas, except that the effective target area for stellar collisions depends upon 
the relative velocity of the stars at infinity, as Schwarzschild, 24 Jeans* and 
others have mentioned. For two stars of equal mass, m 0 , with relative 
velocity, v m , the radius, <r, of the effective target area (corresponding to 
the diameter of a molecule in the gas theory) to allow a periastron distance 
of between centers is given by 



where G is the constant of gravitation and c. g. s. units are employed. For 
dwarf stars the qj term is negligible for actual collisions and will be omitted 
hereafter. 

If we assume a Maxwellian distribution of stellar velocities and integrate 
over all relative velocities, the classical expression for the number of colli¬ 
sions is changed to 
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Number of Collisions 
cm. 8 sec. 


«= 4 \/2 Gntoqo Nq^/vq 



where JV 0 is the number of stars per cm. 8 and v 0 is the arithmetic mean 
velocity. 

If the mass of the sun is adopted as unity, N — number of stars per cubic 
parsec, v = arithmetic mean velocity in km./sec. and q is taken in units of 
the radius of the sun, the expression becomes 


Number Collisions 
(parsec) 3 year 


N <l mq 

v 


[“* 15.251], 



where brackets indicate a logarithm to the base 10. If a galaxy contains M 
solar masses uniformly distributed over a volume of V cps., N « M/m V t 
and we find 


Number Collisions M % q 

Galaxy year mv V 


[-15.251]. 



3. Collisional Frequency .—In the application of equation (4) the most 
uncertain quantity is probably the mass of the main body of a galaxy. We 
shall adopt values for the other quantities from observation, and calculate 
collisional frequencies for various estimates of the mass. The average 
volume may be taken as that of a disc with radius 1000 parsecs and thick¬ 
ness one-third the radius. V = [+9.02] (parsecs). 8 

The average star is probably of low luminosity and small mass, in ac¬ 
cordance with the low mass-luminosity relation for external galaxies and 
particularly in view of the prevalence of faint stars in our local system. We 
adopt an absolute bolometric magnitude for the average star of +10 to 
+ 11, in rough agreement with Luyten's unpublished results. According to 
Kuiptx 26 the corresponding mass may be taken as Vio the solar mass and 
the radius Va the solar radius. 

The average stellar velocity should refer to the center of gravity of each 
local region of the galaxy. According to the virial theorem, the velocity 
should increase with the space density and with the volume assumed to 
represent local conditions. We adopt v = 100 km./sec. as a representative 
value. 

With these adopted values of V t m t q and r, the number of stellar colli¬ 
sions (limb to center) per galaxy per year is calculated in table 2 for three 
assumed masses of the main body of an average galaxy. A mass of 5 X 10* 
suns is considered a minimum value, while 5 X 10 l ° suns represents perhaps 
the best present-day estimate. 21 * 36 A mass of 2 X 10 u suns appears to be 
an overestimate for the main body of a galaxy, though possibly a fair ap¬ 
proximation for the entire system. 27 

For purposes of comparison, the relative frequencies of calculated colli- 
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sions to observed supernovae are given in the last column of table 2. 
Zwicky’s 28 determination that, on the average, one supernova occurs in a 
galaxy in six hundred years is adopted. 


TABLE 2 


Colusional Frequencies* 


TOTAL MASS 
(aUNB/OALAXY) 

5 X 10® 

5 X 10 1 * 

2 X 10 J1 


ttBNSITY 

PAIWBC) 

5 

60 

190 


COLLISIONS 

(oalaxy/y»a») 

0.0000005 

0.00005 

0.0007 


cotugiowa 

9UPBBNOVAB 

0.0003 
0.03 
0.4 


* For stars like the sun {m ■*» g « 1), multiply frequencies by 0.3. 


It can be seen from table 2 that under the most extreme conditions the 
frequency of collisions is comparable with the number of supernovae. The 
agreement is reduced by a factor of three if the average star is taken to be 
of the same mass and radius as the sun. 

The slight tendency for the supernovae to avoid the nuclei of galaxies, 
where one might expect the greatest number of collisions, may be explained 
on the basis of absorbing matter and observational selection. One must 
note too that the collisional frequency varies inversely as the mean velocity 
and that the velocity will certainly increase toward the nuclei, thus tending 
to counteract partially the effect of high central densities. 

4. Energy Considerations .—The total energy lost by a supernova is 
somewhat uncertain. If the energy distribution approximates that of the 
sun, the loss by radiation varies from about 1 X 10 47 to 4 X 10 48 ergs for the 
various supemovae. 29 A correction of two to allow for an A-type distribu¬ 
tion would probably be sufficient, if the supemovae spectra are similar to 
novae spectra except for the line widths; otherwise, the factor would 
probably be larger. 80 In addition, tnere is an unknown amount of energy 
lost by the ejection of material at high velocities. It seems probable, 
at present, that a correction factor of 5 to 10 should allow for both ejection 
and radiation. In a nova the energy of ejection is smaller than the energy 
of radiation. We shall assume that the total energy to be accounted for 
may lie between 10 48 and 4 X 10 48 ergs for the various supernovae. 

Two stars similar to the sun in mass and radius would possess 4 X 10 48 
ergs of kinetic energy at the instant of an edge-to-center encounter. Al¬ 
though this amount of energy is in excellent agreement with that probably 
released by a supernova, it seems unlikely that a large fraction of the 
kinetic energy can be converted into radiation. A discussion similar to 
that by Jeffreys 81 shows that the conservation of angular momentum will 
force the stars to pass by each other with a small energy loss. It is possible, 
however, that under the conditions assumed abdve, five per cent of the 
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kinetic energy may be converted. For stars of Vio the sun's mass and l A its 
radius, the energies calculated above are reduced by a factor of 30. 

It should be noted that the kinetic energy at the time of collision for 
stars of equal mass varies inversely as the distance of their centers, and that 
the probability of collision varies directly as the distance. In addition, the 
percentage of the kinetic energy that may be converted into radiation 
should increase with decreasing periastron distance both because of the de¬ 
creasing amount of angular momentum and because the stars are highly 
concentrated toward their centers. Thus there will be frequent cases in 
which the energy release exceeds by a considerable amount the values 
calculated above. 

The effect of the high central concentration of stars is very important. 
For values of periastron distance above a certain critical value (perhaps 0.0 
to 1.0 radius for the Emden poly trope of index 3), the quantity of matter 
involved in the collision decreases rapidly, as does the amount with nega¬ 
tive angular momentum about the center of gravity. Thus the total 
energy that can be converted into radiation and therefore the total visible 
radiation of the outburst quickly become negligible with increasing peri¬ 
astron distance. For example, suppose the critical distance were q = 1.0 
for solar masses and the corresponding radiant energy, 2 X 10 47 ergs. 
Then one should expect an equal number of supernovae with* energies 
above and below this value. The maximum possible energy for solar 
masses is possibly of the order of 2 X 10 49 ergs. Under these assumptions 
one-half of the supemovae would occur within a range of five magnitudes, 
the other one-half being fainter over an infinite range. With a mixture of 
stars of various masses the critical range would be increased but the general 
effect would be similar to that observed, a concentration near the magni¬ 
tude of maximum frequency. 1719 

Discussion .—It is not the purpose of the present paper to compare the 
various possible hypotheses for the origin of supemovae but to show that 
the collision hypothesis deserves consideration. There are several phases 
of the hypothesis that must be critically analyzed before a judgment of its 
merits can be made. In particular, there is the problem of whether an 
actual collision would produce the observed phenomenon. In the last 
section it was assumed that much of the energy from an inelastic collision 
would be released in the form of radiation. This assumption is open to 
question until the detailed processes involved are carefully studied. In 
any case, the equilibrium of the stars must be seriously disturbed by a 
collision, and it is possible that considerable energy may be released as new 
states of equilibrium are attained. Eddington, 1 * for example, has shown 
that a star has a store of energy comparable to the amounts assumed for 
supemovae, while Milne 18 has suggested that novae result from the col¬ 
lapse of stellar cores and Baade and Zwicky 84 that supemovae result in 
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neutron cores. Regardless of the exact process by which the energy is 
released it is important to note that the energy will always be associated with 
matter , and that the matter will act, by its opacity and expansion, as a 
blanket to excessively high temperature radiation until some sort of equi¬ 
librium is reestablished. 

Another critical point concerns the total energy actually released by a 
supernova. This quantity is chiefly a matter of opinion until the funda¬ 
mental characteristics of the spectra are ascertained. The problem is com¬ 
plicated by the ejection of gases at high velocities in the supernova phe¬ 
nomenon. 

The problem of the frequency of collisions to be expected in an external 
galaxy is far from an exact solution as yet. Not only is the mean density of 
matter uncertain, but the distribution function of stellar masses is prac¬ 
tically unknown. In addition, a very careful study of the velocity distribu¬ 
tion must be made when the mass functions and densities are better deter¬ 
mined. 

In spite of these uncertainties, the collision-hypothesis shows promise of 
providing a logical explanation for the very remarkable phenomenon of the 
supernovae. s 
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OBSERVATIONS ON CHROMOSOME ELIMINATION IN THE 

GERM CELLS OF SCIARA OCELLARIS 1 

By R. O. Berry 

Department of ZoOlogy, Johns Hopkins University 
Communicated February 15, 1939 

One of the interesting problems that have arisen in the course of the 
work with Sciara concerns the time and manner of chromosome elimination 
from the germ line of this organism. Since the sperm regularly transmits 
an extra sex chromosome to the fertilized egg (Metz, Moses and Hoppe, 
1926), 2 it necessarily follows that a subsequent elimination process must 
occur in order to maintain a constant chromosome number in the germ line 
(for general review see Metz, 1938). 8 The sperm contributes five chromo¬ 
somes, one more than the haploid number, while the egg has the normal 
haploid number of four. Thus in the fertilized egg there are nine chromo¬ 
somes, However, observations on the gonads of the early larval stage 
show that there are only eight chromosomes present: Therefore, one 
chromosome must have been eliminated at some early stage of develop¬ 
ment. It is the purpose of this paper to give some of the details of the 
process of elimination as it occurs in the germ cells. 

DuBois (1932, 1933) 4 observed chromosome elimination from the 
somatic cells of Sciara coprophila during the early cleavage stages. In this 
species the “limited” chromosomes were eliminated at the fifth cleavage, 
and one ordinary chromosome in the female and two ordinary chromosomes 
in the male were eliminated at the seventh or eighth cleavage of the cells of 
the somatic line. In each case the eliminated chromosomes faded to com¬ 
plete the mitotic process and remained at the equatorial plate, thereby be¬ 
ing excluded from the daughter nuclei. DuBois also found that the germ 
cells had migrated into the poleplasm previous to the time of chromosome 
elimination in the somatic cells, but her observations did not reveal any 
elimination from the cells of the germ line at that time. 

In the present study observations on the chromosomes of the germ cells of 
Sciara ocellaris Comst., have been made from the time of their differentia- 
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tion to the formation of the gonads. These observations indicate that there 
is no chromosome elimination during the cleavage stages of the germ cells 
that is comparable to the process which occurs in the somatic cells, but 
that there is an elimination of one chromosome from the germ cells of both 
the male and female embryos after these cells have migrated to their future 
gonadal site. This elimination occurs from a resting cell and is apparently 
effected by the moving of the chromosome from its position within the 
nucleus directly through the nuclear membrane into the cytoplasm. The 
elimination occurs at a definite stage in embryonic development and ap¬ 
proximately at the same time in all the germ cells of a single individual. 



FIGURE i 


Camera lucida drawings from aceto-carmine preparations of eelis in the germ line. 
X 1800. 

A. A germ cell before migration, showing nine chromosomes. 

B. A germ cell in which the one chromosome is being eliminated from the nucleus. 

C. A germ cell after elimination has occurred. There are eight chromosomes In the 
nucleus and one in the cytoplasm (E). 

* 

The eliminated chromosome remains in the cytoplasm for several days and 
then gradually degenerates. 

Within about seven hours after the eggs are laid, the germ cells complete 
their division stages at the pole and subsequently go into a resting stage 
(Fig. 1, A). This resting stage is maintained throughout the period of germ 
cell migration and for some time thereafter. The absence of mitotic ac¬ 
tivity in this period is shown not only by the observed absence of mitotic 
figures but also by the fact that the number of germ cells formed at the pole 
before migration occurs is equal on the average to the number found in the 
very young gonads. The chromosomes in the resting cells are in the form 
of diffuse but definite bodies (‘ 'prochromosomes”). There are nine of these 
in the nucleus of the early germ cells, but at a period in development when 
the caudal end of the embryo has completely surrounded the germ cell, 
one chromosome passes out into the cytoplasm of each germ cell. There- 
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after one chromosome is found in the cytoplasm and eight in the nucleus 
(Fig* 1,C). The body in the cytoplasm can be identified as a chromosome 
not only by its morphological features but also by the fact that it stains 
with the usual nuclear stains and gives a positive Feulgen reaction. This 
elimination is a regular process that occurs in the germ cells of all the de¬ 
veloping embryos. 

The exact mechanism involved in the process of elimination is not known. 
Observations just previous to the time of elimination do not reveal any 
characteristics to distinguish the chromosome which is to be eliminated 
from any of the others. This chromosome apparently does not undergo a 
change, nor does the nucleus as a whole appear changed in any way to 
facilitate the exit of the chromosome. There is no budding and the 
nuclear membrane appears to be present at all times. Numerous observa¬ 
tions on stages just previous to and during elimination indicate that the 
chromosome that is to be eliminated at first comes into close contact with 
the nuclear membrane and then migrates through it into the cytoplasm 
(Fig. 1,B). Its movement through the nuclear membrane seems to be 
autonomous, but the activity is probably affected by some coordinating 
influence, since the process of chromosome elimination occurs in all the 
germ cells of a single individual at approximately the same time and in all 
individuals at a particular period in their development. 

The eliminated chromosome cannot be distinguished morphologically 
from the other six rod-like chromosomes of the group, but genetic evidence 
shows that it is one of the two sister sex chromosomes contributed by the 
sperm (Metz, 1938). 8 

So far as the writer is aware this is the only instance known in which a 
chromosome is eliminated from the germ line, except during maturation, 
and is the only instance of the occurrence of a chromosome elimination 
from a resting cell. The bearing of the phenomena on the problem of 
chromosome movement and on sex determination will receive consideration 
elsewhere. 

* The author is indebted to Dr. C. W. Metz, Department of Embryology, Carnegie 
Institution of Washington, for helpful criticism during the course of this work. The 
author is now at the Agricultural Experiment Station, A. and M. College of Texas. 

1 Metz, Moses and Hoppe, Z. Abstammgslehre, 42 , 237-270 (1926). 

* Metz, C. W„ Amer . Naturalist, 72 , 485-520 (1938). 

4 DuBois, A. M,, these Proceedings, 18 , 352-356 (1932); DuBois, Zeitschr. Zell* 
forschi Mikr. Anat., 19 , 555-614 (1933). 
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RELIABILITY OF MEASUREMENTS OF THE STEADY 
POLARITY POTENTIAL OF THE EYE* 

By Walter R. Miles 

Laboratory of Physiological Psychology, Yale University 

Communicated January Id, 1930 

Currents of rest and action currents are both demonstrable and measur¬ 
able from the human eye. The action potential follows on stimulation of 
the eye with light. The resting potential appears as a steady polarization 
phenomenon characteristic of the eye as a living system of tissues. We 
knowhow to go about producing an action potential, but at present we have 
no dearly outlined technique for varying the much larger steady potential. 
Both phenomena are readily measurable in millivolts by the technique of 
applying metal foil electrodes to the skin next the eyes for connecting the 
subject, through a direct current vacuum tube microvoltmeter, to a sensi¬ 
tive galvanometer such as the Einthoven. 1 After having compensated 
other body potentials the ocular polarity potential is found when the eye 
has moved laterally or vertically from a central fixation point. Normally 
the potential shown on the galvanometer remains steady as long as the 
fixation of the eye holds on any peripheral position. 

In a former paper 2 the steady potential of the human eye was examined 
by the method just indicated and results were presented on a group of 15 
normal subjects measured for lateral eye rotations of 30°. In the present 
paper data will be presented bearing on five phases of the ocular polarity 
problem: (1) the reliability of measurements of the steady potential of 
the human eye; (2) individual differences and variabilities in normal sub¬ 
jects; (3) the question of an age gradient; (4) relationship of the eye's 
steady potential to the potentials of nearby tissues; and (5) electrode lead 
relationships and their implications. ' 

The data discussed here were secured from individual studies on 56 nor¬ 
mal females: girls, young women and mature women, all of whom were paid 
for their services as subjects. There were 20 Girl Scouts between the ages 
of 10 and 12, 20 normal school girls, 17 to 19, and 16 older women between 
the ages of 41 and 65. An additional group of 14 normals, 3 women and 
11 men, representing the age range from 21 to 37 years, also served as volun¬ 
teer subjects. The first examination required about one hour. In addition 
to eye potentials registered from 10 different electrode lead combinations, 
the observations included pulse rate, blood pressure, eye dominance, sev¬ 
eral visual tests, some physical measurements and queries about health and 
physiological state. Aside from the registration of eye potentials the entire 
examination was conducted by a young woman laboratory assistant who is 
a trained nurse. There was nothing painful or frightening about the ex- 
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amination and every effort was made to dismiss any feelings of apprehen¬ 
sion the subjects might have. The second examination, which came some 
days later, was briefer and could be accomplished in a half hour session. 

The reliability of ocular polarity potential measurements may be judged 
from comparisons of the first and second series of values found for the total 
group of 56 females and for the three groups considered separately. The 
statistical values for 5 of the lateral leads on the 56 cases are shown in table 
1. The placement of the electrodes will be clear from figure 1. Lead 1 was 
across the left eye; Lead 2 was across the right eye; Lead 3 was on the 

TABLE l 

Mean Values and Correlations of Ocular Polarity Potentials Measured from 


Lateral Eye 

Rotations 

of 30 

Degrees on 

56 Normal 

Female Subjects 

LATERAL. 

LEADS 

FIRST BURIKS 

AUCOND SBRIB8 

COKKBL ATKIN 8t 

Ld. 1 

Mi 

0.81 

M, 

0.78 

N 

55 

Left Eye 

S. D. 

0.19 

S. D. 

0.17 

r 

+0.60 


P. B.m 

0.017 

P. E.m 

0.015 

P. E. r 

0.059 

Ld. 2 

Mt 

0.87 

M t 

0.81 

N 

56 

Right Eye 

S. D. 

0.24 

S. D. 

0.19 

X 

+0.66 


P. E.m 

0.022 

P. E.m 

0.017 

P. E. r 

0.062 

Ld. 3 

M, 

1.22 

M ? 

1.14 

N 

55 

Temples 

S. D. 

0.30 

S. D. 

0.25 

r 

+0.75 


P. E. m 

0.027 

P. E.m 

0.023 

P. E.r 

0.040 

Ld. 4 

Mi 

0.55 

M* 

0.49 

N 

54 

Nasals 

S. D. 

0.15 

S. D. 

0.13 

r 

+0.39 


P. B.m 

0.014 

P. E.m 

0.012 

P. E.r 

0.079 

Ld * 5 

Mi 

0.84 

M, 

0.77 

N 

56 

Parallel 

S. D. 

0.19 

S. D. 

0.17 

r 

+0.46 


P. E.m 

0.017 

P. E.m 

0.015 

P. E.r 

0.072 


* The values in the columns headed “First Series” and “Second Series'* are in miUu 
volts. 

t Pearson product-moment coefficients. 


temples; Lead 4 involved the use of the two nasal electrodes; and Lead 5 
was an arrangement which placed the two eyes in parallel electrical connec¬ 
tion for lateral recording. The results obtained from use of the electrodes 
above and below each eye will not be considered in the present brief report. 

The mean values for polarity potentials as recorded on the first day are 
shown at the left in table 1, those for the second day in the center and the 
correlation coefficients with their probable errors are exhibited at the right 
of the table. The different leads give different potentials and therefore 
must be treated separately. Lead 3 on the temples gives the largest poten¬ 
tial, a value which is about l /« higher than the average of Leads 1 and 2. f 
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Lead 4, the nasal lead, shows an average potential about */* that of Lead 3, 
and Vs the average of Leads 1 and 2. Lead 5, the parallel connection, gives 
an average potential closely equal to the mean of Leads 1 and 2. The cor¬ 
relation coefficients for Leads 1 to 5, respectively, are: +0.00, +0.56, 
+0.75, +0.39, +0.46 and all the P. E.’s are small. Lead 3, with +0.75 
*0.04, demonstrates a good degree of reliability. On Lead 3 there were 
35 per cent of the subjects who gave pairs of values in which the second 
measurement deviated from the first by not more than 10 per cent. An 
additional 43 per cent of the group showed individual deviations for first 
and second measurements on Lead 3 of from 12 to 20 per cent; and */» 
of the subjects had higher deviations with one extreme case deviating 40 per 
cent. A comparison of results for Lead 3 for each of the sub-groups of fe¬ 
males, and for the added group of 14 mixed normals, males and females, is 



FIGURE 1 


given in table 2. Even in these small groups of 20 or less subjects the coef¬ 
ficients were all plus, and in 3 instances show reliability values of about 
+0.80 * 0.07. The general reliability of the eye potential measurements is 
further indicated by the positive and moderately high correlation coeffi¬ 
cients found between the values obtained on different leads on the first day. 
Leads 1 and 2 for the 50 females measured in their first examination gave a 
coefficient of +0.68 * 0.049. The others were as follows: Leads 1 and 
3, +0.83 * 0.028; Leads 2 and 3, +0.80 *0.032; Leads 3 and 4, +0.42 
*0.076; Leads 1 and 4, +0.59, *0.06; Leads 2 and 4, +0.64 *0.05; 
Leads 1 and 5, +0.66, *0.05; Leads 2 and 5, +0.76 *0.04; and Leads 3 
and 5 +0.70 *0.05. Some of the coefficients are spuriously high because 
they involve one electrode in common. It is noteworthy that coefficients 
for Lead 4, the nasal electrodes, tend to be low. 

The correlations between series of measurements and between different 
leads point to the conclusion that the steady eye potential may be con- 
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sistently high or low in different supposedly normal subjects, and thus lend 
justification to the effort to discover variables accompanying these wide 
differences. It seems probable that there are several factors which may 
influence the eye's steady potential. At present it is not clear what should 
be controlled in seeking to duplicate potential measurements on different 
days. The reliability coefficients that have been found must therefore be 
regarded as first approximations. 

There appears to be a psychological factor relating to familiarity with 
the measurement routine that has a small but regular influence on the re- 

TABLE 2 

Comparative Means and Correlations of Ocular Polarity Potentials Measured 
on Four Groups of Normal Subjects by Lead 3 from Lateral Eye Rotations of 

30 Degrees* 


SUBJECTS FIE ST SHRIKE SECOND SERIES CORRELATIONS! 



M, 

1.17 

Mg 

1.11 

N 


20 

Girl Scouts 

S. D. 

0.32 

S. D. 

0.32 

r 


+0.81 


P. E.m 

0.048 

P. E.m 

0.048 

P. 

E. r 

0.052 


M, 

1.37 

M s 

1.20 

N 


20 

Young Women 

S. D. 

0.29 

S. D. 

0.21 

r 


+0.77 


P. E.m 

0.044 

P. E.m 

0.032 

P. 

E. r 

0.002 


M, 

1.10 

Ms 

1.09 

N 


15 

Mature Women 

S. D. 

0.21 

S. D. 

0.17 

r 


+0.59 


P. E.m 

0.036 

P. E.m 

0.030 

P. 

E.r 

0.11 


M, 

1.07 

Ms 

0.99 

N 


14 

Mixed F & M 

S. D. 

0.29 

S. D. 

0.22 

r 


+0.78 


P. B.m 

0.052 

P. E.m 

0.039 

P. 

E.r 

0.072 

* The values in 

the columns headed 

"First Series 

” and ‘ 

'Second Series" 

are in milli 


volts. 

1 Pearson product-moment coefficients. 


suits. In each sub-group, for Lead 3 as shown in table 2, the mean for the 
second day is lower than for the first. The difference for the normal school 
girls is Mr-Ms - 0.17 mv., P. E. diff. * 0.064 and C. R. - 3.1. But the 
other groups do not show as large differences. Hie same tendency for a 
decrease in the means (and also in the standard deviations and probable 
errors of the means) shows in the other leads as is to be seen in table 1. 
The obvious conclusion from such a general trend is that the subjects were 
slightly apprehensive at the time of the first examination. A second time 
subjects came there was less tension and the experience was more a mere 
matter of routine. The psychological formulation suggested is in line 
with what has been found for basal metabolism determinations and other 
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measurements under laboratory environments strange to the subjects ex¬ 
amined. 

The individual differences in the ocular polarity potential, as measured 
by Lead 3, within the different sub-groups of subjects are 9hown in terms of 
total range in table 3. The lowest value was 0.45 and the highest 2.20 mv., 
giving a ratio of 4.9. Within the subject groups the ratios are usually just 
above 2. The Girl Scouts reveal the lowest values and the Scouts and 
young women give top values which tend to exceed those of the mature 
women and also of the mixed group. Adequate data are not available for 
comparison between males and females, and for the present the individual 
differences which have been found must remain uncorrelated with other 
physiological or psychological traits. Elucidation of the cause of these 
individual differences, and indeed of the steady potential itself, will no 
doubt necessitate much further research. 

TABLE 3 

Range of Individual Differences in Lead 3 Potentials* 

POTENTIALS 


PUBJUCT8 

8RRIR8 

* 

LOWB.T 

fttORRAT 

RATIO 

Girl Scouts 

1 


0.45 

1.90 

4.2 


2 


0.56 

1.03 

2.9 

Young Women 

1 


0.98 

2.20 

2.2 


2 


0.74 

1.61 

2.2 

Mature Women 

1 


0.73 

1.49 

2.0 


2 


0.83 

1.38 

1.7 

Mixed F 8c M 

1 


0.70 

1.55 

2.2 


2 


0.67 

1.28 

2.2 


* Values in millivolts. 

* 

The selection of the three sub-groups of females was of course a matter of 
experimental design to aid in examining for the presence of an age gradient. 
The averages for Lead 3 as exhibited in table 2 show comparative results 
typical of the differences found for the three groups in all their leads. The 
evidence may be interpreted as favoring the hypothesis of a curvilinear 
relationship between the steady potential of the eye and chronological age 
with the high point coinciding with late adolescence. The young women 
gave the highest mean values, the Girl Scouts were second in rank and the 
mature women averaged lowest for the three groups. In the first series the 
difference between the means for the Scouts and the young women 
amounted to 0.20 mv., P. E. diff. 0.065, C. R. 3.1; and for the young 
women and the mature women the difference was 0.27 mv., with P. E. diff. 
0.057 and C. R. 4.7. However, in the second series the differences were 
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smaller and the critical ratios turned out to be only 1.6 and 2.6, respec¬ 
tively. As it seems very likely that the second series was the more depend¬ 
able, in that it was less subject to extraneous influences of a psychological 
character, it may be assumed at present that chronological age of itself, 
from early adolescence to middle life, exercises no great influence on the 
eye's steady potential. There may, however, be an early small positive 
and a late small negative correlation with age. It is noteworthy that the 
standard deviations show a consistent age trend; they were largest with 
the youngest and smallest with the oldest group. 

The skin and other tissues surrounding the eye ordinarily show poten¬ 
tials that have to be compensated by a counter e. m. f. before the steady po¬ 
tential of the eye can be isolated for measurement. Subjects show much 

TABLE 4 

Relationship Between Mean Values for Steady Potentials Measured by 

Different Electrode Leads"* 


SUBJECTS 

SB UBS 

LD. 1 LD. 2 





LD. 3 

LD. 4 

Girl Scouts 

1 

0.78 + 0.83 

* 

1.61 

1.65 

» 

1.17 

+ 0.48 


2 

0.78 + 0.75 

** 

1.53 

1.57 

- 

1.11 

+ 0.46 

Young Women 

1 

0.90 + 0.96 

- 

1.86 

1.97 

* 

1.37 

+ 0.60 


2 

0.81 + 0.88 

“ 

1.69 

1.72 

- 

1.20 

+ 0.52 

Mature Women 

1 

0.75 + 0.82 


1.57 

1.67 


1.10 

•f 0.67 


2 

0.76 + 0.78 

“ 

1.54 

1.60 

* 

1.09 

+ 0.51 

Mixed F & M 

1 

0.72 + 0.79 

MM 

1.51 

1.53 

MR 

1.07 

+ 0.46 


2 

0.74 + 0.67 

MM 

1.41 

1.42 

MR 

0.99 + 0.43 


* Values in millivolts. 

larger individual differences in their body potentials than in the eye poten¬ 
tials themselves. Sometimes the body potentials have one polarity and 
sometimes the opposite, but the polarity of the eye appears to remain un¬ 
changed in direction. Occasionally, on some one lead, body potential 
seems to be absent and not a single millivolt need be applied to bring the 
galvanometer to zero. On the other hand there have been patients who 
required as much as 100 mv. of counter e. m. f. to balance their body poten¬ 
tial. Ordinarily the body potentials hold fairly constant, or if not, change 
9lowly, and do not seriously interfere with the eye measurement. If the 
subject should be startled, body potentials change rapidly, as is well known 
to psychologists through their work on the psychogalvanic reflex. The 
question of a possible interaction between the steady potential of the eye¬ 
ball and the relatively steady potentials of tissues near the eye naturally 
suggests itself. The charted data shown in figure 2 provide a tentative 
answer to this question. Bye potential has been used as ordinate and body 
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potential as abscissa. The plotted observations indicate no dear tendency 
for either positive or negative correlation between the two potential mea¬ 
surements. But this conclusion must be qualified. Balancing by counter 
e. m. f. should produce the equivalent of zero body potential at the elec¬ 
trodes, and the eye potential is measured under this condition. Just before 
balancing, body potential has been present. The results at hand do not 
show what may have been the rdation at the moment before balancing. 
Perhaps the eye swiftly recovers from any influence that the polarized 
tissues around it exert; this possibility must be left open at present. 

If the eyes were insulated electrically from surrounding tissues their 
potentials could not be measured by the method described. As it is, place¬ 
ment of a pair of dectrodes near the eyes shows the presence of potentials in 
them if the eyes take up peripheral fixation positions: (1) when one eye is 

apparently included between the pair of electrodes, and (2) when one dec- 
trode is in proximity with one eye and the other electrode is nearer the other 
eye. The tissues surrounding the eyes are conducting dielectrics and there¬ 
fore the two eyes cannot together pile up a potential at the dectrodes greater 
than cither eye itself can supply, since there is no way of holding this poten¬ 
tial from leaking out. While the two eyes seldom exactly match each other 
in steady potential, still the pair of eyes creates an electrical field, the poten¬ 
tial of which can be tapped at different places, and according to the place 
where it is tapped a value is obtained which has a certain rdationship with 
the values found from tapping the field at other points. Previously 4 atten¬ 
tion was called to the equation: Lead 1 + Lead 2 = Lead 3 + Lead 4. 
Applying this to the data for lateral leads presented in the present paper 
gives the results shown in table 4. There are 8 comparisons available. 
The two center columns in the table give the sums of the respective pairs 
of leads. In every instance the Ld. 3 + Ld. 4 combination is slightly higher, 
on the average 3 per cent. The relationships may be put in another way 
by writing: Lead I + Lead 2 — Lead 4 « Lead 3; in this form the results 
are as shown in table 5. The calculated and actual (as measured) Lead 3 
values tend to agree closely, but the measured potential on Lead 3 for each 
subject and session averages a little higher than the calculated. Possibly 
this difference is related to the order in which the leads were taken in the 
experimental session, and is another instance of slight tension at first and 
greater relaxation later. Lead 3 was in fact always taken first, Lead 2 
came second, Lead 1 was third, Lead 4 was fourth and Lead 5 was recorded 
fifth. Incidentally it may be noted that Lead 2 tends to be larger than 
Lead 1. A balanced order to rule out such possible influences of experi¬ 
mental routine is obviously desirable in future work. 

Conclusions* —1. Ocular polarity potentials, measured without voltage 
drop due to current drainage or electrode resistance, are reported on three 
groups of normal females: 20 Girl Scouts age 10-12, 20 normal school 
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girls age 17-19, and 16 mature women 41-65 years old, and for a group of 
14 mixed normals ranging in age from 21 to 37* Ten different eye potential 
measurements were made, and each subject served on two different days. 

2. The correlation coefficients for five lateral leads are reported for the 
entire group of 56 cases. All the coefficients are positive and range be¬ 
tween +0.39 =*=0.08 and +0.75 =*=0.04. The latter coefficient is from Lead 
3 across the temples, which gives the highest potential. On Lead 3 the 
Girl Scouts gave a coefficient of +0.81 =*=0.05, the normal school girls 
+0.77 =*0.06 and the 16 mature women showed +0.59 =*=0.11. The extra 
group of 14 (males and females) on Lead 3 gave +0.78 ^=0.07. The coef¬ 
ficients indicate that the ocular polarity potential measurement is a fairly 
reliable one. Half of the subjects gave values for Lead 3 on the two different 
days that were within 15 per cent or less of each other. 


TABLE 5 

Prediction of the Potential for Lead 3 from Measurements Made on 

Other Leads* 


I.D. 3 


SUBJECTS 

SERIES 

I.O. t LD. 2 

oo. 4 

CALCULATED 

ACTUAL 

Girl Scouts 

1 

0.78 + 0.83 

- 0.48 - 

1.13 

1.17 


2 

0.78 + 0.75 

- 0.46 « 

1.07 

1.11 

Young Women 

1 

0.90 + 0.96 

— 0.60 «■ 

1.26 

1.37 


2 

0.81 + 0.88 

- 0.52 - 

1.17 

1.20 

Mature Women 

1 

0.75 + 0.82 

- 0.67 - 

1.00 

1.10 


2 

0.76 + 0.78 

- 0.51 - 

1.03 

1.09 

Mixed F & M 

1 

0.72 + 0.79 

- 0.46 - 

1.05 

1.07 


2 

0.74 + 0.67 

- 0.43 - 

0.98 

0.99 


* Values in millivolts. 


3. Rather marked individual differences were found in the steady poten¬ 
tial of the eye. Some subjects show potentials three or four times as high 
as other subjects, and some are much more variable than others from day 
to day. The causes for these individual differences are still unrevealed. 
Subjects were found to vary more markedly from each other in body poten¬ 
tials than in eye potentials. 

4. The data secured on the three age groups of females may be inter¬ 
preted as favoring the hypothesis of a curvilinear relationship between 
chronological age and eye potential, but are not conclusive. 

5. The steady potential of the eye gives no indication of correlating 
positively or negatively with the potentials of the tissues surrounding the 
eye. 
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0, The relationships between the different electrode leads, by which 
steady potentials can be measured in association with 30° lateral fixations, 
appear to be quite constant in normal subjects. The equation: Ld. 1 
+ Ld. 2 = Ld. 3 + Ld. 4 was found to hold closely in the averages for each 
sub-group on each day. There is, however, a consistent tendency for Ld. 3 
+ Ld. 4 to be a little higher than expected. A11 comparisons thus far * 
worked out show this tendency which averages +3 per cent. The fact that 
Lead 3 was the first measurement in the series for each patient on each day 
may have a bearing on the results. 

7. A consistent tendency was found for the steady potential measure¬ 
ments to show a slightly smaller value on the second than for the first day. 

It is assumed that this change rests on psychological factors of mental atti¬ 
tude and adjustment to the laboratory procedure. This is a significant 
finding, pointing as it does to a relationship between the strength of the 
eye’s steady potential and the psychological state of subjects cotiperating 
in the experimental routine. 

* The expenses of this investigation were met in part by a grant from the Knight 
Fund of Yale University School of Medicine. 

t In the previous paper it was suggested that Lead 3 represents the optimal steady 
potential average for the two eyes. It now appears also to be the most dependable of 
the several measures of potential used in these studies. 

1 W. R. Miles, "Performance of the Einthoven Galvanometer with Input through a 
Vacuum Tube Micro volt meter/’ Jour. Exper . Psychol . (in press). 

* W. R. Miles, "The Steady Polarity Potential of the Human Bye," Proc. Nat . Acad. 
Set., 25, 20-36 (1939). 


ON THE SUBDIVISION OF THE GENUS DROSOPHILA 

By A. H. Sturtevant 

W. G. Kkrcxhoff Laboratories of the Biological Sciences, California Institute 

of Technology 

Communicated January 28, 1939 

There is now in progress in several laboratories a comparative study of the 
genetics of the species of Drosophila. Several authors have pointed out 
possible deductions concerning the history of the group that may be de¬ 
rived from such studies (e.g., Donald 1936, Sturtevant and Tan 1936, 
Serebrovsky 1938). If such deductions are to be of value, it is desirable 
that there be available a satisfactoiy arrangement of the species into some 
scheme of classification that can be taken as indicating their degree of 
genetic relationship. It is the purpose of this note to present the results 
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of an attempt to derive a classification by a method as free of personal equa¬ 
tion as it can be made. 

There are forty-two species of Drosophila in culture in this laboratory, 
and these have all been examined for a series of twenty-seven different 
characters. These characters, which concern the eggs, larvae, pupae and 
1 imagines, and include both structural characters and those having to 
do with the habits of the animals, are all that have so far been worked out 
that satisfy the following requirements: 

(а) Each of the species must be capable of classification for every charac¬ 
ter. Some characters, such as presence or absence of clouds on the cross¬ 
veins, permit of a classification into two groups, one having the character, 
the other lacking it. Other characters, such as proportions of the sections 
of wing-veins, or number of branches of anterior pupal spiracles, are nu¬ 
merical. In such cases an arbitrary amount of difference between two 
species was set as being significant. 

(б) There must be at least two species in each category concerned—i.e., 
a character occurring in only one of the available species was not included. 

(c) Two characters obviously likely to be developmentally closely re¬ 
lated, or likely to be affected similarly by natural selection, were not both 
included. This requirement is difficult to apply, and does admit a large 
element of personal judgment. The rule here should be to indude no 
doubtful cases. 

Having a table showing the condition of all 27 characters in each of the 
42 spedes, two different types of analysis were then carried out. A table 
was made showing, for each species, the number of characters in which it 
differed from each of the other 41. This table may be taken as giving a 
first approximation to the degree of genetic difference between any two 
species— and therefore to their remoteness of genetic relationship. The 
accuracy of this index evidently depends on several factors, but it seems 
legitimate to condude that most resemblances are due to likeness of genetic 
constitution, and that separate origins of similar constitutions are not 
likely to give parallel resemblances in many different characters. 

Each of the 27 characters was then compared with each of the others, to 
determine if the distribution of the two was correlated. Here a striking 
result was at once evident; there is a single group of correlated characters 
that splits the available species into two groups, with a few forms having 
combinations of characters that disagree with the usual correlations. 
Reference to the species-by-spedes table shows that all but one of these 
anomalous types can be connected, through a series showing as few as six 
differences between successive spedes, to one or the other of the major 
groups. Drosophila duncani alone fails to show such a series of connec¬ 
tions, since it differs from every one of the remaining species by at least 
nine characters. If the remaining species are separated into two groups, 
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study of the table shows that the minimum number of differences between 
two species belonging to different groups is also nine. 

The following classification is therefore indicated; 

Subgenua Dasydrosophila Duda 

Ventral receptacle not finely coiled; posterior pair of Malpighian tubes 
fused to form a ring around the gut; four blunt filaments on the eggs; 
dark bands on posterior margins of second to fifth abdominal segments not 
thinner or broken in median dorsal line. 

Species: D . duncani Sturtevant (Illinois, Ohio). 

Subgenus Drosophila Fallen 

Ventral receptacle finely coiled, resembling a more or less tangled spring; 
posterior pair of Malpighian tubes fused; three or four tapering filaments 
on the eggs; dark posterior bands of at least the two basal abdominal seg¬ 
ments thinner or broken in median dorsal line. 

Species agreeing in all these characters: D. funebris Fabrieius (type— 
temperate regions); undescribed species near funebris (Texas); D. guUifera 
Walker (southeastern United States); D . hydei Sturtevant (American); 
four undescribed species near replela and hydei (Mexico, Guatemala, Cali¬ 
fornia); D . replete Wollaston (cosmopolitan); D. muUeri Sturtevant 
(American); D. immigrans Sturtevant (cosmopolitan); D. tripunctata 
Loew (southeastern United States) D. testacea v. Roser (north temperate 
zone); D . busekii Coquiller (cosmopolitan). 

Species diverging in one or more of the characters listed: 

Posterior Malpighian tubes apposed, but not with continuous lumen: 
D. cardini Sturtevant (tropical America); D. robusta Sturtevant (eastern 
United States). 

Egg filaments blunt: D. virilis Sturtevant (Japan, China—rare in the 
United States). 

Egg filaments two, blunt: D. melanica Sturtevant and two related spe¬ 
cies (eastern United States). In one of the undescribed species the ventral 
receptacle is not finely coiled. Were it not for its dose resemblance to 
melanica and to mutteri the position of this spedes would be doubtful. 

Submenus Sophophora, subft. nov. 

Ventral receptacle not finely coiled; posterior pair of Malpighian tubes 
free, not united at their apices; eggs with two blunt filaments; dark 
posterior bands of second to fifth abdominal segments broader in median 
dorsal line, or of uniform width. 
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Species agreeing in all these characters: D. melanogaster Meigen 1 (type 
—cosmopolitan); D. affinis Sturtevant (eastern United States); D. algon- 
quin Sturtevant and Dobzhansky (eastern North America); D, athabasca 
Sturtevant and Dobzhansky (northern North America); D. azteca Sturte¬ 
vant and Dobzhansky (California to Guatemala); D. narragansett Sturte¬ 
vant and Dobzhansky (eastern United States); D, psuedo-obscura Frolowa 
(western North America); D. subobscura Collin (Europe); D. miranda 
Dobzhansky (western United States); D. ananassae Doleschall (Tropics, 
old and new worlds); D, bipectinata Duda (tropical Asia); D. auraria Peng 
(China, Japan); D . simulans Sturtevant (cosmopolitan); D. takahashii 
Sturtevant (Formosa, China); D. willistoni Sturtevant (American tropics); 
six species (probably all undescribed) related to D. saltans Sturtevant (Mex¬ 
ico and Central America). 

Less complete analysis suggests the following distribution for certain 
species not now in cultivation in this laboratory: 

Subgenus Drosophila: D. quinaria Loew, D. transversa Fallen, Z>. similis 
Williston, Z>. latevittata Malloch, D. californica Sturtevant, D. komaii 
Kikkawa and Peng, D. bizonata Kikkawa and Peng. 

Subgenus Sophophora: D. itebnlosa Sturtevant, D. obscura Fallen, 
D. seminole Sturtevant and Dobzhansky, D. montium deMeijere, D . lutea 
Kikkawa and Peng. 

As indicated, one of the three subgenera has already been recognized by 
Duda (1925), who has established several subgenera. Two others of these 
are represented among the species here considered: Acrodrosophila Duda 
is based on D . testacea r and Spinulophila Duda (= Acanthophila Duda) 
includes Z>. immigrans . Each of these subgenera was based on a single 
character, and the present analysis does not indicate that the species con¬ 
cerned are particularly out of place in the typical subgenus. Dasydro- 
sophila was based on several characters, the following being a translation of 
the diagnosis: Third antennal segment very large, at least twice as long 
as broad and two to three times as long as the second segment, often long 
haired; facial carina usually low, only exceptionally nose-like; arista with 
only a single branch below basal to the terminal fork. (In D. duncani 
there are two such branches of the arista.) The type-species is from the 
Oriental region, and Duda also refers several tropical American forms to 
this group. I have examined no others for the series of characters here 
utilized, but it may be supposed that the species associated by the charac¬ 
ters given by Duda constitute a natural group. 

Unfortunately the distinction between the other two subgenera is not 
easily made with ordinary museum material. Of the characters given, 
only the abdominal banding is evident in pinned specimens—and this is 
often obscured by shrinkage. Other characters may be helpful, as fol¬ 
lows: Sex-combs on the male tarsi occur only in Sophophora; species 
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appreciably larger than melanogaster axe found only in Drosophila; the 
"costal index" (length of second section of costa divided by length of third 
section) averages lower in Sophophora (range from 1.2 to 3.1) than in 
Drosophila (2.8 to 4.3, with D. guttifera at 2.0); the ,< sterno-index ,, (length 
of anterior stemopleural bristle divided by length of posterior—Kikkawa 
and Peng 1938) averages lower in Sophophora (0.3 to 0.6) than in Dro¬ 
sophila (0.5 to 0.9, with D. busckii at 0.3 and D. guttifera at 0.4). 

The present account is not to be considered as a final one. Several of 
the characters used are unsatisfactory, and others are not yet measured 
accurately. It is hoped that, with improved classification of these and 
with the utilization of more characters, the method may be extended to 
indicate still finer subdivisions of the genus. It is also probable that addi¬ 
tional species will be studied, and these may require some modifications of 
the scheme here outlined—though partial analysis of several aberrant 
types has, so far, suggested that such modifications will consist chiefly in 
the addition of new subgenera, rather than in the rearrangement of the 
species here considered. 

1 This is the species known to all geneticists under this name (synonym, D. amp *- 
lophila Loew). Some authors now use the name D. fas data Meigen. There is some reason 
for this substitution; but I am not convinced that the argument for it is conclusive. In 
any case there is no other species to which the name melanogaster is properly applicable; 
and with so widely known and unambiguous a name I am convinced that too close ad* 
herence to the strict rules of taxonomy is only pedantic and confusing. 
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EMBR YO-SA C DE VELOPMENT IN PL UMBA GEL LA 

By J. W. Boyes 1 

Department op Botanv, University op Wisconsin 
Communicated January 23, 1939 

Dahlgren* in 1916 reported on the development of the embryo sac in 
the Plumbaginaceae. Throughout the family the primary archesporial 
cell gives rise to a parietal cell and a macrospore mother cell, the latter of 
which functions as an embryo-sac mother cell. In the sub-family Plum- 
bagineae, of the four nuclei formed by the meiotic divisions two lie at one 
end of the embryo sac separated from the two at the other end by a large 
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vacuole (this vacuole appears at the 2-nucleate stage in Plumbagdla) . The 
nucleus nearest the chalazal end becomes the nucleus of the single antipodal 
cell; that nearest the xnicropylar end becomes the nucleus of the egg; and 
the other two nuclei unite to form a 2 n primary endosperm nucleus. In 
contrast, members of five genera of the sub-family Staticeae examined by 
Dahlgren form typical 8-nudeate embryo sacs. 

Dahlgren’s studies included the following members of the Flumbagineae: 
Ceratosiigma plumbaginoides Bunge, Plumbago capensis Thunb., P. pul - 
chella Boiss., P. zeylanica L. and Plumbagdla micrantha (Ledeb.) Spach. 
Plumbagella micrantha was studied more extensively than the other species. 

Dahlgren’s story has figured prominently in the literature since its pub¬ 
lication. Its prominence is due chiefly to the fact that only the meiotic 
divisions seem to be involved in embryo-sac formation, the gamete (egg) 
nucleus resulting from the second of these divisions. No similar case of 
complete reduction of the macrogametophyte is known in any angiosperm. 

Haupt 8 reinvestigated the development of the embryo sac in Plumbago 
capensis. His story agrees with Dahlgren’s up to the 4-nucleate stage. 
The four nuclei now present divide and the daughter nuclei remain in pairs. 
Thus an 8-nucleate embryo sac is formed. One micropylar nucleus be¬ 
comes the egg nucleus. Four nuclei, one from each pair, migrate to the 
center, where they fuse to give a 4 n primary endosperm nucleus. 

Dahlgren 4 has more recently concluded that embryo-sac development in 
Plumbago zeylanica and Ceratosiigma plumbaginoides follows the sequence 
reported by Haupt for Plumbago capensis , Dahlgren considers, however, 
that his investigation of Plumbagdla micrantha was so thorough that his re¬ 
port of the history in that species can hardly be in error. 

Before the appearance of Dahlgren’s paper last cited, the writer had 
begun studies on embryo-sac development in the Plumbaginaceae, Em¬ 
phasis has since been shifted to a study of Plumbagdla micrantha . 

According to my observations, the second meiotic division in this spe¬ 
cies follows immediately after the first in the enlarged macrospore mother 
cell. Up to this time, no large vacuoles are present. The four nuclei, each 
with n (6) chromosomes, commonly occupy positions corresponding ap¬ 
proximately to the four points of a diamond (Fig. 3), although they some¬ 
times have a more nearly linear arrangement. The micropylar nucleus 
begins to enlarge and very soon is surrounded by a region of dense cyto¬ 
plasm. The other three nuclei migrate to the chalazal end (Fig. 4). Dur¬ 
ing this period of migration, the embryo sac elongates considerably, a large 
vacuole appears between the three chalazal nuclei and the micropylar 
nucleus, and a small vacuole appears between the latter and the micropylar 
end. The three chalazal nuclei approach each other while the micro¬ 
pylar nucleus continues to grow. 

The nuclei in the chalazal region unite in varying degrees of ccmiplete- 
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Figs, 1-7. Development of the usual 4-nucleate embryo sac: 1, macrospore 
mother cell; 2, 2-nucleate stage; 8, young Enucleate stage; 4, migration of 3 
nuclei to the chalazal end; 5, two chalazal nuclei uniting, with a third nucleus 
very close; 6, chalazal nuclei uniting and in propliase; 7, newly formed later 4~ 
nucleate stage. 

Figs. 8, 9. Origin of 6-nucleate embryo sacs: 8, 3-nucleate stage with 2 n 
chalazal nucleus; 9, tf-nucleate embryo sac. All figures X ca. 920. 
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ness. Before the beginning of the prophases, three separate nuclei may 
be present; two nuclei may have partly united (Fig. 5) or have fused com¬ 
pletely, in which case two separate chalazal nuclei enter the prophases; or 
all three nuclei may have united so that a single 3 n nucleus is present. 

During the prophases the nuclear fusions already under way continue 
(Fig. 6). In one case 18 (3 n) chromosomes were clearly counted in a 
single chalazal nucleus. A third series of divisions takes place, with 6 («) 
chromosomes on the micropylar spindle and 18 (3 n) chromosomes on one, 
or on two closely associated, spindles at the chalazal end. This gives, in 
either case, a row of only four nuclei; two nuclei at the micropylar end, 
each having 6 chromosomes; and two at the chalazal end, each with 18. 
These nuclei are separated from the nucleus of the macrospore mother cell 
by three divisions, not by two as Dahlgren concluded. 

The micropylar nucleus becomes the nucleus of the egg; the nucleus 
nearest the chalazal end becomes the nucleus of the single antipodal cell 
(Fig, 7). A period of growth of the embryo sac follows. Then the re¬ 
maining chalazal nucleus (with 3 n chromosomes) migrates toward the 
micropylar region where it meets and unites with the polar nucleus (hav¬ 
ing n chromosomes) from the micropylar end. At the time of fusion, it is 
clear that one polar nucleus is larger than the other. Thus a primary endo¬ 
sperm nucleus, having 4 n chromosomes, is formed. 

About four per cent of the embryo sacs (12 out of 280 observed) become 
6-nucleate, From the observation of younger material it would appear 
that these exceptional cases arise in the following way. After the meiotic 
divisions, when three nuclei are migrating toward the chalazal end, one 
nucleus lags behind and is separated from the other two by a large vacuole 
(Fig. 8). Apparently the nuclei which reach the chalazal end unite, as do 
the three in the more common case. All nuclei then undergo a division. 
As a result, the embryo sac has six nuclei, two at the micropylar end, each 
with n chromosomes, two in the central region of the embryo sac each with 
n chromosomes and two at the chalazal end each with 2 n chromosomes. 
In the youngest 6-nucleate embryo sac observed, the nuclei form a longi¬ 
tudinal row, the two nearer the micropyle separated from the four nearer 
the chalazal end by a large vacuole. The nucleus nearest the micropylar 
end becomes the nucleus of the egg, the next two nuclei are cut off in a single 
cell as also are the next two, leaving a single nucleus for the antipodal ceD 
(Fig. 9). Later stages of these 6-nucleate embryo sacs have not been fully 
studied. 

Other exceptional nuclear conditions have been observed, though they 
are rare. These will be described more fully at a later time; for the present 
it suffices to say that they are all easily explainable on the basis of the inter¬ 
pretation given above, but seem inexplicable on the basis of the develop¬ 
mental scheme suggested by Dahlgren. 
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Summary . —1 . The egg nucleus in Plumbagella micrantka is not, as 
Dahlgren concluded, one of the four resulting from the meiotic divisions. 

2. The egg nucleus is separated from the nucleus of the macrospore 
mother cell by three divisions. 

3. After the second meiotic division three nuclei migrate to the chalazal 
end of the embryo sac and there commonly unite. One nucleus remains at 
the micropylar end and divides at the same time that the newly formed 
chalazal nucleus divides. Of the four resulting nuclei, one (with n chromo¬ 
somes) becomes the nucleus of the egg, another (with 3 n chromosomes) be¬ 
comes the nucleus of the single antipodal cell and the other two nuclei 
(with n and 3 n chromosomes, respectively) unite to form a 4 n primary 
endosperm nucleus. 

4. The present scheme for Plumbagella resembles in certain respects 
that suggested by Haupt and confirmed by Dahlgren for Plumbago , espe¬ 
cially in the production of a 4 n primary endosperm nucleus. 

5. This method of embryo-sac development somewhat resembles that 
reported for Lilium by Bambacioni 6 and Cooper. 6 Three chalazal macro¬ 
spore nuclei frequently unite in Plumbagella before the formation of spindles 
whereas in Lilium the three spindles unite. In Lilium there is a fourth di¬ 
vision resulting in an 8-nucleate embryo sac, whereas Plumbagella remains 
in the 4-nucleate condition. 

1 Wisconsin Alumni Research Foundation Scholar. 

f Dahlgren, K. V. O., Kungl. Svensk Vet. Akad. HandL, 56, 1-80 (1910). 

* Haupt, A. W„ Bot. Gaz 95, 049-669 (1934). 

* Dahlgren, K. V. O., Bot. Not., 1937, 487-497 (1937). 

5 Bambacioni-Mezzetti, V., Annali Bot., 10, 305-368 (1932). 

* Cooper, D. C.» Bot. Gaz., 97, 346-356 (1935). 


THE DISTRIBUTION OF INTERMEDIN IN THE PARS ANTERIOR 

OF THE CHICKEN PITUITARY 

By L. H. Klbinholz and H* Rahn* 

The Biological Laboratories, Harvard University 

Communicated February 17, 1939 

Intermedin regulates melanophore activity in lower vertebrates and re¬ 
cent reports 1 indicate that in mammals this hormone also acts as a specific 
metabolic principle* Production of intermedin is independent of pars 
neuralis in amphibians 1 and in pituitaries of those birds* and mammals 4 
which lack an anatomically distinct pars intermedia, the hormone is found 
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in the pars anterior. Since the chicken pituitary shows two cytologically 
distinct lobes (caudal and cephalic) of the pars anterior,* a possible correla¬ 
tion was sought between the distribution of intermedin and the localization 
of specific cell types. Hypophysectomized AnoUs carolinensis, in which the 
rate and degree of darkening vary with the concentration of injected inter¬ 
medin extract, were used in a quantitative study. More extensive reports 
will be published elsewhere. 

Whole pituitaries were rapidly removed from molting hens and im¬ 
mediately immersed in acetone. The dried anterior lobes were divided 
into 3 approximately equal portions, a cephalic-, middle- and caudal-third. 
The three lots were extracted by boiling for 30 minutes with N/10 NaOH, 
neutralized with N/10 HC1 and made up with cold-blooded Ringer's to give 
3 stock solutions, each containing 0.36 mg. dried powder per 1 0 cc. Quan¬ 
titative measurements can be made* and curves showing the rates of re¬ 
sponse to various dilutions plotted. The range of melanophore response 
from complete concentration to maximum dispersion of pigment was 
divided into 5 stages according to the method devised by Hogben and 
Slome. 7 A series of progressive dilutions of the stock solutions was made 
until the injected dose (0.2 cc. per animal, intraperitoneally) evoked an 
average stage 2 reaction. This concentration was taken as the lower 
threshold for the integumentary melanophores. 

A. Cephalic third-, the maximum degree of melanophore dispersion 
obtained with the stock solutions, is reached within 15 minutes after injec¬ 
tion. Progressive dilutions of the extract result in a marked flattening and 
displacement of the time curves to the right, i.e,, a lower degree of response 
spread over a longer time period. The concentration which gave an aver¬ 
age stage 2 reaction in 10 injected lizards was an equivalent of 0.14-0.20 
gamma of dried powder. 

B. Caudal third-curves plotted for degree and rate of melanophore 
response show the same relations to hhanges in concentrations as described 
under A. The minimal concentration giving an equivalent reaction 
ranged from 1.4 to 3.6 gamma of dried powder. 

Several authors*’* have reported a cluster of cells corresponding to the 
pars intermedia in the caudal region of the pars anterior of the chicken 
pituitary. Our tests show, however, that the cephalic third (the portion 
farthest removed from the infundibular process) of the anterior lobe of the 
chicken pituitary is from 10-20 times more active than the caudal third 
with regard to the melanophore-dispersing hormone. These results also 
confirm an earlier observation* that intermedin seems to be more concen¬ 
trated in the cephalic end of the pars anterior. 

* National Research Council Fellow in the Biological Sciences. 

i O’Donovan, D, K., and ColUp, J. B„ Endocrinology, 23, 718 (1938). 

»Atwell, W. J., Amt. Rec., 68, 431 (1987). 
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THE CONVEX CELLS FORMED BY SEVEN PLANES 

By H. S. White 

Department of Mathematics, Vassar College 
Read before the Academy, April 23, 1938 

1. Introduction .—Six intersecting planes divide projective Euclidean 
space into 26 convex polyedra or cells, if no more than 3 planes meet in any 
point. The polyedra form in this case a unique pattern or arrangement— 
unique, that is, if one describes them non-metrically, by numbers, contigui¬ 
ties and closed sequences; but when 7 planes intersect, that uniqueness is 
lost. The problem then arises to enumerate and describe the different sets 
of convex polyedra which may appear. 

If we exclude situations where four or more planes pass through one point, 
the 7 planes have 35 points of intersection, each one a vertex of 8 cells. In 
every plane lie 6 lines, their segments bounding 16 convex polygons, and 
these all together bound and separate 42 convex polyedra, finite or infinite. 
There are 9 sorts of polyedra to be looked for; see figure 1. The unaided 
intuition is hardly equal to the problem, and a priori reasoning is most se¬ 
cure when fortified by concrete examples. Accordingly a list, believed to 
be exhaustive, of eleven solutions obtained by methodical use of plane dia¬ 
grams may be presented here—not in full detail, of course, but in minimal 
essentials. 

2. Simple Convex Polyedra with 4, 5, 6 or 7 Faces .—Not every set of 
integers satisfying Euler's equation can be realized by plane faces in space 
of 3 dimensions. Only nine meet the requirements of our present problem. 
These are shown by typical sketches in figure 1. To each is assigned a 
digit (1,2,3, ..., 9); and these digits will be used to designate the several 
classes of polyedra. 

3. The Plane Dissected by Six Lines .—In any one of the 7 planes the 
traces of the others are 6 lines dividing it into 16 convex polygons, among 
which are either one hexagon, or two, three or six pentagons. These four 
cases we may designate by a , b , c $ d, respectively. In each of the 4 cases, 
all the tines furnish segments to the peripheries of the hexagon or pentagons: 
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so that when the latter are given in situ the mere extension of their bound¬ 
ing sides determines the remaining convex cells completely. But in type b 
the six lines fall into sets of 2 and 4; in type c into sets of 3 and 3. There¬ 
fore in constructing the system the mere numerical data do not suffice, but 
the species and relative shift of certain lines of intersection must be given. 
This remark is not relevant to the present purpose, but is important if one 
wishes to add details to the skeleton solutions presented here. 

4. The Problem Divided and Simplified .—Looking at the diagrams of 



FIGURE 1 

Classes of Folyedra. 


figure l, one notices that the numbers 1 to 6 have two or more faces that 
are pentagons or hexagons. In No. 6 there are two hexagons with a com¬ 
mon edge or segment, in No. 3 are two pentagons united by five quadri¬ 
laterals, in each of the four others there are at least two pentagons with a 
common edge; in every one the hexagons and pentagons together furnish at 
least two lines in every plane. Given the hexagons and pentagons in rela¬ 
tive positions, the location of quadrilaterals and triangles to complete the 
polyedron is seen at once; this is quickly verified by inspection. 

The simplification of our problem consists now in this, that triangles and 
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quadrilaterals are ignored; only the faces having 5 or 6 edges are graphed 
schematically (see Fig. 2), with join lines showing that two faces have a 
common edge, or a double join line to signify the connection in type No. 3. 
The resulting diagram will be obviously not sufficient for the deduction of 
all associated polyedra of types 7, 8 and 9; that would require additional 
specifications which would be cumbrous in a first sketch. The diagrams 
do give, however, a skeleton that permits comparison and classification of all 
specimens, and they provide a concrete basis for more adequate description. 

5. The 11 Diagrams; Major Polyedra .—Only one disposition of seven 
planes gives a structure analogous to the unique figure of six planes, namely, 



FIGURE 2 

Diagrams for 6 classes of Polyedra occurring in Figures 3 and 4. 


a chain of seven polyedra of type 6—a type which ought to have a sugges¬ 
tive name, as Bellows or Bivalve. This heptad chain, like the hexad, indi¬ 
cates the vicinity of a twisted cubic curve, not remote from the gauche 
heptagon of segments common to pairs of hexagonal faces. In all the other 
diagrams there occur sets of 2, 3 or 6 coplanar pentagons, and that relation 
is indicated on the diagram by placing the same digit in pentagons which 
belong in the same plane. In planes of class cord the pentagons are actu¬ 
ally, in situ, attached at certain vertices, each having one vertex in common 
with each other, but to place them so in the diagram would obscure the 
grouping. 

It will be observed that polyedra of Class 1 are most numerous, forming 
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FIGTOB 3 

Digits designate the 7 planes. Linked polygons have common edge. 
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FIGURE 4 

Digits designate the 7 planes. Linked polygons have one edge common. 
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as it were the connective tissue for those that have 7 faces. Classes 2 and 
5 are geometrically most conspicuous, of course. No type is confined to a 
single diagram: two polyedra of Class 2, if their faces are extended indefi¬ 
nitely, may or may not yield the same sort of dissection of space. Beside 
each diagram are listed the numbers of polyedra of each class (1,2,. .,6), 
that occur in it, easily identified by the aid of figure 2 . These are collected 
for comparison in table 1. 


TABLE 1 

OP POLY KORA OF BACfl CLASS JN HACH SYSTKM 


tJ J K C 


Cl.ASS A 

1 5 

2 0 

8 1 

4 2 

5 0 

6 2 


NUMUItR 
L M 

8 9 

1 2 

1 0 

1 2 

1 0 

1 0 


8 T 

15 11 

2 2 

1 0 

0 2 

2 0 

0 0 


0 8 
0 0 

0 2 
0 2 
0 0 

7 0 


12 9 
2 4 
2 0 
0 0 
0 0 
0 0 


r z 

15 12 

4 0 

o 

0 0 

0 2 

0 0 


G. Experimental Construction .—Actual synthesis of any possible system 
of 7 planes may always begin tftjm two hexagons, or two pentagons, with 
one edge in common. This is obvious if any cell of 6 or 7 faces is to be pres¬ 
ent, as must happen, since every plane will have a hexagon or some penta¬ 
gons. One cell of Class 3 calls for no exception, for each of its pentagons 
must be also a face of a hexaedron of Class 1. Unless therefore the system 
is to contain 7 solids of Class 6 (System U of Fig. 4), two pentagons as in 
type 1 are taken for base, with a seventh plane whose traces in the first 
two are arbitrary lines meeting on the common edge but not crossing the 
convex pentagons. 

Project the lines of both pentagons upon a plane. Use then the Lemma: 
A plane containing 6 lines, of Class b, c or d, will project into a plane figure of 
the same class . The same projection gives two points in the projection of 
each line of the 5 other planes. Locate on the plane of the drawing all such 
pairs of points, transfer and draw on separate sheets the lines of the 5 other 
planes. Now find by inspection and list by cycles of 5 or 6 digits all 
pentagons and hexagons in each plane. From the lists, common edges are 
easily discovered, also any identical cycles indicating type 3. Finally 
the connections are assembled in a graph, showing one of the Systems here¬ 
with presented (Figs. 3 and 4). 

There are 27 possible patterns for relative situation of the initial pair of 
sets of 6 lines. Each one can have two of its lines so varied as to bring to 
coincidence and to a different separation one pair of points of intersection 
in a selected third plane. Hence every initial base (each of the 27) is to 
be looked for at least twice, barring automorphisms, which sometimes occur. 

So far the survey is mainly empirical, with a minimum of theory. To 
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test for exhaustiveness calls for reasoning so circuitous that it is omitted 
here. In any case, such a conclusion requires independent checking. 
These diagrams are of interest, as exhibiting schematic symmetries, or 
rotation periods 2 or 3 or 7. I think it correct to assert further (cf. §3) that 
the completion of each pattern by inclusion of its minor polyedra is uniquely 
determinate; so that 11 appears to be the total number of systems unlike in 
respect of numbers and contiguities. 

Not inapposite may be an obiter dictum from the late mathematician of 
wide vision, Maxime Bocher. "Moreover, although the mathematical 
method is the traditional one for arriving at the truth concerning geometri¬ 
cal facts, it is not the only one. Direct appeal to the intuition is often a 
short and fairly safe cut to geometric results."* 

* Conceptions and Methods of Mathematics , Vol. 1, p. 403, of Congress of Arts and Sci¬ 
ence, Universal Exposition, St. Louis, 1904 (Boston and New York, 1905). 


ON THE EXISTENCE OF MINIMAL SURFACES OF GENERAL 

CRITICAL TYPES 

By Marston Morse and C. Tompkins 

Institute for Advanced Study and Princeton University 

Communicated February H, 1939 

We are concerned with minimal surfaces bounded by a simple closed 
curve g lying in a euclidean space of n dimensions n > 1. As is well known, 
the existence of a minimal surface of minimum type was first established by 
Douglas. In this connection one should refer to the significant work of 
Rad6, McShane, Courant arid others. The preset)t paper is concerned 
With the existence of minimal surfaces of non-minimum as well as of mini¬ 
mum type. The surfaces considered are of the topological type of the 
circular disc. We have succeeded in making this study an application of 
the general theory of the critical points of functionals. That this is possible 
for ordinary regular positive definite problems of the calculus of variations 
has already been seen. Having in mind the possibility of applying the 
general theory to multiple integrals as well as to simple integrals, Morse has 
recently given an exposition [6] of the fundamental principles involved. 
The present paper has merely to verify the conditions laid down in the 
general theory. The two most difficult aspects appear in the proof of the 
upper-reducibility of the Douglas-Pirichlet functional and of the theorem 
that a homotopic critical point defines a minimal surface. Finally, an 
example is given in which there appear two minimal surfaces of minimum 
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type. By virtue of our theorems there then exists a minimal surface of 
non-minimum type. 

The present paper is an abstract of results which will later appear in full. 

1. The General Theory-- We shall here present only those concepts and 
theorems of the general theory which are essential to the theory of minimal 
surfaces. ♦ 

We start with an abstract metric space M with points p , q, r, etc. We 
make use of Vietoris chains and cycles on M with coefficients in an arbitrary 
field. Let F(p) be a real single-valued function of the point p on M. We 
suppose that F is finite and positive but in general not bounded. We de¬ 
fine an F-deformation of M as in Morse [6]. If c is a finite constant, the sub¬ 
set of points of M on which F< c will be said to be below c, The subset of 
points of M on which F c will be said to be below c + . 

We .shall now describe three conditions on Fand M which are useful in the 
sequel. 

I. Bounded Compactness .—Under this condition the subset below cA is 
compact for each finite constant c. 

II. Regularity at Infinity.-—* Corresponding to each compact subset A of 
M t this condition requires the existence of a continuous deformation of A 
such that the final image of A is below some finite constant, and such that 
any subset of A on which F is bounded is deformed through a set of points 
on which F is bounded. 

III. Weak Upper-Reducibility at a Point p.- —This condition is satisfied 
at p if corresponding to each constant c > F(p) there exists a neighborhood 
N c of p relative to the set below c f , and a deformation & of N c with the 
following properties: 

(i) For some positive n the points of N c not below c — tj are deformed 
with a displacement function onto a set below (c — i?)L 

(ii) The points of N c below c — rj remain below c — tj. 

Homotopic critical points and homo topic ordinary points, ft-caps, a- 
homologies, critical sets and their type numbers are defined as in Morse [0]. 

The simplest general theorem is as follows: 

Thkokbm 1. Let F be a function on M satisfying conditions I, II, III and 
possessing homotopic critical points which are finite in number. Let R fc be 
the k th connectivity number of M and M k the sum of the k th type numbers of 
the homotopic critical points of M. If M k and R k are finite and if we set 
e k 388 M k — R k the following relations hold 

eo g? 0 
e\ — £o S 0 


... *r l) w 0o “ 0 
where n is the maximum of the indices of the numbers M k . 


(1) 
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The condition that the liomotopic critical points be finite in number will 
be removed in three different types of theorems. If one assumes merely 
that the number of homotopic critical points below each finite constant c is 
finite, and that the numbers Mk and Rk are finite, the relations (1) again 
hold with the equality deleted and n in general infinite. The least restric¬ 
tive theorem of all involves the notion of a relative homology class defined 
as follows. 

Let u be a &-cycle mod F $ a , non-bounding below c 1 mod F £ a; c> a. 
Let z be the homology class containing u taken below c ] and mod F £ a. 
A constant b such that there is a cycle of z below b 1 will be termed a cycle 
bound of z. We have the following theorem: 

Theorem 2. The cycle bounds of the relative homology class z have a mini¬ 
mum , and this minimum is assumed by F in at least one homotopic critical 
point . 

A corollary of this theorem is that the existence of at least two discon¬ 
nected critical sets of minimal surfaces of minimum type implies the exis¬ 
tence of at least one minimal surface of non-minimum type. 

More generally the relations (1) can be replaced by group relations giving 
a decomposition of a maximal group of caps. We defer this exposition 
until the paper is published in full. No finiteness conditions are assumed 
in this general theory. Counting of type numbers is replaced by compari¬ 
sons involving isomorphisms of a special type. 

3. Minimal Surface Theory .—We shall assume that our curve g is repre¬ 
sented in the form x% = gi(s) where 5 is the arc length on g. We suppose 
further that g((s) has the period 2ir in s and that for each gfs) satisfies a 
Lipsehitz condition. We shall admit other representations of g of the form 

a* = gi [*>(«)] = A(«*) 

where ^(a) is a continuous non-decreasing function of a such that <p(a + 
2ir) ~ v>(«) + 2v* Let (r, 6) be polar coordinates in a plane of rectangular 
coordinates («, v). Corresponding to the curve [p] there exists a harmonic 
surface S of the form .r, « Xi(r, 0) defined over the disc r g I and such that 
*,'(!, 6) « pi(0). With Douglas we set 



0 


where Q represents the square 0 ^ a g 2*, 0 £ 0 £ 2ir. 

Under the three point condition on ^?(a) we understand that a = <p(a) 
for three given distinct values of a on the interval 0 a < 2ir. Let ft be 
the space of those transformations <p(a) which satisfy the three point eondi- 
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tion and for which A (<p) is finite. We term <p a point on Q. To two points 
^ and \p of 12 we assign a distance 

= max | <p(a) —* p(a) | , 0 ^ a ^ 2t. 

As is well known the subset of points of 11 for which ^4 (v?) is at most a 
finite constant is compact. Thus if M = 12 and F ~ A(p) the condition I of 
§1 is satisfied. 

We come to condition II of §1. Corresponding to each point <p of 12 we 
shall define a continuous deformation of 12. In this deformation the 
time t shall run from 0 to 1 inclusive, and an arbitrary point p on 12 shall be 
replaced at the time t by the point 

tp*{a) “ Up(ot) + (1 ~ /)^(«). 

We introduce the integral 


im - 



PM - p(0) 


sin 



2 

da d(3 


and show that a necessary and sufficient condition that A (p) be finite is that 
II(ip) be finite. It then follows readily that the space 12 is continuously 
deformable on itself into a point and is regular at infinity. 

To establish the weak upper-reducibility of A (\p) at <p f let Q e be the subset 
of Q on which | or — < e mod 2ir. We then set 


A(P) - AM) + A'M) 

im = hm) + /£(*) 


where A t (p) and H e (P) are obtained respectively from the integrals A(p) 
and H(p) by replacing the domain of integration Q by Q e . Referring to the 
deformation p*M of p(a) we set 

A(p') - «0) AM) - a(f 9 e) A'M) « a*(/. e) 

H(f) = h(l) IW) = h{t, e) HW) = h*(t, e). 

We then show that for a fixed e and bounded A (^) the functions 

a*{t,e) a,(t) — h,(t, e) 

tend to zero uniformly with respect to t as $ tends to <p. We also need the 
fact that for points ^ on a set of ft for which A (^) is bounded the ratio of 
AM) to HM) tends uniformly to 1 as e tends to 0. Upon noting the effect 
of A* on H(4/) and making use of the way in which the various functionals 
derived from Hit) approximate the corresponding functionals derived from 
A(f), we arrive at a proof of the weak upper-reducibility of A(f) at <p. 

A transformation <p(a) of 0 which defines a minimal surface will be termed 



Vol. 25, 1939 MA THEM A TICS: MORSE A ND TOMPKINS 


157 


differentially critical . We need to show that a homotopic critical point <p 
is a differential critical point. To that end let D{q) denote the Dirichlet 
integral defined by the representation #(«) of g. Suppose D(q) is finite and 
let X(a) be a function of a. of class C nt with period 2r. If is a sufficiently 
small positive constant and \e\ g the transformation p — a + e\(a) from 
« to jj, has a single-valued inverse, a = mQu, e) and the Dirichlet integral 
d(q, e) defined by the boundary curve 

Xi - e)], |c| < e 0 

has the form 

d(q t e) * D{q) + eS(q) + e*R(q } e). (3.2) 

Here S(q) is an integral depending continuously on g, while R(g t e) and 
R e {q f e) are in absolute value at most a constant multiple of D(q ). More¬ 
over the condition S(q) = 0 implies that the harmonic surface defined by q 
is minimal. We can regard the transformation p « a + e\(a) as defining 
a deformation of boundary values, e being the time. Making use of (3.2), 
it is then easy to show that a homotopic critical point is a differential 
critical point. Naturally the deformations which we have used above do 
not lead to transformations \p{a) which satisfy the three point condition, 
but upon making suitable conformal transformations of the disc r g 1, 
the three point condition is satisfied and all is well. 

All the conditions of the theory of §1 are fulfilled and the desired results 
about minimal surfaces can be read from the general theory. 

4. The Example .—This example will be given in the space of coordinates 
x t y, z. Consider the closed curve composed of the following four arcs 
taken successively: 

x * e (z — a) 2 + y s « 1 z ft 0 

y = e (s + a) 2 + x 2 ~ 1 z g 0 

x = — e (z — a) 2 + y 2 =» 1 z ^ 0 

y « —e (z + a) 2 + y~ « 1 s ^ 0, 

where e and a are positive constants with a 2 = 1 — Let C t be a closed 
curve obtained by rounding off tlie comers of the above closed curve. If e 
is sufficiently small and the rounding off process is suitably made, it is easy 
to see that there exist two minimal surfaces of minimum type bounded by 
C(e). Moreover, these two surfaces do not define points of 12 in the same 
connected critical set. It follows from our theory that C{e) bounds at 
least one minimal surface of non-minimum type. 

1 Douglas, "Solution of the Problem of Plateau," Trans. Amer. Math, Soc., 53, 203- 
321 (1931). See also “Minimal surfaces of higher topological structure," Ann, Math., 40 , 
205-298 (1939). 

* Rad6, "On the Problem of Plateau," Ergebnisse der Math., 2, No. 2 (1933). 
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3 McShane, “Parametrizations of Saddle Surfaces with Application to the Problem of 
Plateau/ 1 Trans, Anter. Math , Soc,, 35, 710-78.3 (1938). 

4 Courant, “Plateau's Problem and D inch let’s Principle,” Ann, Math., 38, 079-724 


(1937) 

1 Shiftman, “The Plateau Problem for Minimal Surfaces Which Are Not Relative 
Minima/’ Bull . Amer, Math. Soc., 44, 037 (1938). 

6 Morse, “Functional Topology and Abstract Variational Theory,” Memorial des sci¬ 
ences mathimatiques (1939), Gauthier-Villars, Paris. 


ADDITIVE SET FUNCTIONS ON GROUPS 

By S. Bochner 

Department or Mathematics, Princkton University 
Communicated January 24, 1939 

1. We consider on an arbitrary set G a family X of subsets { E } with the 
properties 

1) X contains the empty set 0; if EtX , then G — EeX 

2) if Ei, E$eX, then EcE#X and E t + E^tX, 

and a Jordan volume vE with the properties 

3) 0 £ vE <; 1, vO - 0, vG = 1 

4) if E r E* = 0, then v(E x + EI) = vE x + vl 5*. 

We do not assume that X is completely additive, or that vE is completely 
additive relative to A". The class of point functions f{x) which are Rie- 
mann integrable relative to vE will be denoted by R, the integral oif(x) over 
any set E will be denoted by J*f{x)dv and the (incomplete) Banach space of 

E 

functions f{x) with the norm 

ii/n, = (/ 

2. Many properties of (finitely) additive set functions of bounded varia¬ 
tion which are usually proven under assumptions of complete additivity 
can be established for our general case. It can be shown that in the Ban¬ 
ach space AC of absolutely continuous set functions F(E) with the varia¬ 
tion as norm, the finitely valued functions are dense. In other words, the 
space AC is not greater than, but equal to, the Banach closure of the space 
Jf?i. The same is true of the Banach spaces V pf p > 1, of the set functions 
F(E) with the norm 

11*11, = sup (£\F(E tl )\*-\vE\ 1 -< > y >t ', 


f(*) I'*) 


l IP 


will be denoted by R pt p £: 1. 
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Et+.. . = G. In other words V p is equal to the closure of R pi p > 1. 

These theorems are a generalization of the theory of 0. Nikodym. 1 

3. Another peculiar feature is the possibility of constructing the Jordan 
volume from the Riemann integral. The precise statement is as follows: 

Let C be a class of bounded functons \f(x )} on G and let M x f(x) be a 
number which is defined for all f(x), and let the following properties hold. 
1) C contains the function f(x) = 1, 2) if /i, fi*C and c u o t are numbers, 
then fi foeC, C\ f\ + /^tC, 3) if /eC, then ftC, and if / is real, then | / \eC, 

4) M % 1 = 1, 5) + aft) - CiM g f } + aM x ft and 6) M x f(x) ^ 0 

if f{x) £ 0. 

Then there exists a Jordan field A and a volume vE t such that C belongs 
to R and 


MJ(x) = fj{x)dv. 

G 

Also the class C is dense in each R pt p ^ l. 2 

4. If G is a group, and C consists of almost periodic functions on it, 3 it 

is appropriate to assume that C is group invariant, that is if f(x)tC and 
aeG t then f(x~~ l ),f(xa),f(ax)€C. The generated field X and the volume vE 
are also group invariant. In this case if {^ a (x)} is an orthogonal system in 
C consisting of representation coefficients and if is complete in C 

it is also complete in AC. Thus any set function F(E)tAC is uniquely de¬ 
termined by its Fourier expansion 

(*) EUW, C a - fZ(x)dF t 

CM G 

the latter integral being a Riemann-Stieltjes integral of the usual kind. 

In particular, a series (*) is the Fourier series of a function F(E) from 
F 2 , if and only if ^|C a | 2 < » (Riesz-Fischer theorem). This is a partial 
generalization of the theory of A. S. Besicovitch to almost periodic function 
on general groups. 4 

5. We finally consider the space V c of set functions F(E) with the norm 

\\F\\ - sup | ff(x)dF\. 

f*C G 

This leads to the following uniqueness theorem . 

If an element F{E) from V c is right invariant, that is if F(Ea) is inde¬ 
pendent of a (or if it is left invariant), then there exists a constant X such 
that F(E) = \'vE for EtX. 

Furthermore, calling a function F(E) from V c absolutely continuous if 
it is the limit in norm of functions $(E) which are indefinite integrals of 
point functions, that is 

(E) =* fip(x)dv t 

E 
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then the following theorem holds. A function F{E)tV c is absolutely con¬ 
tinuous if the function F(Ea) from G to V c is almost periodic.* This 
generalizes a theorem of A. Plessner for functions in one variable. 6 

6. These theorems have applications to functions of one variable which 
will be presented in another publication. 

1 "Sur une generalisation des integrates de M. J. Radon/* Fundanh Math., 15,131-179 
(1930). 

* This theorem was suggested by J. v. Neumann’s construction of the Haar measure on 
compact groups, in Compositio Mathematica, 1, 106-114 (1934). 

* von Neumann, J,, “Almost Periodic Functions in a Group,” Tram. Atner. Math. Soc. t 
36, 446-491 (1934). 

4 Almost Periodic Functions, Cambridge, 1932, Chapter II. 

6 S. Bochner and J. v. Neumann, “Almost Periodic Functions in Groups/’ Trans. 
Amer. Math. Soc., 37, 21-60 (1936). 

® A. Plessner, “Eine Kennzeichntmg der totalstetigen Functioned” CreUe Jour., 160, 
26-32 (1929). 
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THE OCCURRENCE OF PARTHENOGENETIC DIPLOIDS IN 

TETRAPLOID MAIZE 1 

By L. F. Randolph and Harold E. Fischer 

Division of Cereal Crops and Diseases, Bureau of Plant Industry, U. S. Depart¬ 
ment of Agriculture, and Cornell University Agricultural Experiment Station 

Communicated March 16, 1930 

Chromosome doubling within species and varieties of plants has con¬ 
tributed extensively to the origin of stable new forms among both culti¬ 
vated and wild species. But the reverse process involving a reduction in 
chromosome numbers comparable to the reduction which occurs in the 
origination of parthenogenetic haploids from diploids is unknown among 
autopolyploids, with the possible exception of a case reported by Hakans- 
son in Oenothera.’ Evidence that this reverse process may occur is avail¬ 
able from the results of intercrosses between intraspecific tetraploid and 
diploid races in which the tetraploid was the seed parent. Belling and 
Blakeslee’ obtained diploids as well as triploids in a cross of this kind in 
Datura, and Gairdner and Darlington 4 noted the occurrence of a diploid 
plant from a similar cross in Campanula persicifolia. In experiments with 
tetraploid maize extending over a period of years diploid individuals have 
been noted at infrequent intervals in the progenies of tetraploid plants, but 
the possibility was not excluded that these were due to admixtures of dip¬ 
loid seed at planting time or to contaminations of some other sort. 

Last year in experiments with tetraploid maize designed primarily to 
determine their frequency of occurrence 23 parthenogenetic maternal dip¬ 
loids were (discovered among 17,165 individuals and their identity as such 
was definitely established by genetic tests and by direct cytological ex¬ 
amination. Crosses were made between tetraploid stocks in which genes 
for recessive endosperm and seedling characters were contributed by the 
seed parent and their dominant alleles were contributed by the pollen 
parent Any parthenogenetic maternal individuals originating pseudo- 
gamously from such crosses would exhibit the recessive characters of the 
seed parent and wolud therefore be readily distinguishable from the hybrids 
which would exhibit the dominant characteristics contributed by the pollen 
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parent. An attempt was not made to plan these crosses to aid in the 
identification of paternal as well as maternal parthenogenetic diploids, by 
introducing genetically unlike recessive seedling genes in both parent 
stocks. 

Data were obtained from four different crosses, in each of which the seed 
parent was a green plant (Ax b pi r*) with colorless aleurone (t*) and white 
endosperm ( yi ). In the first cross sugary endosperm (sui) also was in¬ 
volved. 8 The pollen parent of the first two crosses had purple plant color 
(A\ B PI) colored aleurone (i?) and starchy (Sux) yellow (Fi) endosperm. 
The pollen parent of the third cross was a dilute sun-red plant (A b pi r r ) 
with yellow endosperm (Fi), and that of the fourth cross was a sun-red 
plant (A B pi r r ) with yellow endosperm (Fi). The genotype of each of the 
crosses and the number of parthenogenetic maternal diploids and hybrid 
tetraploids obtained from each were as follows: 


(1) 

Ai h pi t* sui yi X A\ B PI R 8 Sux Yt 

MAT. 2N 

3 

4h 

904 

(2) 

AxbplSyxX AtBPIR* Y x 

2 

530 

(3) 

Ai b plr 9 yi X At b pi r r Yi 

17 

15,615 

(4) 

Aibplr'ytX AiBplF K, 

1 

93 



23 

17,142 


The first, second and fourth crosses were from hand-pollinated ears; the 
third cross was produced in an isolated plot, the seed parent being detas- 
seled before pollen was shed. The F\ populations were grown exclusively 
from seeds with hybrid endosperm, i.e., seeds exhibiting the dominant endo- 
sperm characters of the pollen parent 

The 23 individuals classed as maternal diploids were with respect to the 
contrasting characters contributed to the cross by the parent stocks geno¬ 
typically like the tetraploid seed parent; they lacked anthocyanin color as 
seedlings and mature plants, and when selfed or crossed with appropriate 
tester stocks, exhibited the recessive endosperm and aleurone characters of 
the seed parent. The reduced size of their stomata and pollen indicated 
that they were diploid. They produced abundant good pollen, were 
highly self-fertile, crossed readily with other diploids and like diploids were 
highly cross-sterile with tetraploids. 

Among 20 of the 23 exceptional plants in which accurate chromosome 
counts were made there were 15 plants with 20 chromosomes, 1 with 21 
chromosomes, 3 with 22 chromosomes and 1 with 24 chromosomes. Since 
in tetraploid maize aberrant individuals with one or a few chromosomes 
more or less than the typical number 40 occur not infrequently, 6 it was 
anticipated that numbers greater than 20 would appear in some of the ma¬ 
ternal diploids. These aberrant extra-chromosome plants furnish a readily 
available source of trisomie stocks, which would be especially favorable for a 
study of the phenotypic characteristics of the different trisomics provided 
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they originate from uniform inbred tetraploid stocks. They also furnish 
direct evidence of the frequency with which normal 20-chromosome gametes 
and functional extra-chromosome gametes are produced by the ovules of 
tetraploid plants. 

In general the parthenogenetic maize diploids resembled in appearance 
and breeding behavior the diploid stocks from which their maternal tetra¬ 
ploid parents were derived. But a critical study of these relationships has 
not yet been made. 

It is anticipated that these maternal diploids will provide valuable ma¬ 
terial for a new approach to the study of the cytogenetic, physiological and 
morphological consequence of direct chromosome doubling. It has been 
suggested by various workers that certain of the characteristics which dis¬ 
tinguish autotetraploids from their parental diploids may have resulted 
from genotypic changes induced by chromosome doubling and are not due 
merely to the presence of the doubled number of chromosomes. This 
problem and others like it can be attacked by comparing maternal diploids 
extracted from autotetraploid stocks with the tetraploid parent and with 
the original diploid stock from which the tetraploid originated. 

The occurrence of fertile parthenogenetic diploids in populations of auto¬ 
tetraploid plants is highly significant from the evolutionary standpoint, 
since these diploids are capable of establishing new races with the reduced 
chromosome number. Admixture with the parental tetraploid does not 
occur to any appreciable extent and seed is produced abundantly by the 
diploid from its own pollen to the exclusion of that from the tetraploid 
parent, according to the results of mixed pollen experiments with maize.® 
Equal significance cannot be attached to the occurrence of parthenogenetic 
diploids among allotetraploids which are of hybrid origin, because they are 
sterile. 7 

It would be inappropriate to discuss here the various conditions under 
which new species and horticultural varieties of plants originate by chromo¬ 
some doubling or by the reverse process of halving the number of chromo¬ 
somes. However, as a result of the discovery of fertile parthenogenetic 
diploids in the progeny of autotetraploid maize, the conclusion is inescap¬ 
able that the evolutionary trend among autopolyploids is not necessarily 
unidirectional, the forms with low numbers being always primitive and 
those with high numbers being always derived from them as has been 
generally believed. It is now apparent that the trend may be in either 
direction* Polyploids which have arisen by direct chromosome doubling 
may in turn give rise to new forms with lower chromosome numbers. Ma¬ 
ternal diploids occurred in tetraploid maize with a frequency in the ratio of 
approximately 1:760. If parthenogenetic diploids occurred with a similar 
frequency among autotetraploids generally there would be ample oppor¬ 
tunity for new diploid races to originate from them. 
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1 These experiments were aided by a grant to the senior author by the Committee on 
Effects of Radiation upon Living Organisms of the National Research Council. 

* Hakausson (Hcreditas 5, 93-90 (1924)) discovered a 14-chromosome plant in the 
progeny of Oenothera gigantea, which was thought to have originated from the union of 7- 
ehromosome gametes. But it is passible that the plant was a parthenogenetie diploid. 

* Belling, John, and Blakeslee, A. F., Amer. Nat., 58, f)lMU(1924). 

4 Gairdner, A. E., and Darlington, C. D., Genetica, 13, 113-150 (1931). 

4 For an explanation of the gene symbols and a description of the characters referred 
to in this paper see Emerson, R. A., Beadle, G. W., and Fraser, A. C., Cornell Unit), Agr 
Expt. Sta. Memoir , 180 (1935). 

* Randolph, L. F,, Journ. Agr. Res., 50,591-605 (1935). 

7 The "haploid” derivatives of Aegilotricum are typical examples; cf. Katayama, Y., 
Jap. Journ. Bat., 7, 349-380 (1935). 


Appendix. —Since this article was submitted for publication the current 
number of Hereditas was received, in which there was a paper by Heribert 
Nilsson {Hereditas, 25, 1-8 (1939)) describing diploid derivatives of 
Oenothera gigantea , an autotctraploid form of Oe. Lamarckiana (cf. foot¬ 
note 2). These derived diploids definitely exhibited certain characteristics 
of Oe. gigantea as well as certain characteristics of Oe. Lamarckiana and 
for this reason were appropriately designated Oe. diplo-gigantea. 


THE SYNTHESIS AND DESTRUCTION OF VITAMIN B x BY 

PHYCOMYCES 

By James Bonner and Edwin R. Buchman 

William G. Kerckhohf Laboratories of the Biological Sciences, and Gates and 
Crkllin Laboratories of Chemistry, California Institute of Technology 

Communicated March 14, 1939 

* 

In an earlier communication 1 data relative to the in vivo synthesis of 
vitamin B* by the isolated pea root have been presented. For a fuller 
understanding of the physiological economy of the vitamin, some insight 
also into the modes of disappearance of the substance is indispensable. 
The accumulated evidence now permits us to present a picture both of in 
vivo synthesis of the vitamin by Phycomyces Blakesleeanus and of a mecha¬ 
nism by which the vitamin molecule is broken down by the latter organism. 

The experimental techniques were similar to those described in earlier 
communications. l * 2 Stock cultures of Phycomyces Blakesleeanus and of 
Phytophthora cinnamomi were maintained on malt agar. The experimental 
cultures were, in all cases, made up with 10 cc. of medium (MgS0 4 .7H a O. 
0,& gm.; KH*P0 4 . .1.5 gm.; asparagin...4.0 gm.; dextrose.. .100 gmu; 
distilled water... 1 liter) to which was added the desired amount of vita- 
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min Bj or related substances. 8 The experimental media were then auto¬ 
claved for 15 minutes at 15 pounds pressure, and inoculated, in the case of 
Phycomyces, with equal volumes of a sterile spore suspension, or, in the case 
of Phytophthora , with small pieces of mycelium. All cultures unless other¬ 
wise noted were allowed to remain 10 days at 25°C., the mycelium then 
filtered off, dried and weighed. All experiments were carried out in 3~5 
fold replicate. 

The structure of vitamin Bx is shown below; the pyrimidine and thiazole 
portions of the molecule are also illustrated. 


CH, CH 2 CH a OH 

N=—C—NHt 
CH,—^ C—CHr- 

II f / XN C—s 

N-CH X H 

Vitamin Bi (Thiamin) 



N==»C-NHs 

CH,—i C—CH,X 

II II 

N-CH 

Vitamin 

pyrimidine 


S-C—CHfCHjOH 

h<!: I:—ch, 

S \ N / 

Vitamin 

thiazole 


It has been demonstrated repeatedly by various investigators 4 that Phy¬ 
comyces is able to utilize not only the vitamin itself as a growth factor, but 
also equally well an equimolecular mixture of the pyrimidine (X NH«, 
Br, OC*H 6 ) and thiazole fragments of the molecule. The Phycomyces 
assay determines then not only vitamin Bx but also any uncombined 
pyrimidine plus thiazole which may be present in equimolecular amount 
in the sample under investigation. 6 Phytophthora* on the other hand util¬ 
izes vitamin Bx as a growth factor but does not respond to a mixture of the 
two vitamin components. The Phytophthora assay, then, may be used for 
the determination of vitamin Bx to the exclusion of any uncombined pyrimi¬ 
dine plus thiazole. 

In the interpretation of experiments with Phycomyces , it has been as¬ 
sumed, but never demonstrated experimentally, that this organism syn¬ 
thesizes the vitamin from a mixture of vitamin pyrimidine and vitamin 
thiazole. That this is actually the case is shown by the following experi¬ 
ment. Phycomyces cultures supplied with an equimolecular mixture of 
pyrimidine (in all of the experiments reported in this paper, the 5-amino- 
methyl pyrimidine (R « NH») was used) and thiazole at different concen¬ 
trations were harvested after 5 or after 10 days, and the vitamin Bx in the 
medium and in the mycelium determined separately by the Phytophthora 
assay. From table 1 it may be seen that no significant amount of vitamin 



m 


PHYSIOLOGY: BONNER AND BUCHMAN Pkoc. N. A. S. 


Bj was found at the end of 10 days if the initial amount of pyrimidine and 
thiazole was low. If, however, larger amounts of these substances were 
added initially, considerable amounts of vitamin Bi were found at the end 
of the 10-day experimental period. It is also clear from table 1 that under 
certain conditions vitamin Bi is formed and subsequently disappears. 

TABLE 1 

Synthesis of Vitamin Bj from Pyrimidink-Thi azole Mixture by Phycomyces 

MG. DRY WEIGHT OP 

Phycomyces vitamin m present (mods X 10 11 ) 

GROWTH FACTOR SUPPLIED MYCELIUM AFTER IN MEDIUM IN MYCELIUM 


MOL8 X 10" 

5 DAYS 

10 DAYS 

5 DAYS 

10 DAYS 

5 DAYS 

10 DAYS 

Py -f Th* 10 

12 

15 

0.6 

0.6 

0.6 

0.0 

“ 100 

54 

76 

7.4 

1.2 

21 

3.1 

" 1000 

58 

96 

21 

34 

131 

370 


*py = vitamin pyrimidine; Th *** vitamin thiazole. 

In experiments of a similar type the course of this formation (from pyrimi¬ 
dine and thiazole) and disappearance of the vitamin was followed during 
a 10-day period. It was found that vitamin was synthesized rapidly after 
inoculation of the Phycomyces culture and that synthesis continued during 
active growth of the mycelium*. A rapid disappearance of the vitamin 
immediately after cessation of growth was observed, and in numerous 
experiments the vitamin was found to be virtually or completely absent 
after 10 days. The points to be stressed in the present connection are (1) 
that Phycomyces does synthesize vitamin from pyrimidine plus thiazole, and 
(2) that vitamin is destroyed by the resting mycelium. 

One might next inquire as to the fate of this vitamin which has disap¬ 
peared. Experiments were made in which Phycomyces was allowed to grow 
for 10 days upon medium containing either vitamin Bi (10~ 7 molar) or an 
equivalent mixture of vitamin pyrimidine and vitamin thiazole. At the 
end of 10 days both mycelium and medium from these cultures were as¬ 
sayed by Phytophlhora> by Phycomyces and by Phycomyces in the presence of 
excess vitamin thiazole. The difference in the values from these two 
Phycomyces assays should be a measure 7 of excess vitamin pyrimidine over 
vitamin thiazole in the sample under investigation. In the experiment in 
which vitamin Bj was added to the culture medium, the assay showed that, 
after 10 days, the vitamin had completely disappeared from both medium 
and mycelium. Practically no uncombined thiazole but a considerable 
quantity of free pyrimidine 8 was found both in the medium and in the 
Phycomyces mycelium. In fact, it was possible to account for, as free 
pyrimidine, more than half of the pyrimidine added initially as vitamin to 
the culture. A similar end result was obtained when Phycomyces was al¬ 
lowed to grow on the pyrimidine-thiazole mixture. 

Since vitamin Bi is broken down with resultant destruction of the thi- 
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azole portion, the free pyrimidine liberated should be available for com¬ 
bination with more thiazole. One would expect to find that the ratio of 
pyrimidine to thiazole optimal for supporting the growth of Phycomyces is 
not 1 to 1 (equimolecular) 4 * but rather that $ given number of mols of 
pyrimidine should suffice for a larger number of mols of thiazole. In 
numerous experiments it has been found that when the concentration of 


TABLE 2 


Vitamin Analogs as Sources of Pyrimidine 


GROWTH FACTOR SUPPLIED 
(ALL SUBSTANCES 10 MOLAR IN THE CULTURE 

medium) 

Py + Th 


CH, 


Py—N 

V 

V 

Br 



JIG. DRY WEIGHT OP MYCELIUM PER CULTURE 

80 


1 


•f Th 


70 


/ 


CH, CHOHCII, 

I I 


Py— 

/ L- 

Bt H 


I 

-S 


ft 


+ Th 


0 

75 


CH, CHsCHjOH 


CH,— 


t 


c- 

H 


! 

=c 

I 

-s 


o 


4 - Py 


CH, CH,CH 3 OH* 

— C—NH, 

I I / 

Cl—C C—CH,-NC I 

II I / V -4 

N-C—CH* I H 



+ Py 


* Kindly furnished by Professor A. R. Todd. 


0 

1 

0 

2 


pyrimidine is small (10“® molar) a ten times excess of thiazole will suffice 
for at least twice as much growth of mold as will a quantity of thiazole 
equivalent to the amount of pyrimidine used, whereas excess pyrimidine has 
no such pronounced effect. Similarly the addition of free thiazole to cul¬ 
tures containing vitamin Bi itself results in a like marked increase of 
growth over that obtained with vitamin alone. A pyrimidine molecule 
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may then be available more than once for combination with vitamin thia- 
zole. Thus the breakdown in vivo of the vitamin by Phycomyces appears 
to proceed by a mechanism which leaves the pyrimidine portion intact but 
which inactivates or destroys the thiazole half. 

This mechanism apparently applies also to the case of analogs of the 
vitamin. Table 2 shows two vitamin analogs made up of the pyrimidine 
and a thiazole which is an inactive analog of the vitamin thiazole. These 
vitamin analogs, although themselves inactive, serve as sources of vitamin 
pyrimidine if the correct vitamin thiazole is present. In contrast to this, two 
vitamin analogs which are quaternary salts of the vitamin thiazole, but in 
which the group joined to the thiazole possesses a structure other than that 

TABLE 3 

Destruction of Thiazole by Phycomyces Mycelium in the Presence of 

Pyrimidine 

GROWTH FACTOR ADDED (ALL SUBSTANCES 



10" 7 molar) at beginning of 

MO. DRY WRIGHT* 



PBRIOD 

PERIOD 

OF MYC8LXUM PER 

MYCELIUM EMPLOYED 



I 

II 

CULTURE 

Mycelium grown on Py 

i 

[ 0 


0 

9 

+ Tli (each 10 

A < 

1 Py 


0 

9 

molar) for 5 days. 


iTh 


0 

17 

Dry weight approx. 9 

i 

L Py + Th 

0 

78 

mg. 

i 

Py 

(for 1 day) 

Th 

74 


B < 

Py 

(for 6 days) 

Th 

74 

(pyrimidine containing) 

1 

1 Py 

(for 10 days) 

Th 

78 


1 

t Th 

(for 1 day) 

Py 

72 


Ci 

Th 

(for 5 days) 

Py 

26 


1 

' Th 

(for 10 days) 

Py 

18 


1 

[ 0 


0 

4 

Mycelium from control 

D i 

Th 


0 

4 

cultures one month 

1 

Py + Th 

0 

79 

old. 

E - 

i Py 

(for 6 days) 

Th 

76 

(pyrimidine free) 

[ Th 

(for 6 days) 

Py 

81 


•Weight taken 10 days after last addition of growth factor. 


of the vitamin pyrimidine, apparently cannot be utilized at all as sources of 
thiazole in the presence of vitamin pyrimidine. Thus it seems that analogs 
of the vitamin are also broken down in a manner such as to maV» the 
pyrimidine but not the thiazole portion of the molecule available for re¬ 
combination. 

Next we may consider the question of whether the mechanism of thiazole 
destruction involves a preliminary dissociation of vitamin into free thia¬ 
zole; that is, is it thiazole as such which is destroyed or *hin;mfr j n the 
form of a quaternary salt as in the vitamin ? The data of table 2 suggest the 
latter alternative and this view is strongly supported by the evidence pre¬ 
sented in table 3. Phycomyces mycelia were obtained (as indicted j n 
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the table) either by a method which permitted the retention of a small 
amount of pyrimidine or by a method which left the mycelium pyrimidine 
free. 9 Uncombined pyrimidine or thiazole was allowed to remain in con¬ 
tact with these raycelia for varying periods of time as indicated and then 
the complementary portion of the vitamin was introduced sterilely. It 
may be seen first (3A) that addition of excess pyrimidine alone exerted no 
influence on the further growth of the mycelium. The addition of thiazole 
to pyrimidine containing mycelium brought about a two-fold increase in 
mycelium dry weight. This is in accord with the fact noted above that a 
small amount of pyrimidine may suffice for a large amount of thiazole. 
Uncombined pyrimidine is not affected in its ability to support the growth 

TABLE 4 


Competition Experiments 




GROWTH FACTOR SUPPLIED 



HO, DRY 
WEIGHT OF 
HYCBLIUH 
PER 

CULTURE 

Py + Th (each 10' 

~ 7 molar) 

s—c- 

1 II 

HC C- 

-CHOHCH, 


60 

4 $ 

44 


-CH, 

(10“* molar) 

58 




s—c- 

f M 

-CH,CH,CHiOH 



44 

44 

4 * 

HC C—CH, 

v/ 

44 

60 




S -C—CH.CH.OH 

i ii 



44 

44 

+ NH,—C C—CH, 

v/ 

44 

17 




g Q 

-CH,CH,OH 



44 

44 

+ CH, 

r-d: dL- 

\ N / 

-CH, 

44 

10 


of Phycontyces even though the pyrimidine has been as many as 10 days in 
contact with mycelium (3B). We must then conclude that pyrimidine is 
not destroyed at an appreciable rate by resting Phycontyces . In marked 
contrast to this, thiazole is destroyed by contact with pyrimidine containing 
mycelium (3C) and has completely disappeared after 10 days, since addi¬ 
tion of pyrimidine after this time resulted in no more growth than if the 
pyrimidine were not added at all. On the other hand, destruction of the 
thiazole apparently does not proceed in the absence of pyrimidine (3D and 
3£). Thiazole remained quantitatively intact in these pyrimidine-free 
cultures even after 5 days of contact with mycelium, whereas in the py¬ 
rimidine containing cultures ca. 90% was destroyed after this time. Since 
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thiazole is destroyed by Phycomyces only when pyrimidine is present* we 
conclude that thiazole is destroyed primarily when it is combined in the 
form of vitamin. 10 

Further confirmation of this view and some additional insight into the 
mechanism by which the thiazole ring of the vitamin molecule is broken 
down is offered by competition 11 experiments. In these experiments 
Phycomyces was grown on a medium containing vitamin pyrimidine, vita¬ 
min thiazole and a large excess of inactive thiazole analog. 12 As may be 
seen in table 4, this large excess of added thiazole analog exerted no signifi¬ 
cant effect on the growth of the mold provided only that the analog in ques¬ 
tion was unsubstituted in the 2-position. If* however, the analog was 
substituted in the 2-position by CH$ or NHj, it exerted a marked depressant 
effect on the ability of the mixture to support the growth of Phycomyces . 
This depressant effect is not due to toxicity of the 2-substituted analogs. 
In accordance with the above views, we may suppose 13 that in the case of 2- 
unsubstituted thiazole analogs the corresponding inactive vitamin analog 
is synthesized in vivo but is again broken down, making the pyrimidine 
eventually available for combination with vitamin thiazole. In the case of 
2-substituted thiazoles, on the other hand, the corresponding (inactive) 
vitamin analog, once synthesized, is not readily broken down, so that 
pyrimidine, once so bound, is not available for future combination with 
vitamin thiazole. It may then be postulated that the breakdown of the 
quaternary thiazole is initiated by a rupture of the ring adjacent to the 2- 
position, and that the ring is stabilized by the presence of a 2-substituent. 

Summary .—Vitamin B x is synthesized from a mixture of vitamin py¬ 
rimidine and vitamin thiazole by Phycomyces . Subsequently the vitamin is 
broken down by the mycelium with destruction of thiazole and liberation of 
free pyrimidine. The thiazole portion is attacked presumably only when 
combined in the form of vitamin (as shown by the fact that its destruction 
takes place only in the presence of the pyrimidine half). Evidence is pre¬ 
sented indicating that the first step in the in vivo degradation of the thiamin 
molecule involves an opening of the quarternary thiazole ring adjacent to 
the 2-position. 

Acknowledgment .—The chemical portion of this work was made possible 
through a grant from the Research Corporation, for which the authors ex¬ 
press their gratitude. The biological testing was carried out with the aid 
of the Works Progress Administration, Official Project Number 665-07-3- 
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trated stock solutions so that the dilution of the culture medium was negligible. 
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* It is probable that, combined forms of the vitamin such as cocarboxylase are de¬ 
termined by Pkycomyces and by Phytophthora as well. This would not alter the argu¬ 
ments presented here. 

• Robbins, W. J., Proc. Nat. Acad . Set., 24, 53 (1938). 

7 The values for excess pyrimidine obtained in this way are somewhat too high due 
to the fact that pyrimidine in the presence of excess thiazole may react more than once. 
In the present experiments, however, this error is sufficiently small to be disregarded. 

8 The work of G. M. Hills (Biochem. Jour., 32, 383 (1938)) indicates that, also with 
Staphylococcus aureus , the in vivo destruction of thiazole takes place more rapidly than 
that of pyrimidine. 

8 That these mycelia were actually pyrimidine free is indicated by the fact that 
addition of thiazole promoted no further growth (see table 3D and compare 3A). 

10 Preliminary experiments with Phytophthora indicate that this organism (which can¬ 
not combine thiazole with pyrimidine) also destroys vitamin with liberation of pyrimi¬ 
dine but does not attack uncombined thiazole. 

11 See reference 1, page 433. 

11 The very slight vitamin thiazole activity of the hydroxypropyl thiazole analog 
(sec reference 2) may be neglected in evaluating the results of table 4. 

18 More direct evidence in support of this interpretation will be presented in a later 
communication. 


TEMPERA TURE AND THE CRITICAL INTENSITY FOR 
RESPONSE TO VISUAL-FLICKER. Ill . ON THE THEORY OF 
THE VISUAL RESPONSE CONTOUR , AND THE NATURE OF 

VISUAL DUPLEXITY 

By W. J. Crozier and E. Wolf 
Biological Laboratories, Harvard University 

Communicated March 7, 1939 

I. In most vertebrates, including man, there occur two chief types of 
retinal photoreceptors, rods and cones. Evidence of various kinds has been 
very generally held to support the doctrine that the duplexity of the visual 
performance functions as obtained from the majority of vertebrates tested, 
including man, is a direct consequence of the specific differences in the 
excitabilities of retinal rods and cones. 1 Experimental data show unequivo¬ 
cally that, for certain vertebrates, in the production of the duplex perform¬ 
ance contours there are indeed concerned the activities of two groups of 
sensory effects.* That the observable properties of the elements of sensorial 
effect in these 2 groups are determined by the quantitative differentiation 
of the primary receptors into two categories with respect to the photo¬ 
chemical basis of excitation 1, 1 —or indeed that the quantitative features 
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of the data are reiinally determined at all—is, however, much too large an 
assumption. 4 It can be most conveniently tested, at the moment, by means 
of observations on response to visual flicker. Considerations arising from 
the investigation of phenomena of intensity discrimination show that the 
relation of critical intensity to flash-frequency is of the same form as, for 
example, the relation of intensity to differential sensitivity (1/A/). The 
argument can therefor be generalized. 

The study of flicker-response contours from a considerable diversity of 
animals shows that the curves of F vs. log I m are properly described as 
probability integrals 6 (F = flash-frequency; l m *= mean flash intensity 
critical for response signifying discrimination of flashes from dark intervals). 
The data (1) are adequately described by this function, for both rod- and 
cone-retinas and those containing both, which (2) provides a tested dissec¬ 
tion of duplex response contours; and (3) the 3 parameters of this curve 
exhibit ascertained properties 6 expected on the assumptions leading to the 
use of this particular equation. 

That the general form of the F — log I m curve is the expression of a non¬ 
specific feature of the data is proved by the facts that (1) it applies to mea¬ 
surements with very different organisms; 5 (2) as well as for dynamically 
similar situations not involving visual excitation; 6 and in cases where 
(3) a different physical substratum must be assumed for the mechanism 
of excitability in the two parts of a duplex flicker-response contour. 7 

The dependence of the excitability mechanism upon temperature should 
ideally provide a means of analytically separating the r61e of certain ob¬ 
viously statistical factors from that of other, more simple physicochemical 
influences, in its quantitative expression. When the temperature of the 
organism is altered, 1 //« (F fixed) obeys the Arrhenius equation as a 
function of temperature. 8 The shape of the flicker contour is independent 
of temperature, for both “rod” and “cone” portions. This means that the 
excitability of each neural element involved rises as the temperature rises, 
so that the intensity 1 required for its excitation reciprocally declines. The 
frequency distribution of d log I for the magnitudes of the sensory effects 
produced is not changed in form. ' 

II. With the sunfish Enneacanthus we find 9 “rod” and “cone” branches 
of the F — log / curve which differ in shape constants. Yet the tempera¬ 
ture characteristics m for l/I m are identical for the two sections of the duplex 
curve. This is all the more impressive because the Arrhenius plots of 1 //* 
reveal for this animal a distinctly uncommon type of organization with re¬ 
spect to dependence on temperature. Consequently it cannot be held that 
the mechanisms of excitability responsible for these 2 parts of the F — log I 
curve are chemically different, or essentially different in chemical organi¬ 
zation. However, the attempt 10 to deduce the direct photochemical kinet¬ 
ics governing the excitability from the shapes of the components of the 
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F — log I graph (at one temperature and one light-time ratio in the flash- 
cycle has been shown 11, a to require quite different systems of reaction orders 
for the “rod" and 4 ‘cone’ ' segments. If the form of the F — log I graph is 
a purely statistical matter, this incongruity is naturally of no concern, nor 
even surprising; nor are the otherwise embarrassing facts that the shape of 
the curve is independent of temperature and that the dependences of its 
parameters upon temperature and upon light-time ratio are contrary to 
those required by a photostationary state formulation. 

III. The data have been ex¬ 
tended to embrace the proper- 10 

ties of the homologous putative 
“cone”- and ‘Tod’'-determined os 

branches of the curves for dif- 

o.o 

ferent vertebrates. Teleosts of 
the genera Xiphophorus (J\T. » is 

sword-tail) and Platypoecilus 
(P., platy) are sufficiently alike ^ 
in a general chemical sense so 
that they can produce fertile 
offspring when cross-bred. Their 
respective F — log I m curves are 
quite unlike, 12 The nearest ap¬ 



proach to a photostationary 
state description 12 ^ * of the “rod’' 
curves requires for X. and P. a 
second order “dark” reaction, 
but a first order “light” process 
for X . and a second order for 
P.; with the “cone” segments 
the light processes for both are 
required to be taken as of first 
order, but the dark reaction for 
X . has to be second order, for 
P. first order. The X . and P. 
curves differ 12 in maximum or- 


FIGURE 1 

Log (1 /I m ) vs. 1/To*. for the “cone” 
(upper) and “rod” (lower) sections of the F— 
log I m contour of Xiphophorus montezuma (X.) 
and Platypoecilius maculatus ( P .). For X,, 
F m 25 and F - 4; for P., F - 25 and F « 
2.5 (see text). Bach plotted point is the mean 
of 15 measurements, 3 on each of the same 5 
individuals (independent series are given as 
open circlets). The slopes of the lines drawn 
give, in descending order, values of u, in In 
(k/I m ) - -v/RT. which are 12,550; 12,430; 

12,450; 12,700; the differences in these values 
are without significance. The relative varia¬ 
tion of l m is characteristically greater for P. 


dinates, abscissae of inflection and a'i 0! j. That 2 distinct and separable 
assemblages of elements are concerned is proved by their independent be¬ 
havior in inheritance. 1 * 


Determinations of 1// have been made with J?. and P. at a number of 
temperatures for {1) a flash-frequency in the "cone” region, uncomplicated 
by the "rod" effect (F «■ 25/sec.), and (2) in the purely “rod" part of the 
flicker recognition contour (for X., F =* 4; for P., F «■ 2.5). The data 1 * 
are plotted in figure 1. 
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As with Enneacanthus m for the “rod” and “cone” segments is the same 
for both X . and P. It is of particular interest that for these animals the 
Arrhenius plot exhibits no “break,” so that a single n describes the data over 
the whole workable range (12.5° to 36°C.), 

IV. The temperature characteristics for \/I m in various kinds of ani¬ 
mals 8 are very different. This is in keeping with the fact that turtle, 
dragon fly nymph, sun fish and swordtail clearly are in a chemical sense un¬ 
related systems. Swordtail X. and platy P. must be assumed more nearly 
alike. The forms of the F— log I curves for these various animals are very 
definitely specific. Consequently it could not be decided with the data on 
such animals as, for example, turtle and sunfish, whether the differences in 
shape constants are really to be correlated with differences in the chemical 
kinetics of excitability. 

But with swordtail and platy this question can be answered. The F— 
log 1 curves differ in every measurable feature. That they are determined 
by physical realities of organization in the two forms is proved (1) by the 
fact of reproducibility, (2) by the quantitative consistency of performance 
in various species and varieties of each genus 2 and especially (3) by the 
behavior of the shape constants in breeding experiments. 12 The essential 
identity of ju (Fig. 1) for A. and P., however, forbids the assumption that 
the processes governing the respective excitabilities are kinetically different. 

V. The necessary conclusion is that the chemical kinetics of excitation 
cannot be deduced from the shape of the performance curve as a function 
of intensity. The form of the curve is a statistical consequence of the fact 
that a kinetically homogeneous population of excitable units with thresh¬ 
olds forming a frequency distribution of d( 1 /I) gives rise to a population 
of mean sensory effects which is normally distributed in terms of log /. 
The specific invariant shape parameters of this distribution have no ob¬ 
servable connection with peripheral reaction velocities implicated in ex¬ 
citability. Rise of temperature merely lowers the intensity threshold for 
each of the excitable units, which are a homogeneous group with respect to 
chemical organization. Change of temperature does not alter the total 
number of units of sensory effect, and does not change the shape of their 
frequency distribution. 

Duplexity of visual performance contours in vertebrates is due to dif¬ 
ferences in the statistical properties of 2 sets of elements of neural effect, 
and to differences in their mean excitabilities. These differences do not 
involve a differentiation of organization with respect to chemical reaction 
kinetics underlying excitability. They are readily understood as due to 
differences in total numbers of elements and the presence of different 
amounts of catalyst in the excitability process; or even as a physical con¬ 
sequence of the presence of a photic sensitizer in connection with one group 
of elements. The reaction velocity governing excitability shows by its 
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different temperature characteristics in various animals, and by its identity 
of fi for the two sets of elements of sensory effect (“rod” and “cone”) in 
any one animal, that the controlling chemical processes in the two sets 
cannot be assumed to be kinetically different. 14 

The behavior of hybrids of X. and P. gives additional evidence on this 
matter. 

I For an able summary of data and deductions from this standpoint, cf. Heeht, S., 
Physiol. Rev., 17, 239 (1937). 

* Crozier, W. J., Wolf, E., and Zerrahn-Wolf, G., Jour . Gen. Physiol 21, 17 (1937- 

1938) ; Ibid., 22, 311 (1938-1939); Proc. Nat . Acad . Set., 23, 516 (1937); Ibid., 24, 221 
(1938); Crozier, W. J. t and Wolf, E., Ibid., 24, 542 (1938); Jour. Gen, Physiol., 22 (in 
press) (Mar., 1939) (1938-1939); Crozier, W. J., Wolf, E. f and Zerrahn-Wolf, G., Proc. 
Nat. Acad. Set., 24, 125, 538 (1938); Jour. Gen. Physiol., 22 (in press) (May) (1938- 

1939) . 

* Heeht, S. ( Jour. Appl. Phys., 9, 156 (1938); The Harvey Lectures, 1937* 1938, 35 
(1938). 

* Crozier, W. j., and Wolf, E., Proc. Nat. Acad . Sci 24, 538 (1938); Jour. Gen. 
Physiol., 22 (in press) (May) (1938-1939); Crozier, W. J., Wolf, E., and Zerrahn-Wolf, 
G., Proc. Nat. Acad, Sci., 24, 125 (1938); Crozier, W. I.,Ibid., (in press) (1939); Crozier, 
W. J., and Holway, A. H„ Jour. Gen. Physiol ., 22, 351 (1938-1939). 

II Crozier, W. J., Proc. Nat. Acad. Sci., 23, 71 (1937); Crozier. W. J., Wolf, K., and 
Zerrahn-Wolf, G., Proc. Nat. Acad. Set., 23, 516 (1937); Ibid., 24, 216 (1938); Jour. 
Gen. Physiol., 22, 311 (1938-1939); Ibid, (in press); Crozier, W. J., and Wolf, E., Proc. 
Nat. Acad. Set., 24, 542 (1938). 

8 Jour. Gen. Physiol., 20, 393, 411 (1936-1937); Ibid., 22 (in press) (1938-1939); 
Ibid., 21, 223, 313, 463 (1937-1938). 

7 Jour. Gen. Physiol., 21, 17 (1937-1938); Ibid., 22, (in press) (March) (1938-1939); 
Proc. Nat. Acad. Sci., 23, 510 (1937); Ibid., 24, 542 (1938). 

8 Proc. Nat. Acad. Sci., 24, 216 (1938); Ibid., 25, (in press) (1939); Jour. Gen . 
Physiol., 22, 3U (in press) (1938-1939). 

Crozier, W. J., Proc. Nat. Acad. Set., 25, (in press) (1939); Crozier, W. J., and Wolf, 
E., Jour. Gen. Physiol 22, (in press) (March) (1938-1939). 

10 Heeht, S,, Shlaer, S,, and Smith, E. L., Cold Spr . Harb. Symposia Quant . Biol., 3, 
237 (1935). 

» Crozier, W. J., Wolf, E., Zerrahn-Wolf, G., Jour . Gen. Physiol., 20,393 (1936-1937). 
» Jour. Gen. Physiol., 21, 17 (1937-1938); Ibid., 22 (in press) (March) (1938 -1939); 
Proc. Nat. Acad. Sci., 23, 610 (1937); Ibid., 24, 221, 542 (1938). 

18 A more complete account of these observations will be given elsewhere. We are 
indebted to Hr. Gertrud Zerrahn-Wolf for assistance in the experiments. Thermo¬ 
static equipment was in part provided through a grant to one of us by the Trustees of 
the Elizabeth Thompson Science Fund, to whom our thanks arc due. 

14 It is to be noted that there are certain facts entirely consistent with the direct 
application of these considerations, which on the alternative view require the assistance 
of subsidiary hypotheses; thus photic adaptation of a retina may occur without de¬ 
tectable change in the rod visual purple (Granit, R., Jour. Physiol 94, 4*30 (1938)); 
and "rod” and “cone’ 1 visual thresholds during dark adaptation under modifications of 
vitamin A intake show changes which are essentially parallel (Haig, C., Heeht, S., and 
Fatek, A. J., Jr„ Set., 87, 534 (1938); Heeht, S., and Mandelbaum, J., Sci., 88, 219 
(1938); Wald, G„ Jeghers, H. ( and Arminio, J., Amer. Jour . Physiol 123, 732 (1938)). 
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SPECIFIC CONSTANTS FOR VISUAL EXCITATION. IV. ON 
THE NATURE OF GENETIC DIFFERENCES 

By W. J. Crozier and E. Wolf 

Biological Laboratories, Harvard University 
Communicated March 7, 1939 

I. The invariant organic properties denoted by various specific con¬ 
stants for visual excitation, 1 derived from measurements of visual perform¬ 
ance as a function of intensity, present certain opportunities for genetic 
analysis. 2 Genetic theory has developed in two rather distinct directions. 
In one, an abstract conceptual mechanism has been derived embracing 
laws describing the manner in which segregations of the determinants of 
heritable characteristics behave in breeding experiments. In the other, 
chromosomal structures have been identified which in minute detail parallel 
as to geometrical pattern and in segregating behavior the known distribu¬ 
tions of heritable features. The mathematical theory of breeding results 
is not necessarily dependent on the chromosomal localizations of point 
mutations, but the desire to unify these two groups of data has had certain 
consequences for genetic theory. It has led to attempts to obtain some 
notion of the means whereby in the course of development quite minute 
particles of chromosomal substance, in specific positions and in particular 
architectural relationships with a large number of others, are enabled to be 
responsible for definite and stable differences in observable features of the 
organism. 

Speculations of this order have not, however, really answered the question 
sometimes phrased in the form * 4 What is a gene?” One of the most im¬ 
portant reasons for this is that the label 4 ‘gene’* has been used for several 
different kinds of abstractions. In one sense it has been applied to those 
paired determining entities, differences between which are responsible for 
recognizable inherited differences. A theory of the nature of genetic 
differences does not in fact necessarily lead to or depend upon a conception 
of the intimate nature of the gene itself. The temptation has been in¬ 
sistent, however, to directly link those physicochemical properties which 
must be ascribed to the chromosomal gene with the mechanism controlling 
the observable characteristic for which it is taken to be responsible. Among 
the essential dynamical properties of the chromosomal gene are its catalytic 
capacity for specific propagation and the automatic regulation of this 
capacity. Translations of such properties into explanations for specific 
resultants in development, whether or not they involve obvious participa¬ 
tion of enzymes, is, however, faced with a serious theoretic difficulty. In 
many cases the genetically significant alternative properties of an organism 
cannot be described in terms of mere presence or absence with respect to 
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some prevalent standard. They are to be recognized as capacities for 
organic performance. As such they can be rationally described and mea¬ 
sured only in terms of their quantitative dependence upon significant in¬ 
dependent variables. 8 A sufficient variety of such instances has been 
established empirically* “ 4 to justify expectation that many others of the 
same formal type will in time be found. The difficulty these cases present 
arises from the fact that in the expression of performance properties we 
have commonly to do with the simultaneous or integrative activities of 
groups of cellular units. The statistical properties of such assemblages 
unquestionably play a r6le in the quantitative features of performance. 
It is required to identify separately the share of such statistical properties. 
Until this is done theory cannot deal with those common features of chemi¬ 
cal organization which permit such cellular units to behave as a homogene¬ 
ous population in the control of a characteristic property known to be 
determined in a genetically simple way. 

II. This general problem is of a kind fundamental for many sorts of 
physiological analysis. It requires to be shown how an assemblage of 
units, differing statistically among themselves, can with respect to certain 
variables provide measures of performance which adhere to compara¬ 
tively simple physicochemical rules. It is sometimes supposed that this 
may come about because the variable contributions of each active element 
“average out” in a uniform way. But this involves so many assumptions 
as to amount to a mere evasion of the problem. 

The properties of flicker-response contours found in crosses of two teleost 
genera illustrate the nature of the problem in some detail. The essential 
points* are: (1) The form of the F — log l m curve for response to visual 
flicker differs in Xiphophorus and Platypoecilius in a number of quantita¬ 
tive features, just as do the corresponding curves for other genera. (2) 
In hybrids of X. and P, there is manifested a simple dominance of certain 
quantitative properties of the curves, since particular parameters of the 
curve for the hybrids agree precisely with those characteristic of one or the 
other parent stock. Analysis shows that the “rod" and "cone” portions 
of each of the duplex F — log I contours represent summations of neural ef¬ 
fects produced in or by two physically distinct populations of elements; 
each of them is in form a probability integral, with different values for 
their 3 parameters. 

The simplest approach to the mensuration of relevant kinetic chemical 
properties of such groups of elements is given by estimations of their ap¬ 
parent energies of activation for threshold excitation. It turns out that 
for Xiphophorus and Platypoecilius the temperature characteristics u for 
both "rod" and “cone” branches of the curves are the same.* Hence it 
cannot be assumed that the differing shapes of the F — log I contours are 
due to differences in the chemical organization of excitability, in either the 
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“rod' 3 and “cone" sets of elements or in the individuals of the 2 genera. 
The forms of the curves, their shape constants, are due to the operation of 
statistical attributes of the assemblage of organic units concerned, which 
measure the capacity for visual performance under the given conditions. 
Yet the specific shape constants are definitely heritable. 5 

III. In the Fi progeny of Xiphophorus X Playpoecilius the “rod" 
portion of the F — log 1 curve is intermediate 6 between those for X. and P. 
in its position on the log / scale, and in its value of F ma x . This, one sup- 



visual flicker (measured by 1 /I, with F constant) increases. For 
Xiphophorus and Plaiypoecilius 6 the increase is described by the Ar¬ 
rhenius equation, with m ** 12,400=*, between 12.5° and 35.6°. and 
fx is independent of the flash-frequency. For the F\ hybrids of X. 
and P. the same rule is obeyed, with the same value of (upper line, 
fi » 12,400; lower, m m 12,600). The upper curve refers to the 
"cone” segment of the F — log /contour (F » 26 per sec.), the lower 
to the "rod” part (F ■■ 3). The shape constants for the "cones” 
and "rod” segments differ markedly in X. and P. t and the other 
parameters as well. For F\ the shape constant (<r' l09 for the 
upper curve agrees with that for X., while for the lower (“rod”) 
part it agrees with that for P, 

poses, could be taken as an instance of “blending." But its shape con¬ 
stant is that for P., and ju for 1/1 (with F fixed) is the same as for X . and 
P. (Fig. 1). The “cone" portion of the graph for Pi has quantitatively 5 
the form of that for X, although situated at a higher level on the log 1 
axis; as figure 1 shows, m is again the same. 

IV. These results appear to demonstrate that statistical features of 
organization cau be heritable, without the occurrence of admissable dif¬ 
ferences of chemical organization, as a determinant of the observed genetic 
difference. By “statistical features" we here refer, of course, to those 
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properties of the units in a set or group which arise from the form of the 
random distribution and the random variation of capacities to contribute 
to the determination of the observed and measured result. The mere 
positions of the parts of the F — log I curve on the log I axis could be ac- 
counted for in terms of various average amounts of substance involved in 
the excitation process, but it is not these positions on the coordinate grid 
which provide interpretable indices of hereditary transmission of the visual 
performance functions. Such indices are given by the shape parameters, 
which are statistical properties. 

If this situation were to be examined after the procedure customary in 
breeding experiments, we could seek to compare X., P. and Fi under a 
certain uniform condition. Suppose that a particular value of F were 
chosen. Above F ~ 40 response to flicker could be obtained* from P., 
but not from X. or Fi (without increase of the dark time ratio in the flash 
cycle). At a somewhat lower F the X. and P. curves cross, and the criti¬ 
cal intensity for F\ is higher than for either. A variety of other relation¬ 
ships would appear if other values of For I were to be taken as the standard 
experimental condition. Only on the basis of the entire function can the 
relations between the performance curves for X P. and Pj really be seen 
or interpreted theoretically. The formal point is not new, 8 but the present 
instance of its usefulness seems to provide a basis for interesting extensions 
of its application. 7 

1 Proc. Nat. Acad. Sci., 23 , 516 (1937); 24 , 221 (1938); 24 , 542 (1938); Jour. Gen, 
Physiol. , 21 , 17 (1937); (in press) (1939). 

4 Proc. Nat. Acad. Set., 23 , 516 (1937); 25 (in press) (1939); Jour . Gen . Physiol., 21 , 
17 (1937); (in press) (1939). 

3 Proc. Nat. Acad. Set., 12 , 612 (1926); Jour. Gen. Physiol., 13 , 57, 81 (1929); Proc. 
6th Intern, Congr . Gen., 2, 31; DSUrminisme et VariabililS, Paris, Hermann et Cie, 1935, 
57 pp. 

4 Jour. Gen. Physiol 15 , 437 (1932); 20 , 111 (1936); Pincus, G., Jour. Gen. Physiol., 
14, 421 (1931). 

« Jour . Gen. Physiol. , 21 , 17 (1937); (in press) (1939). 

• Proc . Nat. Acad. Sci., 25 (in press) (1939). 

7 A detailed account of the observations will be given elsewhere. 

For one of the thermostats used we are under obligation for a grant from the Trustees 
of the Elizabeth Thompson Science Fund. 
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A NOTE ON POLARITY POTENTIALS FROM THE HUMAN EYE 
By Donald B. Lindsley and Walter S. Hunter 
Emma Pendleton Bradley Home and Brown Universitv 
Communicated March 15, 1939 

Because of the renewed interest in the polarity potentials of the human 
eye, 1 - 2 ' 3 it seems worth while to insert in the literature records of such po¬ 
tentials secured by simultaneous multiple recording from four pairs of elec¬ 
trodes. The records here published support very conclusively the view 
that such potential differences arise from the polarity of the eye (negative 
in the back of the bulbus and positive in the front) rather than from the 
admitted activity of the extra-ocular muscles in turning the bulbus and in 
maintaining the resulting fixations. The records reveal muscle action 
potentials; but the great swings in potential do not arise from such a 
source. 

Small chlorided silver hat-like electrodes with an inside diameter of 5 mm, 
and resting on felt brims were attached to the surface of the skin by means 
of collodion. Contact with the skin was maintained by means of electrode 
jelly which was injected through a small hole in the dome of the electrode 
hat. The electrodes were placed as closely as possible to the eyes but over 
the stationary bony margins of the orbits. Four electrodes were placed 
about the right eye on the nasal, temporal, infra- and supra-orbital (above 
eyebrow) margins. In addition, an electrode was attached to the temporal 
margin of the left eye. Potential changes were recorded simultaneously 
from four paired combinations of the five electrodes as follows: (1) right 
temporal-right nasal (horizontal leads); (2) right infra-orbital and right 
supra-orbital (vertical leads); (8) right temporal-left temporal (temporal 
leads); and (4) right supra-orbital and right nasal (oblique leads). The 
method of bi-polar recording with none of the leads directly grounded was 
used. 

Four independent amplifying channels and a Westinghouse, type PA, 
four element oscillograph made possible the simultaneous recording from 
four pairs of electrodes. The amplifiers were of the push-pull type through¬ 
out and were coupled with 2 microfarad condensers and 0.5 megohm grid 
resistors which provided a time constant of the order of one second. Direct 
current potentials of the type dealt with in this study show therefore only 
an initial surge of the recording line with each eye movement and then a 
gradual drift back to the baseline. The magnitude of the potential change 
between any two electrodes with each sudden eye movement is represented 
by the initial deflection. (If one is interested in recording rapid eye move¬ 
ments as relatively discrete phenomena, it is perhaps better to use an am¬ 
plifier with a shorter time constant. Since 0.5 and 0.1 microfarad con- 



Vol. 25, 1939 


PSYCHOLOGY: LINDSLEY AND HUNTER 


181 


denser coupling values are interchangeable in our amplifiers by a simple 
switching arrangement, we have also used the shorter time constant values 
in other recordings not included in figure 1. In that case there was a 
quicker return of the recording line to the baseline after each eye move¬ 
ment than is the case in figure 1.) 

Figure 1 presents the relevant findings of the present study. The bot¬ 
tom line in each record gives time in seconds. The lines above show, re- 



FIQURB 1 


spectively, potentials from the (1) horizontal, (2) vertical, (3) temporal and 
(4) oblique leads. The insert at Record D is a key for all records. L and 
R stand for left and right eye, respectively. The arrows indicate the direc¬ 
tion of deflection of the recording lines where the potential differences of 
the various leads are of the order indicated by the plus and minus signs. 

In Record A, the subject fixated straight ahead in the horizontal plane 
(called center fixation), and then fixated four points in succession to the 
right, holding each fixation momentarily. Return to center fixation was 
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by the same four stages in reverse. Only the pair of vertical electrodes 
failed to pick up potential differences. Where the potential records are 
deflected upward, the electrode nearest the back of the eye is negative with 
respect to its corresponding electrode. Thus as the bulbus turns to the 
right, the nasal electrode is negative with respect to (a) the right temporal 
electrode and (b) the supra-orbital electrode. And the left temporal is 
negative with respect to the right temporal electrode. The vertical pair, 
however, being equally near the back of the eye, are unaffected. (As fixa¬ 
tion returns from extreme right to center, the polarity of the electrodes is 
necessarily reversed since, for example, the right temporal electrode is be¬ 
coming less positive in relation to the nasal electrode at each step back to 
center.) Particularly in the third lateral ward and the first medial ward 
fixation of this record, it will be noted that the recording is sufficiently sensi¬ 
tive to show the slight irregularities of fixation which occur. 

Record 3 was secured under the same conditions as Record A except that 
fixations were held longer and the return from extreme right to center fixa¬ 
tion was made in one quick eye movement. The latter part of Record B 
shows the effect of a blink of the eyelids. The potential differences here 
were picked up by the vertical atid oblique pairs of electrodes since they 
alone were so placed as to record such effects advantageously. 

Record C shows the results when the eyes fixated successively four points 
in the vertical meridian starting from center, going up and returning to 
center. Here only the vertical and oblique electrodes register potential 
changes. In each case it is either the lower or the nasal electrode which is 
negative with respect to the supra-orbital member of the pair. At the 
fourth (upward) fixation the record shows marked muscle action potentials 
from the vertical and oblique leads. These may be due to the action of the 
superior rectus and inferior oblique muscles in rotating the bulbus upward, 
but they are more probably due to the activity of the muscles of the eyelids 
(orbicularis oculi and levators). 

Record D shows the effects when fixation shifts from center down bv four 
successive stages and then returns quickly to center fixation. Again only 
the vertical and oblique leads reveal potential changes. And it is impor¬ 
tant to note, in harmony with the polarity of the eye, that these changes are 
represented by deflections in the opposite direction from those found in 
Record C where the bulbus turned upward. (The key at the beginning of 
Record D has been commented on above.) 

Record E shows slow swings in potential differences when the eyes turn 
slowly down and then back to center. Such slow steady movements were 
secured by having the subject fixate a slowly moving object. Again it is 
important to note that only the vertical and oblique electrode pairs are 
affected. 

Record F shows the result of the following procedure: fixate center, turn 
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eyes to first right fixation point, hold, return to center and hold, turn to 
first left fixation and hold, then return to center. The conditions for 
securing Record G were the same except that the shift of fixation was up, 
center, down and return to center. The potential changes are again en¬ 
tirely consistent with the polarity of the bulbus. (These recordings in F 
and G were made with lower amplification than were those in the other 
records.) 

In the records of figure 1 the calibration lines at the right on Record A 
represent 100 /w. This calibration also applies to Records B, C, D and E. 
The calibration lines on Record G apply also to Record F and represent 200 
ixv. The magnitude of the potential differences from individual changes in 
fixation, in the present study, range from about 40 to 400 microvolts, de¬ 
pending upon the extent of the eye movement. The potentials recorded 
are roughly proportional to the angular deviation of the pupil from center 
fixation. This holds for fixations along the vertical as well as along the 
horizontal meridian. 

Inasmuch as all of the records of figure 1 , as well as others not here in¬ 
cluded, show deflections consistent with the view that the back of the bulbus 
is negative with respect to the front and inasmuch as these deflections are of 
an entirely different character from the muscle action potentials which show 
in some of the records, figure 1 definitely supports the existence of an elec¬ 
trical polarity of the eye. Furthermore, unpublished observations by one 
of us, Lindsley, using direct recording of action potentials of the exposed 
human extraocular muscles indicate that such muscle potentials are of the 
typical rapidly fluctuating type. The magnitude of such potentials, even 
from the exposed muscles, is not so great as those here recorded from the 
margins of the orbit. Although such polarity effects as we here confirm 
have been termed corneo-rctinal potentials, 8 no satisfactory explanation of 
their origin has yet been established. In arriving at such an explanation, 
it is not unreasonable to suggest that correlations might be found with such 
work as that of Burge and his co-workers 4 on the potential differences be¬ 
tween the cortex and the sciatic nerve. 

1 Hoffman, A. C., Welman, B., and Carmichael, L., Jour. Exptl. Psychol. t 24, 40-53 
(1939). 

* Miles, W. R.. Proc. Nat . Acad. Set., 25,25-30 (1939). 

1 Mowrer, O. H., Ruch, T. C., and Miller, N. E., Arner . Jour. Physiol 114, 423-428 
(1936). 

4 Burge, W. E., Wickwire, G. C., Orth, O. S., Neild, H. W., and Elhardt, W. P., 
Amer, Jour. Physiol 116, 19-20 (1936). 
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LEAF GROWTH FACTORS II—THE ACTIVITY OF PURE 

SUBSTANCES IN LEAF GROWTH 

By David M. Bonner and A. J. Haagen-Smit 

William G. Kerckhoff Laboratories of the Biological Sciences, California 

Institute of Technology 

Communicated March 14, 1939 

It was shown by Went 7 that leaf growth in etiolated pea seedlings is 
primarily controlled by substances supplied from the cotyledons. Vein 
growth is controlled by auxin,* while growth of the mesophyll is indepen¬ 
dent of auxin, and it is the factors concerned in the growth of the latter 
which we will discuss in this paper. In a recent paper* a bio-assay for 
these factors was described in detail, as well as a variety of sources, and so 
will be discussed only briefly here. An outline of the leaf test is as follows: 
Circular discs ca. 19.5 mm. s in area are cut from young first foliage leaves of 
Raphanus . Twenty such discs are floated on the solutions to be tested, 
and allowed to grow on these solutions for 30 hours at 25°C. The total 
wet weight of all 20 sections from & single solution is then determined by 
direct weighing in a standard manner. All solutions to be tested are 
made up to contain 1% sucrose, and activities are compared to the growth 
of sections grown in 1% sucrose alone. The source from which a solution 
of standard activity (S. S. A.) is made is the pea diffusate described by 
K6gl and Haagen-Smit. 6 The present paper will discuss only the activity 
of various pure substances in increasing mesophyll growth. 

TABLE 1 

Activity op Amino Acids in the Leaf Test Using Raphanus Leaves As Test 
Objects. Activity on Basis of Growth in 1% Sucrose Solution Is Equal to 100 

CONCENTRATION BXPRBSSBD AB MO. Pfi* CC. OP 1% BUCROSK 


ACTIVR AMINO ACIDS 

0.5 

' 0.1 

SOLUTION 

0.02 

0.005 

Proline 

124 

114 

t 

107 

105 

Asparagine 

116 

112 

103 

101 

d-Valine 

112 

105 

103 

100 

Glutamic add 

toxic 

108 

102 

100 

Alanine 

J10 

100 

100 

100 

Leucine 

110 

100 

100 

100 


Amino acids tested between the concentrations of 0.5-0.005 mg. per one cc. of 1% 
sucrose solution and found to be inactive: 

Histidine, glycine, aspartic acid, arginine, citrullitte, serine, phenyl-alanine, cystine 
and beta-alanine. 

In table 1 are listed the amino acids that have been tested in the leaf 
test. When radish leaves are used as test objects asparagine and proline 
proved the most active. However, in the case of the amino acids it seems 
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likely that the species of plant from which the leaf is taken determines the 
amino acid requirements; thus when Nicotiana sylvestris is used as the test 
object arginine proved to be the most active, while with Raphanus leaves 
arginine was totally inactive. However, the growth obtained by the use of 
amino acids is never as great as that obtained for the S. S. A., nor are the 
amino acids active by themselves at high dilution. Table 2 lists a variety 

TABLE 2 

Substances Tested between the Concentrations of 0.5-0.005 mg. per cc. of 1% 
Sucrose Solution, and Found to Be Inactive in the Leaf Test Using Raphanus 

Leaves As Test Objects 

Vitamin B] 

Vitamin B a 
Vitamin B* 

Vitamin E 

2-methyl, 6-amino pyrimidine 
2-methyl, 6-hydroxy pyrimidine 
Thiazole of vitamin Bi 
Uracil 

of substances known to be active in different biological phenomena which 
have been tested in the leaf test. In every instance they have been found 
to be inactive with the exception of nicotinic acid amide which showed 
slight activity at a rather high concentration. Yeast nucleic acid was 
found to possess very definite activity. Upon testing of various crystalline 
purines, adenine proved to be active at the highest dilution, 20 gamma per 
liter, hypoxanthine had activity though at a somewhat higher concentra¬ 
tion, while guanine, xanthine, uric acid and caffeine had slight activity or 
were totally inactive (table 3). 


Nicotinic acid 

Nicotinic acid amide 

Indole (3) acetic acid 

Theelin I 

Inositol 

Biotin 

Boric acid 


TABLE 3 

Activities of Purines in the Leaf Test Using Raphanus Leaves as Test Objects. 
Activity on Basis of Growth in 1% Sucrose Solution Equal to 100 

CONCERTS ATlON ttXPMBASBD AS NO. FEE CC OF \% SUCH OAK SOLUTION 


PUHINR TSATBD 

0.5 

0.1 

0.06 

0.01 

0.005 

Adenine 

if* 

* . f 

118 

117 

113 

Hypoxanthine 

t » . 

109 

110 

104 

100 

Xanthine 

• > * 

115 

107 

100 

100 

Caffeine 

102 

112 

108 

100 

100 

Uric acid 

118 

108 

100 

100 

100 

Guanine 

100 

100 

100 

100 

100 


That adenine, or a related purine, is the only factor concerned in meso- 
phyll growth seems unlikely not only from chemical studies of the pea 
diffusate to be reported later, but also from the fact that in only one or two 
instances was the amount of growth obtainable from leaf sections in adenine 
plus 1% sucrose as great as that obtainable from the S. S. A. This means, 
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as shown in table 4, that the amount of growth at the optimum concentra¬ 
tion of adenine was not as great as that obtainable at the optimum concen¬ 
tration of the S. S. A. Due to this definite activity it was deemed of inter¬ 
est to test its activity in a variety of ways. 

The first type of experiment was that of culturing entire etiolated pea 
seedling leaves. Etiolated pea seedlings were germinated and grown 
sterilely in test tubes on nutrient agar. Ten days after germination the 
leaves, which were very small and curled, were cut off and transferred by 
sterile technique to 50 ce. Erlenmeyer flasks. The basic inorganic medium 
used was that used in the culture of pea roots, 4 20 cc. of medium being used 

per flask. The following series of cultures were used: A.water; B 

inorganic medium plus 1% sucrose; C—B plus 2 mg./l. of adenine; D—B 
plus 0.2 mg./l. of adenine; E—B plus 200 mg. dry weight of pea diffusate 
per liter. Ten flasks, with three leaves per flask, were used for each series. 
After five weeks, observations on the growth in the various solutions were 


TABLE 4 


Comparison of the Activities of Adenine and Pea Diffusate in the Leaf Test 
Using Rapkanus Leaves As Test Objects, with Comparison on Several Different 

Days 


Activity on Basis of Growth m 1 % Sucrose Solution Is Hqual to 100. 


DATE OF TBST 

November 6, 1938 
November 9, 1938 
November 12, 1938 
November 14, 1938 
December 1, 1938 
January 13, 1939 


ACTIVITY AT OFTl- 
MUM CONCENTRA¬ 
TION OF FKA 
DIFFUSATE 

125 

135 

113 

130 

118 

118 


ACTIVITY AT OPTI¬ 
MUM CONCENTRA¬ 
TION OF 
ADHNXNtt 

118 

125 

100 

no 

107 

108 


made. A concentration of 2 mg./l. of adenine proved inhibitory, while the 
growth of the leaves in the flasks to which adenine had been added at a con¬ 
centration of 0.2 mg./l. was greater than in the series with only inorganic 
medium plus sucrose, though in no instance was the growth as great as that 
in pea diffusate.* Thus in this test the behavior of adenine is similar to 
that in the leaf test. 

The effect of adenine upon the growth of isolated pea roots was also in¬ 
vestigated. 8 The method of culturing isolated roots has been reported in 
detail elsewhere, 4 so will not be described here. In the first six transfers 
the addition of adenine produced no increase in growth above that of roots 
growing on vitamin Bi and nicotinic acid. 1 After six transfers, i.e., after 
six weeks, adenine began to show some beneficial effect, this effect becoming 
greater with increase in number of transfers. Although one can conclude 
that adenine may be a growth factor for pea roots under our conditions of 
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culture, the effect produced is much smaller than that of other factors as 
vitamin Bi and nicotinic acid. 1 

The third type of experiment carried out with adenine was a determina¬ 
tion of its effect on Cosmos plants grown in the greenhouse in washed sand 
and supplied with nutrient solution under conditions similar to those of 
Bonner and Greene. 6,8 Shive’s nutrient solution was used, with adenine 
added to it in the concentrations of 0.5 mg./l., and 0.1 mg./L, each pot 
receiving 250 cc. of nutrient on alternate days. One pot was used for each 



figure i 

Leaves from plants grown with and without adenine. 

Control: leaves from Cosmos plants grown in washed sand and watered with Shive’s 
nutrient solution, five weeks after germination. 

Adenine: leaves from Cosmos plants grown under identical conditions but with the 
addition of 0.1 mg,/l. of adenine to the nutrient solution. 

of these concentrations, with two pots for controls, and similar series were 
run on both short and long photoperiods. No appreciable effect appeared 
during the first two to three weeks after germination. After three weeks 
the plants treated with 0.1 mg./l. of adenine became steadily larger than the 
controls with markedly larger leaves. A concentration of 0.5 mg./l. proved 
in this case to be inhibitory. The effect on size of the plants was much 
greater for plants on a long photoperiod, with the effect on leaf size being 
more pronounced in plants growing on a short photoperiod. Figure 1 
shows a comparison of leaf size between control plants and treated plants 
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(0.1 mg./l. of adenine) five weeks after germination. Each leaf was taken 
from a separate plant, the position of the leaf on the plant being in each 
case the same. Thus it appears that the addition of adenine to plants can 
under certain conditions bring about an increase in leaf area. 

Discussion .—From a study of the activity of pure substances in the leaf 
test, one general class of compounds appears to have activity, namely, the 
purines, with adenine possessing the highest activity of the purines tested. 
The naturally occurring purine active in leaf growth must await isolation 
and identification, this work being in progress. It should be emphasized 
that factors other than adenine, or any single purine, are involved in leaf 
growth, as was pointed out earlier in this paper. Therefore, it is not sur¬ 
prising that the growth of excised etiolated pea seedling leaves, as has been 
shown, is not very great. The leaves themselves have but little of these 
other factors, as shown by the large response to pea diffusate,* and the cul¬ 
ture conditions are such as to largely preclude their synthesis. They are 
not furnished with possibly essential amino acids, nor are the light condi¬ 
tions necessarily correct. However, when one gives an excess of one factor 
to a plant growing normally in a greenhouse, the conditions are consider¬ 
ably different. By increasing the growth rate of the leaves under normal 
conditions to an extent shown by adenine in the leaf test, the other neces¬ 
sary factors will be formed in greater amount, with the result that the 
growth rate of the leaves may be further increased. The increase in leaf 
surface can adequately account for the enhanced growth of the plant as a 
whole, not only by increasing carbohydrate synthesis but also by increasing 
phytohormone synthesis. For example, auxin, a stem growth hormone, is 
known to be produced in green leaves, so that its production may be in¬ 
creased. Vitamin Bj, a root growth hormone, is also known to be synthe¬ 
sized in green leaves. Thus the increase in leaf surface would indirectly 
cause increased stem and root growth, the resultant plant being normally 
proportioned, but of larger size and increased general vigor. 

1 Addicott, F. T., and Bonner, James, Science, 88,577 (1938). 

* Avery, G. S., Jr., Bull. TorreyBot. Club, 62,313 (1035). 

* Bonner, David M., Haagen-Smit, A. J., and Went, F. W., Bot . Gat. (in press). 

4 Bonner, James, and Addicott, F., Bot. Gat., 99,144 (1937). 

* Bonner, James, and Greene, J., Bot, Gat 100,228 (1938). 

* KflgI, F., and Haagen-Smit, A. J., Zeit. physiol . Chem,, 243, 209 (1936). 

T Went, F. W., Plant Physiol, 13, 85 (1938); Ibid., Am. Jour. Bot „ 25,44 (1938), 

* The authors are indebted to Dr. James Bonner for these experiments. 

9 The authors wish to thank Mr. L, E. Castle, Jr., for aid in the carrying out of the 
leaf tests. 

10 Report of work carried out with the aid of the Works Progress Administration 
Official Project Number 665-07-3-83, Work Project W-9809. 
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CENTR10LES AND CHROMOSOMES IN THE ATYPICAL 
SPERM A TOGENESIS OF VI VIP A RA 

By Arthur Waog Poluster 
Department op ZoGlogy, Columbia University 
Communicated March 9, 1939 

It has been shown that in many genera of prosobranchiate snails two 
types of sperms are produced. One of these, the typical or eupyrene, is 
normal in structure and development; in no way different from that charac¬ 
teristic of Mollusca in general. The other, the atypical, is usually larger, 
and is very abnormal; the number of axial filaments is increased and the 
chromatin is either absent (apyrene condition) or greatly reduced in 
amount (oligopyrene condition). In Vivipara (Paludina) the atypical 
spermatozoa are oligopyrene. The development of these was worked out 
in great detail by Meves, 1 1902, in V. vivipara . Considering the remarkable 
nature of his observations it is surprising that the work has attracted little 
general attention, being cited chiefly as an example of independent multi¬ 
plication of centrioles that supports the Henneguy-Lenhossdk hypothesis 
of the nature of the basal bodies of cilia. The fact that in all cases of 
atypical gasteropod spermatogenesis the increase in number of centrioles is 
accompanied by very abnormal meiotic behavior and the eventual dis¬ 
integration of a large number or all of the chromosomes has received little 
notice. The author is now studying atypical spermatogenesis in an un¬ 
identified species of Vivipara (not the same as that studied by Meves) with 
the object of comparing the behavior of centrioles with that of chromo¬ 
somes. The results to date confirm all the main features of Meves's ac¬ 
count, and they furthermore reveal a strikingly definite numerical relation¬ 
ship between centrioles and chromosomes, the possibility of which is vaguely 
suggested by Meves’s data. The phenomena are so remarkable and are 
of such general significance that the following brief note seems warranted in 
advance of publication of full details. 

In this species the diploid number of chromosomes is 18. During the 
growth period of the normal spermatocytes the usual polarized leptotene, 
zygotene and pachytene stages occur. Nine tetrads are seen at diakinesis 
and at metaphase of the first maturation division. 

The atypical spermatogenesis is shown schematically in figure 1. The 
atypical spermatocytes grow to several times as large as those of the normal 
line, the extra size being mostly in cytoplasmic volume. Slender leptotene- 
like threads may be identified, and these eventually condense to form com¬ 
pact chromosomes that assume a position at the nuclear periphery, like 
that characteristic of normal diakinesis. The chromosome threads are 
never polarized toward the idiozomal region; and there is nearly complete 
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absence of synapsis. The lack of synapsis is confirmed by the observation 
that at diakinesis there appear to be always a few more than IS chromo- 



A. DIAKINESIS 



E. EARLY ANAPHASE H 



B. ANAPHASE I 



* 

F. LATE ANAPHASE D 



C. EARLY TELOPHASE I 


G. LATE TELOPHASE I 




FIGURE 1 


Schematized figures of successive stages in atypical spermatogenesis of Vivipara. 
A-G are similarly oriented. H shows spermatids in position for accurate counts of 
centrioies (see table 1). Centrioles are solid black, chromosomes stippled, chondrio- 
somes (in E-H) are small circles. 


somes; counts showing up to 23. With the exception of one probable 
tetrad these are simple rods like the chromosomes that are seen in sper¬ 
matogonia (Fig. 1A). The presence of chromosomes in excess of the dip- 
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loid number is presumably due to precocious separation of some of the 
sister chromatids. 

In the early atypical spermatocytes two centriole-like bodies may be 
distinguished in the idiozomal region. Both these increase in size, and near 
the end of the growth period they are large spheres, over one micron in 
diameter, and exactly equal in size. At diakinesis (Fig. 1A) the spheres 
appear mulberry-like, as Meves described them; they are near the nucleus; 
and each is at the center of a small aster. The spheres are some distance 
apart though never at opposite poles of the nucleus. As the nuclear mem¬ 
brane breaks down for the first division the chromosomes draw together 
into a compact ball, into which a number of lines (spindle fibres?) extend 
from each of the spherical groups of granules, which from now on will be 
referred to as centrioles. There is no metaphase plate stage. The two 
groups of centrioles move to opposite poles of the cell, and the chromo¬ 
somes, most of them sticking together in several (4-8) clumps, accumulate 
near the centrioles (Fig. IB). To each centriole group one or two separate 
chromosomes, isolated from the clumps that include most of the chromo¬ 
somes, are connected by a definite, robust spindle fibre. Many fibres, 
however, extend from the centrioles in the general direction of the opposite 
pole without connecting with any chromosome or group of chromosomes. 
Just before cell constriction all of the chromosomes move away from the 
poles and the clumps break up into separate chromosomes. A preliminary 
small number of counts indicate that there are 34-3(1 chromosomes at this 
time. This is a close agreement with what is expected if one assumes that 
the separation of sister chromatids, apparently begun in diakinesis, has now 
been completed. The lower number agrees with expectation if the single 
tetrad noted at diakinesis has given rise not to four chromatids but to two 
dyads. In spite of these apparently rather disorderly mitotic phenomena 
each secondary spermatocyte receives very nearly the same number of 
chromosomes, and the cells formed by telophase constriction are about 
equal in size. 

In late anaphase or early telophase (Fig. 1C) the individual centrioles 
grow, the groups of centrioles loosen up somewhat and it can be determined 
that the number in each cluster is almost certainly 9. During telophase 
each chromosome independently develops into a vesicle, with the chromatin 
concentrated in a thick cap on one side. These vesicles grow considerably 
during the interphase. In late telophase (Fig. ID) each centriole group is 
located not far from the cell membrane, in a position asymmetrical with 
respect to both the spindle remnant and the plane of cell constriction, which 
has proceeded more rapidly from one side. At this time the number of 
centrioles is much greater than at earlier telophase; counts ranging from 14 
to 16 are common. Since this is a stage before which each centriole of a 
typical normal spermatocyte would have divided it seems likely that in 
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these atypical cells likewise each of the 9 centrioles noted slightly earlier 
has now divided, and that the full number of centrioles in each daughter 
cell at late telophase is actually 18. The fact that the group of centrioles 
is breaking up and the individual centrioles are becoming dispersed through¬ 
out the cell probably accounts for failure to locate the full number. Most 
of the centrioles presently take up positions on the inner surface of the cell 
membrane, where they are seen during the second division, and until 
spermiogenesis is under way. 

In the prophase of the second division the centrioles form two groups on 
the cell periphery, between 90 and 180 degrees apart. The large chromo¬ 
somal vesicles decrease in size, and fibres may be seen penetrating from 
each centriole group into the duster of these vesicles, which is in the ap¬ 
proximate center of the cell. Next, two single chromosomes simultane¬ 
ously leave the central mass, one migrating to each centriole group (Fig. 
IE). These two chromosomes are not vesicles but are as fully condensed 
as those of the first division, and they appear perfectly normal. They are 
much alike in size and shape, and it is very plausible to regard them as 
mates. The other chromosomes do not condense beyond the small vesicle 
stage. Although they move slightly nearer to one pole they never ap¬ 
proach it as closely as does the single chromosome that migrated earlier. 

Just before cell constriction develops, small granular chondriosotnes that 
were hitherto scattered throughout the cytoplasm become accumulated in 
the end of the cell opposite that where the chromosomal vesicles are 
located. 

In many of these second maturation division figures one may observe 
that the number of centrioles in the two groups is markedly unequal; and 
in later stages the chondriosomes are massed near the smaller centriole 
group, while the chromosomes are closer to the larger (Fig. IF). Cell con¬ 
striction produces two unequal spermatids. The larger contains the 
greater number of centrioles and all but one of the chromosomes; while in 
the smaller cell me a single chromosome, the smaller centriole group, and 
nearly all the chondriosomes (Fig. 1G). On account of this last fortunate 
circumstance, throughout spermiogenesis it is easy to positively identify 
the smaller spermatids, not only by their smaller size but because of the 
heavier stain in the cytoplasm. Spermiogenesis differs in no important 
feature from that described by Meves in V. vivipara , The small nucleus in 
each spermatid is formed by the single chromosome that behaved normally 
in the second maturation division. All the abnormal chromosomes soon 
disappear. All the centrioles function as blepharoplasts, each producing a 
single axial filament. 

The occurrence of the unequal second maturation division adequately 
accounts for the fact noted by Morita, 2 1932, that in Japanese species of 
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Vivipara there are two sizes of atypical spermatozoa, which are always 
present in ratio of 1:1. 4 

As the figures in table 1 indicate, the count of spermatid centrioles, 
which can be made with absolute certainty in cells that are favorably 
oriented (Fig. 1H), confirms the observation that the smaller spermatid is 
organized around the lesser number of centrioles, at least in 95% of the 
cases. The table is based on counts of 113 small cells and 128 large cells, 
being all those in which the number of centrioles could be determined in 
seven adjacent sections on one slide. 

TABLE 1 

Number of Centrioles in Small Spermatids 

Number of 

centrioles 3 4 5 6 7 8 9 

% of cells 3.6 5.3 17.7 21.2 27.4 19.5 5.3 

Number of Centrioles in Large Spermatids 

Number of 

centrioles 15 14 13 12 11 10 9 

% of cells 7.0 6.3 12.5 23.4 28.9 19,5 2.4 

If it be a.ssumed that the number of centrioles apportioned to each two 
sister spermatids, i.e., the number in each secondary apermatocyte, is 
constant which is probable from the previous history of the centrioles— 
then it is obvious that the data in table 1 agree best with the view that this 
constant secondary spermatocyte centriole number is 18. For conve¬ 
nience, in the table the complementary low and high numbers that add to¬ 
gether in pairs to equal 18, have been placed in the same vertical column. 
The percentage of each should be equal to that of its complementary cell 
of the other size; and there is good agreement with this expectation, espe¬ 
cially in the groups that include more cells where the numbers are large 
enough to be significant. The accuracy of this fit of the data to the number 
18 will be emphasized if the reader tries fitting them to other possible num¬ 
bers, e,g., 16 or 20, when it will be immediately apparent that one or more 
of the expected centriole counts is represented by a greatly deficient per¬ 
centage of cells. 

Analysis of the data in table 1 in a slightly different way is even more 
conducive to the same conclusion as to the centriole number in the secon¬ 
dary spermatocytes. If it were an invariable rule that a constant even 
number—an odd number is ruled out because of the occurrence of centriole 
division at the end of the first maturation division—of centrioles of the 
secondary spermatocytes were divided unequally between the large and the 
small spermatids, then the largest number of centrioles occurring in any of 
the small cells should be at least two less than the smallest number found 
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in any large cell. In the series of complementary numbers which added 
together in pairs equal the constant (secondary spermatocyte) number 
there should then be one number missing; and this missing number would 
be that which is just half of the constant total being divided (since by as¬ 
sumption there are no equal divisions of the group). In table 1 there is not 
actually any such gap, but there is a marked deficiency in the class con¬ 
taining 9 centrioles. The members of this class are so few that it is justifi¬ 
able to regard them as resulting from equal allotment of the centrioles (a 
fact that is, of course, evident also from the circumstance that this is the 
only class represented by both large and small cells); and hence these cells 
are exceptions to the general rule of unequal apportionment of centrioles to 
the spermatids; and they may be disregarded, i.e., considered as amounting 
in effect to the gap in the series, as postulated above. Nine must then 
represent one-half of the total number of secondary spermatocyte centri¬ 
oles, and we accordingly again conclude that that number is exactly 18. 

Since the data in table 1 thus fully agree with the number that is ex¬ 
pected if each of the 9 centrioles of the first spermatocyte group divided 
once in late telophase—which direct observation supports—it seems be- 
yond reasonable doubt that the number of centrioles in each secondary 
spermatocyte is always exactly 18; that in four sister spermatids there are 
36 centrioles, which in the course of spermatogenesis were derived by a 
single division of 18 centrioles that were earlier present as two equal 
groups of 9 each in the primary spermatocyte. 

With the centriole and chromosome numbers that have been indicated 
above it is possible to make a highly suggestive comparison between the 
behavior of centrioles and that of chromosomes. In the typical normal 
first spermatocyte there are two centrioles. These normal centrioles divide 
once in the first maturation to give 4, one of which enters each spermatid 
and there functions as a blepharoplast. Comparing the atypical first 
spermatocyte with the typical normal one, in the former there are 18 
centrioles , in other words, there are 16 extra centrioles. The haploid num¬ 
ber of normal chromosomes is 9, the diploid 18. In the normal late sper¬ 
matocyte there are 9 tetrads—equivalent to 18 normal dyads , or to 36 
normal chromatids. In the atypical line, by contrast—as indicated by the 
very specific chromosome behavior in the atypical second maturation divi¬ 
sion, whereby each spermatid receives one chromosome (single chromatid) 
—there are but 4 of the original 36 chromatids that function normally in 
the maturation divisions and remain intact in the spermatid. This idea of 
four normal chromatids is further supported by the observation of a single 
tetrad at diakinesis, and possibly also by the events at anaphase of division 
one. This leaves then 32 chromatids , originally in the form of 16 dyad- 
chromosomes t that are abnormal . 

This coincidence of the occurrence of 16 abnormal dyads and the simul- 
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taneous presence of exactly 16 extra centrioles is too striking to be lightly 
dismissed, especially since this is only one of a large number of cases where 
it has been demonstrated that increase in centriole number is accompanied 
by this same sort of abnormal chromosome behavior. Expressed very 
simply it looks as if lb chromosomes have each lost something, while the 
cytoplasm has at the same time gained 10 units, the extra centrioles. That 
the centriole is intimately involved with the chromosomes has long been 
evident from the fact that centrioles grow and divide only immediately after 
they have been in close relation with the chromosome complement, i.e., 
located at the poles of the spindle—a generalization about centrioles to 
which these cases of atypical gastcropod spermatogenesis have hitherto 
seemed to olTer the only real objection. Schrader,* 1936, and Darlington, 4 
1937, have recently called attention to numerous similarities between the 
centrioles and the kinetochore, or spindle fibre attachment point, of the 
chromosome. The failure to assume normal relation with the spindle is a 
feature of these abnormal chromosomes in the atypical spermatogenesis 
of Vivipara and of other prosobranch snails, which is precisely the sort 
of behavior that would be expected if there were a marked disturbance 
(complete absence?) of the normal kinetochore function. The increase in 
number of centrioles and the abnormal chromosome behavior in the atypi¬ 
cal spermatogenesis of Vivipara are both adequately explained if one as¬ 
sumes that the kinetochore masses of 10 dyad-chromosomes have been 
transferred from nucleus to cytoplasm, where each has given rise to a per¬ 
fectly normal centriole that is in no way distinguishable from the two 
already present there and always present in each typical normal cell. 

1 F. Mevca, Arch.}, mikr. Anal., 61, 1 84(1902). 

2 J. Morita, Fol ami. Jap., 10, 35 51(1932). 

3 F. Schrader, Biol Bull , 70, 484-498(193(5). 

4 C. D. Darlington, Recent Advances in Cytology, Blakiaton, Philadelphia (1937). 


AN ERGODIC THEOREM FOR ^PARAMETER GROUPS 

Bv Nelson Dunford 
Department op Mathematics, Yale University 
Communicated March 9, 1939 

Let G stand for either the whole of Euclidean »-space or those points a = 
(a lf .. ., a n ) for which a* £ 0. Let 7« (a * G) be a linear transformation in 
a Banach space SB, with ]|7«|| £ C, T* + 0 — TaTe, (a, jSeG). Wesuppose 
that for each x in SB the set of points Tox(a € G) is a separable subset of 53 
and that for each x «S (the space conjugate to 53) and x in S3 the numerical 
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function xTaX is measurable in the sense of Lebesgue. Under these as¬ 
sumptions the S3 valued function Tax is (for x fixed) bounded on every 
cube I and may be approached almost everywhere on I by step functions. 
The function Tax is thus absolutely integrable and measurable over every 
cube I. Let I r C G be any cube of side r > 0 and let 9ft consist of those 
points xeS3 for which the set y r 33 (l/f n )J*i r Taxd<x is weakly compact 

with respect to r —+ <». Then 9ft is a closed linear manifold in SB and there 
is a projection U of SD2 into part of itself with 

TaUx m Ux, X* 9ft, 

Ux » lim (1 /f n )J'i r Toxda i x « 9ft. 

r —m 

The set [/9ft is the closed linear manifold consisting of those x in SB for 
which Tax ® x t (a e G). Furthermore we have 9H = SB in case SB satisfies 
one of the following conditions: (a) its unit sphere is weakly compact, 
( b ) it is reflexive, (c) it has an equivalent uniformly convex norm. 

The space L(E, m) of real functions which are measurable with respect 
to a Borel field 21 of subsets of E and which are summable on E with respect 
to a finite non-negative completely additive set function m or 21 is a Banach 
space which fails to satisfy any of the above conditions (a), (b), (c). In 
this situation we have also 9ft ** ffl «* L(E f m) in case the group T* is 
generated by a measure preserving group of point transformations S(a t P) 
having the property that the function #(S(a, P)) (for x in L(E t m)) is 
measurable in the product space G XE. In the classical case, i.e. f the one 
just mentioned, the properties of S(a, P) imply all the assumptions made 
on the abstract group T *. 

The result 9ft - L(E, m) for the classical case follows from the general 
theorem by means of a lemma which states that a set F in L(2J, m) is 
weakly compact if and only if | /(P) | dm is bounded uniformly for/ in 
F and lim J* f{P)dm = 0 uniformly for / in P. 

m(<) 

The method of proof used in the general theorem is an extension of one 
used by F. Riesz 1 for the discrete case in one dimension. We first show 
that any weak limit y of any subsequence yrp(r t —►») of y, is invariant 
under the group. It is then shown that y is actually the strong 
lim (1 /f)J'i r Tauda where u is the average value of T*x over any cube. 

r — 

The desired result then follows from the differentiability properties of the 
abstract integral J'tToxda. The details of calculation will be published 
elsewhere. 

> Riesz, F., Jour. Lord. Math. Soe., 13. 274-278 (1938). 
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ON ANALOGUES OF THE BERNOULLI AND ALLIED NUMBERS 

By H. S. Vandiver 

Department of Purr Mathematics, University of Texas 
Communicated February 21, 1939 


In a former article 1 in these Proceedings I gave a result (Theorem 1) 
generalizing the von-Staudt-Clausen theorem, for the Bernoulli numbers 
themselves, so as to apply to numbers of the form (mb + k) n where m and 
k are integers, m & 0, and this is a symbolic power, i.e., we expand by 
the binomial theorem and then set b i = b u the b *s being defined by the 
recursion formula 

(b + 1 ) s « b s ; s > 1. (1) 

with 

(mb + k)» - 1; 0° « 1. 

Also if we consider 

(kb* + jb*) a \ a > 0; 


where k and j are positive integers and this expression is expanded in full 
and bi is substituted for (£>'/ and also for Q>*)\ I stated in the previous 
paper that this expression can be reduced to a linear combination of 
numbers of the type (kb + l) n and (Jb + h) n ; n — a, a — 1, and a proof 
was indicated briefly. Since then a number of extensions of those ideas 
have been found, and we shall state some of them here. Full proofs I 
hope to give elsewhere. In most of this work a fundamental rAle is played 
by the identity 2 


r> - y* 

(* ~ l)(y ~ 1) 


j-i 

E 

*-o 


x »yk~*n 




where x and y are transcendental adjunctions to the rational field (inde- 
terminates), a n « [nk/j], b t — [lj/k ]; [u] is the greatest integer in u, j 
and k being positive integers. This relation is manipulated in various 
ways to obtain a variety of results. We have 
Theorem 1. If h,j and k are integers k > 0, j > 0, Ci represents the least 
positive or zero residue of ki t modulo j; d t denotes the least positive or zero 
residue of lj f modulo k; n > 0, then 

jk(kb' +jb' + h) n - (1 - n)jk{b + h) n + hjkn(b + h) n ~ l 
i-i 

+ k*n *U b + « + W' 1 + f* ^ W + d, + h) n ~\ 
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There is an analogue of this theorem for kj < 0. From these results 
and the properties of the numbers (mb + k) n we obtain 
Theorem 2. If h, j and k are integers , n even and > 0, then 


jk(kb' +jb ' + h) n - I +(1 ~ n)jk £ l- 

tZi pi 

where the p's are the distinct primes such that n =« 0 (mod pi — 1); I being 
some integer. 

We note that this is not a generalization of the Theorem 1 of my previous 
paper since the formula does not hold for either k or j == 0. However, it 
is an analogue of that theorem. There is also an analogue of Theorem 1, 
above, for the Bernoulli number of the rth order, 

(m r ^ r) + m r ~\b {r ~ l) + . .. + M\h f + nto)" 

t* 0, i « 1, 2, . . r. 


It may be found by induction, but the explicit formula is complicated. 
In general , speaking roughly , our investigations indicate that if we have any 
relation involving the Bernoulli humbers and the binomial theorem , there is 
an analogous result involving the multinomial theorem . 

Letting 

(mb -f k) n = b H {m, k) 

then a recursion formula for b n (m, k) is 

(b(m t k) + m) n * 1 — b n +i (m, k) » k n m(n + 1) 

which reduces to (1) for k = 0, m = 1, and holds for n “ 0 since 0° ~ 1 
by convention. Here m and k can be any elements of a ring which includes 
the rational field. If we take the recursion formula 

(II + 1)" = xH n (2) 

where x is an indeterminate, and on expansion we substitute Hi for IP, 
then we find that 


where R n {x) is a polynomial with integral coefficients. Then 

Ri(x), R*(x) . 

are called the Euler polynomials. They may be generalized by considering 
the functions 


Hi(m, k) 
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obtained from the recursion formula 

(H + m) n - xll n + (-k) n (l - *) 

which reduces to (2) for k = 0, w = 1. Here again m and k can belong 
to any ring containing the rational field, in particular they may be inde- 
terminates. We find that 


H n {m, k) 


RnQn , k) 
(1 - X)' 


where R n (m t k) is a polynomial in m, k and x with integral coefficients. We 
also have 





d n e v{k + m) ' 



and 


fn(x, k) — k*(l — x p ) 


1 - x p 

(— 1 )” X -- Il H (x f m t k) 

1 — X 



modulo p , a prime, where 

fa(x f m t k) = k a + (k + m) a x + (k + 2 m) a x 2 + .. . 

+ (k + (p — 1 )m) a x p ~ 1 . 

The relations (3) and (4) reduce to known formulas for w — 1, k = 0. 
Set 


fa(x, 1,0) = f a (x); 


then we find, if S'/p indicates summation over all the distinct m th root 
of unity other than unity and £'/f indicates summation over all the distinct 
Z’/kth roots of unity other than unity, 


(kb + ffl&Q 0 bg-l 

a(a — 1) 2 (a — 1) 


(k 4“ w) 4" 

a — 


(-D7, 


(p a 


a-2(p) 

l)(l"-7) 


4- m ]£' 


(-1)7.-i(f) 

"(r - do - 7 ) 



modulo p, where nt > 1, k > 1; 2< a < p with m, ife and p prime each to 
each. 

From this we may obtain an equation instead of a congruence by employ¬ 
ing the known relation, with x = p and f in turn, 

f n (x) ss *0 — R n (x )(mod p) (5a) 


and noting that the resulting terms after reduction are independent of p. 
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The left-hand member of (5) has properties analogous to that of the gener¬ 
alized tangent function 


{mb 4- k) n — b n 

A* 


tn{m, k) 


mentioned in the previous paper. In analogy to (5) we have, if m > 1, 
(m, p) = 1, 


4(m, k) s= Yj' 


(-1 )" + V/.-i(p) 


1 


k - 1 


r-o 


v 



modulo P, where 2/p indicates summation over all the mth roots of unity. 
This is due to Frobenius* for k < m and in that case the last term on the 
right vanishes. The relation (6) may also be given in the form, if k > m t 
(w, p) « 1, m > 1, 




tn(m, k) m yy 


(~1) M + 1 p k jn-l{p) 


1 


K] 

+ »> £ (‘ 


$m) 


H — 1 



modulo p. This is a companion formula to the well-known relation 


(b + k) n - bn 

n 


A* — 1 



* -1) 


but the latter is not obtainable from (7) since (7) does not hold for m « 

As before (6) and (7) yield equalities involving jR«(p) by employing (5a). 

As a by-product of (5) we obtain the congruence if a > l, a even, 
(m, k) = 1, (m, p) = 1, 


(1 — _ y-y /g-i(p) _ 

2a ~~ Zw (i p*)(l - p*) 


(mod p) 



but there is no corresponding relation for a odd. 

There is a class of congruences involving Bernoulli numbers known as 
Rummer’s congruences, 4 as follows: 

h n (h p ~ l — l) J S3 0(mod p J ) (9) 


where (n - 1) j; n & 0 (mod p - 1), the left-hand member being ex¬ 
panded in full by the binomial theorem and bjt is substituted in the result 
in pla ce of h v Inspection shows that (9) is not true for « s 0 (mod 

p — 1) and as far as I know, a complementary theorem to cover this case 
has not been published. We have found one such, and it is as follows; 
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1 __ J)> ss 0(mod p*~ l ) (10) 

where a > 0, j > 0, a + j < p — 1. 

1 These Proceedings, 23, 556 (1937). 

* Vandiver, Ann . Math., (2), 29, 171 (1928). 

* Berlin Sitsungsberichtc, Math. Phys . A7., 653 (1014). 

4 For a proof, with generalizations, cf, Vandiver, Bull. Atner. Math, Soc 422 (1937). 


GENERAL SELF-ADJOINT BOUNDARY CONDITIONS FOR 
CERTAIN PARTIAL DIFFERENTIAL OPERATORS 

Bv J. W. Calkin 

Department of Mathematics, University of New Hampshire 

Communicated March 7, 1939 

In a previous note we have described briefly an abstract theory of self- 
adjoint boundary conditions which can be applied to the study of a wide 
class of differential operators. 1 As the result of investigations carried on 
in part prior to and in part in conjunction with the development of that 
theory, we have now accumulated a considerable amount of information 
concerning its application to partial differential operators of the form 

L * - y) i x ~'ty y) ^ + «<*' y> • 9 ) 

However, it appears desirable to postpone the publication of this material 
in detail until various further investigations can be carried out; in conse¬ 
quence, we present here without detailed proofs, some of the results so far 
obtained, 2 As in (A), we use the notation and terminology of Stone,* ex¬ 
cept for minor modifications. 

The first two theorems which we state provide information of a pre¬ 
liminary sort, most of which is necessary before we can bring the general 
theory to bear. 

Theorem 1# Let E be an open set in the (x, y)-plane, let qbea teal-valued 
Lebesgue-measurable function defined on E and bounded on every closed set 
interior to £, and let p be a real-valued function satisfying the condition (i) 
below and the additional restriction that \/p } p 99 and p yy be bounded on every 
bounded closed set interior to E. Let 2>* be the set of all functions f in the 
complex Hilbert space 82 (E) which have the following properties: 

(i) interior to £, on almost all lines y = a which intersect £, / and f 9 are 
absolutely continuous in x; and on almost all lines x ** a which intersect E, 
f and /„ are absolutely continuous in y; 
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{it) the integrals 

fs\i.\ l dS, f s \f v \ i dS, f s \U\*dS, ^|/„|*dS 

exist on every bounded closed set S interior to E; 

(in) the integralJ^Lif^dE exists, where L is given by (1). 

Let T be the transformation in £3 (E) with domain which takes each ele¬ 
ment f in its domain into L(/). Then T is a closed linear transformation in 
(E) and has an adjoint II which is symmetric; II T *, T -s- II*, II 5^7/*. 

The deficiency-index of II is (n, n) and all of the cases, n — 0 , 1 , 2 , . . . , Ho, 
occur . 

If S is an arbitrary maximal symmetric extension of II, or the adjoint of 
such an extension , then the resolvent of S is an integral operator with kernel 
G(P, Q; X) of Carleman type. For each value of \> G(P, 0; X) is continuous 
on E X E except on the set P «= Q where it has a logarithmic singularity; for 
fixed Q t G(P, Q; X), considered as a function of the coordinates (x t y) of P, 
satisfies the condition (i) above and the equation L(G) ~ XG = 0 . The kernel 

of the transformation (S* — X /)^ 1 is G(Q , P; \). 

We point out that a function/of £2 (£) is considered to have the property 
(i) if it is equal almost everywhere on E to a function which has that 
property in the strict sense; the derivatives of / are of course to be calcu¬ 
lated by operating on the latter function- For what follows it is impor¬ 
tant also for us to note that a function / which has the properties (i) (iii) 
is equal almost everywhere on E to a continuous function with the same 
properties. 

For convenience we now introduce 

Definition 1. An open set E in the (x, y)-plane is said to be of Class I 
if it is simply-connected, has a rectifiable boundary C, and if a function f(z) = 
f(x 4* iy) which maps E conformally on the interior of the unit circle has the 
property that |/'(s)| and its reciprocal remain bounded as z approaches any 
point of C. 

Theorem 2. Let the set E of Theorem 1 be of Class I; let the functions q, 

1 /p, p xxt p vy be uniformly hounded on E; and let p be continuous on E + C. 

Let 3V be the set of all elements f ofT)* which have the following properties: f 

has continuous boundary values on C; at almost all points (f, 17 ) of C, 

* 

/.(f. n) = lim /,(*, *j) and f,{t, n) = lim /,(J\ n) 

exist and are measurable functions on C; if x #(s), y * y(s) is the para¬ 
metric representation of C in terms of arc-length, 

bf/bn = -f,y'(s) + fyx'{s) 

* 

is of integrate absolute value square on C. Then for every pair of elements 
f and g of $ 1 *, the formula 
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falfUg) ~ gL{f)]dE - Sc P (f - l 2) d* = 0 (2) 

is valid , the integral over C existing in the sense of Lebesgue. 

Let T\ be the contraction of T with domain ®i*. Then T\ ^ T ss* H* and 
T\ 3 IL The domain 3 of H consists of these and only these elements g of 
such that g — dg/dn = G almost everywhere on C. H has the deficiency - 
index (Ko, «o). 

At two points the formal statement of Theorem 2 requires elucidation. 
First, the requirement that p be continuous on E + C is not at all restric¬ 
tive, since the other conditions on p imply that it is at least equivalent to a 
function continuous on E + C. Second, in discussing the behavior at C 
of an element / of Xn* we have reference to the continuous representative 
of/. 

We now state two closely related theorems, the second of which reveals 
the formula (2) above as a realization of the formula (1) of (A). 

In both of these theorems, and in all subsequent ones, it is assumed that 
the hypotheses of Theorem 2 are satisfied. 

Theorem 3. Let I denote the set of all elements \f(x, y) t h(s )} of 
? 2 (£) © LMO such that f is in Ti* and h(s) is the value of f on C. Let D 
be the transformation in ?/,E) © ft/C) with domain X which takes each element 
\f(x t y),/(s)| of its domain in to \L(J), —pdf/ dn \. Then D is a not-negative 
definite self-adjoint transformation in ft/£) ® ft/C). The resolvent of D is 
totally continuous — is, in fact , of finite norm. 4 

Theorem 4. Let A he the transformation with domain the graph of T u 
which takes each element {/, H*f\ of its domain into the element j/, —pdf/dn] 
of ft/C) ® if 2 (C). Then A is an unbounded reduction operator for H *, with 
range-space ft/C) @ ? 2 (C). The unitary transformation W associated with 
A is the transformation in ? 2 (C) © ft/C) which takes \h(s ), &(s)| into 

Theorem 4 follows at once from Theorem 3 and the fact that Ti ss H*. 

We point out here that in proving Theorem 3, we have made use of 
known facts concerning the solution of the Dirichlet and Neumann prob¬ 
lems for the set E. In consequence, certain subsequent results, which 
can be specialized into assertions concerning those problems, cannot be 
interpreted as yielding new proofs of known results in the theory of the 
logarithmic potential. We have not, however, employed the results of 
any other previous work on boundary value problems. 

Because of the special character of A, revealed in the fact that its graph 
is also the graph of the self-adjoint operator D (when we regard the opera¬ 
tion © as commutative), the symmetric boundary conditions associated 
with H * by A can be formulated in a somewhat simpler form than is im¬ 
mediately indicated by the general theory of (B). Thus, we have 

Theorem S. Let V be an arbitrary isometric transformation in 2/C), 
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Then the set of all elements f of 3)i* such that, for some h in the domain of V, 

f(s) = h - Vh, -p g - i(h + Vh), (3) 

constitutes the domain of a symmetric extension H{ V ) of II If S is an arbi¬ 
trary symmetric extension of II such that 33(5) C ©(/l), there exists at least 
one isometric transformation V in 82 (C) such that S //( V) , 

Theorem 5 is readily proved on the basis of the abstract theory cited, 
or can be verified directly by reference to the formula ( 2 ) above. 

It is to be noted that we may have H{ V\) 33 //( F 2 ), V\ & Fa, even when 
Vi and Vs are both closed. 

It is now possible to interpret the conditions of (A) Theorem 5, or of (B) 
Theorem 4.8, as conditions for the maximality of the transformation //( V) 
of Theorem 5 above. A further simplification, however, results from the 
fact that D has a totally continuous resolvent. When we take account of 
this fact in the light of (B) Chapter III, §4 and Chapter IV, §3, we find 
that, in the terminology introduced there, A is of Type I with character¬ 
istic index ( 0 , 0 ). In consequence, A exhibits in certain respects a peculiar 
resemblance to reduction operates whose range-spaces are unitary; or, 
to be more precise, we have 

Theorem 6. Every maximal symmetric extension of S of II such that 
2)(5) C ©(A) is self-adjoint The class of all such extensions S has the 
cardinal number of the continuum. 

In view of Theorem 6 and certain other special properties of the operator 
A of Theorem 4, the application of (A) Theorem 6 now yields 

Theorem 7. Let g be the set of all elements h of 82 (C) such that the equa¬ 
tions f(s) ** h, —pdf/dn » ih have a solution f in ©j*. Let K be the trans¬ 
formation in 82 (C) which satisfies the equation X[0, h) |g, Kh\ for every 
h in 83 (C), X being the Cayley transform of D. Then K is bounded linear . 
For the transformation H{ V) of Theorem 5 above to be self-adjoint either of 
the conditions 

mv - *) a *p %(V” 1 - k*) a & ( 4 ) 

is necessary and sufficient. 

In so far as we have been able to determine, the set g of Theorem 7 
depends on the boundary C, but not on the operator L under the restric¬ 
tions already imposed on the latter. It can be shown that g is linear and 
everywhere dense in 83 (C) and that every dement h of g is absolutdy con¬ 
tinuous and has its first derivative in 83 (C). Thus the conditions ( 4 ) 
yield somewhat simpler sufficient conditions for sdf-adjointness, which are 
not, however, necessary, 

Theorem 8 . In particular , the conditions (4) of Theorem 7 are satisfied 
if V ml, or if V is unitary and (/ - F )"* 1 exists and is bounded, In the 
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first case , the boundary condition (3) is equivalent to the requirement f(s) = 
0; in the second , it is equivalent to the condition pdf/bn + Gf(s) ~ 0, where 
G is the self-adjoint transformation i(I + V)(I — V)~ l in 8 *(C). 

The assertion concerning the case V ^ I is based on a special analysis of 
the boundary condition in question. That the boundary condition 
pdf/dn + Gf(s) — 0 , where G is bounded self-adjoint, defines a self-adjoint 
extension of H follows from (B) Theorem 4.18. 

In passing, we may note that the boundary conditions of Theorem 8 are 
non-degenerate in the sense of (A) Definition 2. This is not true of all 
boundary conditions satisfying the conditions (4), although we can as¬ 
sociate with each self-adjoint extension S of II such that 39(5) C ®(j 4) 
a non-degenerate boundary condition such that the definitive transforma¬ 
tion V is closed. 

Theorem 9. Let V satisfy the conditions (4). Then the kernel G{P, Q; X) 
of the resolvent of II (V) is of Hilbert-Schmidt type . If Q is a fixed point in¬ 
terior to E, G(P f Q; X) considered as a function of the coordinates of P has 
continuous boundary values on C, possesses a normal derivative there in the 
sense of Theorem 2 , and satisfies the boundary condition (3) defining H(V). 
The spectrum of H{V) consists solely of characteristic values , each with finite 
multiplicity . If i X»} is the sequence of characteristic values ofll(V), exclud¬ 
ing X — 0 when it occurs, and if a n is the multiplicity of X„, then 

t <*«/ | X„ |* < CO. 

a — 1 

We omit any discussion of the proof of Theorem 9, except to observe 
that the fact that G{P t Q; X) is of Hilbert-Schmidt type is a consequence 
of the fact that the resolvent of D has finite norm. 

All of the results stated above are of a positive nature. Further ones— 
concerning conditions for H{V) to have a maximal symmetric closure— 
can be obtained by recourse to (B), Theorems 4.9-4.12. Other results 
which are best described as negative and which reveal Theorem 7 and those 
unstated theorems just suggested as essentially the “best possible , n can 
be obtained by reference to the discussion in (B) of the pathological as¬ 
pects of the behavior of unbounded reduction operators. Of results of 
this sort, we mention here only two. First, there exist self-adjoint ex¬ 
tensions 5 of II such that $8(5) • 3)04) = SB(H). Second, there exist uni¬ 
tary transformations V in S*(C) such that the equations (3) have a solu¬ 
tion/in $>i* for every h in &(C) and such that H(V) is closed and has the 
deficiency-index ( n , n), n = 1 , 2 , ...» fcV 

We conclude with a few remarks concerning homogeneous boundary 
value problems. First, the differential system L(J) — X/ » 0, f(s) * h, 
has a unique solution / in 3 )* for every h in 8»(C), except when X is a 
characteristic value of #(/). The solution / is in 3>i* if and only if h is 
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absolutely continuous and has a derivative in 82 (C). Second, if G is a 
bounded self-adjoint transformation in 82 (C), the system L(f) — X/ ~ 0, 
pdg/dn + Gg *= A, has a unique solution / in ®i* for every h in 82 (C), 
except when X is in the spectrum of //(F), V ss (G ~~ i/)(G + iI)~K 

* These Proceedings, 24, 38 -42 (1938). A detailed account of this theory will ap¬ 
pear in Trans. Amer . Math . Soc. under the title Abstract Symmetric Boundary Conditions. 
In the sequel we refer to the first of these papers as (A), to the second as (B). 

* Some of the results appeared in the writer's doctoral thesis, Harvard, 1937. 

* M. H. Stone, Linear Transformations in Hilbert Space, New York, 1932. 

4 Compare L. Lichtenstein, Math. Zeit 3, 127-160, esp. 161-160 (1919). 


ON THE GAUSSIAN LAW OF ERRORS IN THE THEORY OF 

ADDITIVE FUNCTIONS 

By P, Erd$s and M. Kao 

The Institute por Advanced Study and The Johns Hopkins University 

Communicated March 13, 1939 

In the present note we state without proofs some results concerning 
additive functions, the proofs of which depend partially on statistical 
methods. A function J(m) is called additive if for (mi, mj) =* 1 one has 
/(wti-wj) = /(mi) + /(m 2 ). We assume furthermore that f{p a ) = f[p) 
and | f{p) J ^ 1 for every prime p. None of these assumptions is essential 
but they simplify the statement of Theorem A. 1 

Theorem A. Let f(p) be such that 



E np) 

p <« p 


diverges . Then the density of integers for which 


!(m) <£, — + « V2Fl ) 

Y m p 
w 

is equal to J* exp (— y*)dy for any real w. 

™ to 

The proof depends on the following two lemmas. 
Lemma L Let p k be the kth prime and let 

fk(m) = 2 f(P)- 

p/m 
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Further let S(k) be the density of the integers which satisfy the inequality 


Then 


M»i) < 


r m 

p p 


j> ■ 


w 


V 


2 V 


Pip) 


p$p> P 



lim 6(k) = 7r 1,1 y* exp (--y 2 )dy. 


The proof depends on the use of Fourier transforms. 

Lemma 2. Let n = where tp{k) tends to co ask tends toco arbitrarily 
slowly . 

Let n) be the number of integers ^ » satisfying (1), aw<2 to 5(&, n) = 
\p(k t n)/n. 

Then 

lim5(&, n) = lim $(&) = ir~ t/% f exp ( — y 2 )dy. 


In order to deduce this lemma from the previous one we need Brun's 
method. 

The proof of Theorem A now follows easily by elementary methods. 2 
From Theorem A, putting co = 0, one immediately deduces the following 
result: 

The density of the integers which satisfy the inequality 


m< 5® 

P ^ » P 

is equal to Y*. 

In the special case f{m) *= v{m)(u(m) denotes the number of different 
prime divisors of m) this was proved by Erdds.* 


1 It suffices to assume that 


yi 

/ j p converges. 

i/(#oT> i 


1 Compare P. Erdos, "On a Problem of Chowla and Some Related Problems/* Proc. 
Comb . Phil Soc 32, 530-540 (1936). 

* "Note on the Number of Prime Divisors of Integers/' Jour. Land. Math. Soc., II, 
308-314 (1936). 
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ON THE CONNECTIVITY RING OF A LATTICE 

By J. W. Alexander 
Institute for Advanced Study 
Communicated March 9,1930 


The topological theory of abstract spaces takes on a simpler and more 
general form if we think of a space not as a collection of points but as a 
lattice (which need not have atomic elements). Pending a more detailed 
treatment of the general theory which will shortly be given elsewhere, we 
wish merely to explain how the connectivity ring of a lattice may be de¬ 
fined. 

Let L be an arbitrary distributive lattice with zero element (but, in 
general, without unit element). Then with the lattice L there is associated 
an enlargement X* of L consisting of all transformations x* of L into itself, 
such that each x* has the following four properties: 

(1) The transformation is a homomorphism. That is, if it carries x\ 

into X\ and x* into x$ it carries xi ^ x 2 into X\ w x% and Xi ^ x% into 
X\ x*. s. 

(2) It is a projection. * That is, if it carries x into x f it carries x f into 
itself. 


(3) It carries each element x of L into an element x f sueh that x f ^ x. 

(4) If it leaves invariant an element x it also leaves invariant every 
element x\ such that x x g *. 

Given any two transformations * 1 * and x%* of X* carrying the element 
x of L into the elements x x and x%\ respectively, we define their union 
Xi* w X 2 * as the transformation carrying x into x x ^ x% and their inter¬ 
section xi* a:** as the transformation carrying x into x% #*'■ Thus, 
the set X* is also a lattice. Moreover, it is easy to see that L* is distributive 
and that it possesses both a zero element (transforming every x into 0) 
and a unit element (transforming every x into itself). Finally, we can 
identify the lattice L with a sub-lattice of L* by associating each element a 
of L with the transformation a* carrying a general element x of L into the 
intersection x ^ a of x with a. If the original lattice L possesses a unit 
element, it is easy to verify that each dement a* of X* is identified with 
the dement a of X into which the unit dement is transformed by a*. 
However, if X possesses no unit dement, there will be elements of X* 
that are not identified with dements of X. 

The connectivity theory of the lattice X may now be devdoped as 
follows. A coming pair (a, c) of X is any ordered pair of dements a and 
c of X* such that their union is the unit dement a s ~' c « L The barrier 
b of (a, c) is the intersection of the two members of the pair b =* a ^ c. 
The chains of the lattice X are polynomials in the marks a, b, c associated 
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with the various covering pairs, with integer coefficients. We define the 
sum and product of two chains the boundary of a chain and the locus of a 
chain in the manner described in a recent paper by the author. 1 The only 
difference is that the locus of a chain is now an element of the lattice L*. 
There are two main types of chains: (a) chains with arbitrary loci, (5) 
chains such that their loci are identified with elements of L. Chains of 
type (a) correspond to the closed chains in the paper referred to in the 
footnote, chains of type ( b ) to the bicompact chains. However, the 
present theory is much more general than the old since it does not pre- 
suppose the idea of bicompactness. 

In a recent note to these Proceedings, the author gave a generalization 
of the notion of a topological space in which a distinction was made be¬ 
tween the closed and the closed, bounded sets of a space. 2 The elements 
of L* play the r61e of the closed sets, the elements of L of the closed, 
bounded sets. 

The terminology used in the papers referred to in the two footnotes 
was not always happily chosen and will ultimately be revised. In par¬ 
ticular, there is, of course, no connection whatever between a bounded 
chain (i.e., a chain with a chain boundary different from zero) and a chain 
having as locus a bounded set. 

1 “A Theory of Connectivity in Terms of Gratings,” Ann . Math 39, 883-912 (1938). 

1 “On the Concept of a Topological Space,” these Proceedings, 25, 52-54 (1939). 


CHARACTERIZATION OF THE MOEBIUS GROUP OF CIRCULAR 

TRANSFORMATIONS 

Bv Edward Kasner and John De Cicco 
Departments of Mathematics, Columbia University and Brooklyn College 

Communicated March 1, 1939 

I. Introduction .—The Moebius group of circular transformations is 
ordinarily defined as the group of real point transformations of the real 
cartesian plane for which the entire family of« 8 circles, or the equivalent 
differential equation y* f — Zy ( y n /{i + y' 2 ), is invariant. The question 
suggests itself whether this definition does not contain redundancy— 
whether it is not sufficient to require that only some circles shall become 
circles. 1 If we understand by a simple family (« 2 ) of circles, any doubly 
infinite family possessing the property that there is one and only one circle 
of the family containing a given lineal element of the plane, then our main 
result may be stated: If three simple families (3 <» *) of circles become circles 
under a point transformation , then the same is true for all circles , and the 
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point transformation is, therefore, a circular transformation . We shall also 
find that the group of all point transformations in the plane may be classi¬ 
fied into three distinct types with respect to the maximum number of 
circles which become circles. The final results are stated in Theorems 
1 , 2 and 8 . If a real conformal transformation converts 8 °° 1 circles into 
circles , it must belong to the Moebius group . 

II. Circles into Circles .—Let T be the real point transformation 

X = <f>(x, y), Y = y) 

with a non-vanishing jacobian. We wish to find out what circles under T 
become circles. For these circles, we know that dic/ds^Q must be carried 
into dK/dS=0 where k and s are the curvature and arc length of the circle 
and K and S are the curvature and arc length of the transformed circle. 
Upon applying these conditions to the point transformation T, we find 
that the circles which under T become circles must satisfy the differential 
equation of the second order 2 

A + (i + p^'bk + (i + p*y\c (i + p 2 ) + zp£y = o, (i) 

where k is the curvature and p* = y' , and where A, B, C, E are given by 
A ~ (1 + X 2 )A — 3 x(x* + PXyY(<t>x + P<i>y)> 

B « (1 + X 2 )B - (>XXp(Xx + Pxy)(<t>x + P<t>y), (2) 

C ™ (1 + x 2 )^ 3xxp 2 (<t>x + p<t>y), 

E « (1 + x 2 )E, 

and where A, B, C, E, x are given by 

A = (<j)x + P<t>y)(Xxx + 2pXxy + P\yy) ~ (X* + PXy)(<t>xx + 

%P<t>xy + P'^yy)) 

B = (0 X + p<t>y)(Xy + 2 Xxp + 2 pXyp) — (x* + PXy)<l>y ““ 

Xp(<t>x x + 2 p<t>xy + P 2( t>yy)y (3) 

C = (<t>x + P<l>y)xpfi — Xp4>y, 

E “ Xp(<t>x + P 4 *y)} 

— ti zb. 

^ 4 >x + P 4 >y 

Let us find the conditions on the point transformation T which make 
the coefficient of k 2 in ( 1 ) zero. Evidently for this coefficient to be zero, 
we must have 

(1 + p 2 )C + 3 pE = 0. (4) 

Upon substituting (2) and (3) into (4), we find that (4) becomes 

4>x(<t>x<t>y 4" PtPy) 4" (2<M>? 4- <t>ypxpy — ~ Ml 4* M % y)P 4“ 

( fayPy 4“ “ (frxpxpy <t>yPx)P 2 ~~ <t>y{<t>x<l>y 4" 

P x Py)P % “ 0* 


( 5 ) 
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Since (5) is an identity in p, we thus obtain the four conditions 

<t>x(<j>x<j>y + Pxpy) “ 0 , 

2 <px<t>l + 4>y4'x'Py 4>l ~ <t>xpl + <l>xpl ~ 0 , 

tfrypy “I" <t>y 2 <f>x<f>y <t>xPx>Py ^yPx ** 0, (6) 

<t>y{<t>x<t>y + Pxpy) = 0 . 


We find that the only functions 0 and ^ which satisfy the above four equa¬ 
tions are those which satisfy the equations 



^ P x-> 



That is, for the coefiicient of k % of equation (1) to be zero, it is necessary 
and sufficient that the transformation T be conformal (direct or reverse). 
We may now state 

Theorem 1 . Let the point transformation T be not conformal {direct or 
reverse ). Then under T, there are at most either {a) two simple families 
(2a> 2 ) of circles , or ( b) one simple family (a° 2 ) of circles , or (c) no circles , 
which become circles. 

Now let T be conformal (direct or reverse). To find out what circles 
under T become circles, we could substitute (7) into (1), (2) and (3). But 
it is simpler to start over again and derive the equation (1) under the as¬ 
sumption that T is a conformal transformation. In the first place, let m 
be defined by the equation 


m 


2 





where J is the jacobian of the conformal transformation T. We then find 
that the circles which become circles under the conformal transformation 
T (direct or reverse) must satisfy the differential equation of first order* 


2m xy cos 20 + (m yy — m %% ) sin 2$ «* 0, (9) 


where tan 6 = p = y\ By this equation, we observe that if the coefficient 
of k 2 in equation (1) is identically zero, then the coefficient of k must also 
be identically zero. From the equation (9), we find 

Theorem 2 . Let T be a conformal transformation but not a circular 
transformation . Then there are at most two one-parameter families (2»») 
circles which become circles. Moreover the two circles of these two families 
through any point are orthogonal . 

(Of course, in the complex cartesian plane, the conformal transformation 
T of Theorem 2 converts exactly two other two one-parameter families 
of circles into circles. These are the minimal lines x * iy — constant 
which become minimal lines. Thus a complex conformal transformation 
has at most 4» 1 circles which become circles.) 
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Next let the conformal transformation T be such that the coefficients of 
cos 26 and sin 26 in (9) are both zero. Then we must have 

fftxy = Oj Iflyy = (10) 

From (10), we find that m is given by 

m « a(x 2 + y 2 ) + bx 4 cy 4 d t ( 11 ) 

where a, b , c } d are real constants. Upon substituting ( 11 ) into ( 8 ), we 
find 

<t£ + 4>y “ ( 12 ) 

where R is given by the equation 

1 

* m * a(:v 2 + y 2 ) 4 foe + cy + d. (13) 

K 

From (12) there exists a function X such that 

<f>x = f? cos X, <t> y R sin X. (14) 

Since the equations (14) must be compatible and since 4> is a harmonic 
function (that is, <j> satisfies the equation <f> xx 4 (j> yy — 0), we find that X 
must satisfy the two equations 


Ry 2 ay *4 c 

i? a (# 2 + y 2 ) + bx + cy + d 

^ Rx _ 2ax 4 b _ 

R a(x 2 4 y 2 ) 4 bx 4 cy 4 d 



Since the above equations must be compatible, we find that 

b 2 4 c 2 ~ 4ad = 0 . (16) 


First let us suppose that a » 0. Then {> = c « 0 and d =t= 0. From 
(15), we find that X is constant. By (14), we see that <£* and are both 
constants. Since the transformation is conformal, we find that the trans¬ 
formation T must be a similitude (direct or reverse). 

Next let us suppose that a =f= 0. Let us replace a by 1/p and pb and 
pc by —2a and —2/9, respectively. Then (15) becomes 



2 (y - g) 

(x - at) 3 + (y - 0)‘ 


From these equations, we obtain 



2(x — «) 

(# — a) s + (y — 0)* 




—2 arc tan 


a 


+ y , 


y - 0 


(18) 
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where 7 is a constant. Upon substituting (18) into (14), and taking ac¬ 
count of (13), we find that (14) becomes 


- I [(y ~ ft) 2 — (x — a ) 8 ] cos y + 2(x — a) (y — fi) sin 7} 

4,1 ~ P ' ’ [(* ~ «> + (y ~ ft) 2 ] 2 

_ j [ (y - ft) 2 - (x - a) 2 ] sin 7 - 2(x - «)(y - ft) cos 7} . 

y ~ P " [(* - «) 3 + (y - ft) 2 ] 2 



Solving (19) for <f> and then solving (7) for \p, we find that T must be of 
the form 


X - p 


IV 


(x - a) 2 + (y - ft) 2 


T 


Y 


** p 


[(# — a) sin y + (y — 0) cos 7 ] 
(x — at) 2 + (7 — 


+ k, 



where p, a, /}, y, h, k are constants. Thus our transformation T must be 
either a similitude or a transformation of form (20) generated by inversions. 
Hence we may state 

Theorem 3. Let the point transformation T convert more than two simple 
families (2® 2 ) of circles into circles. That is, let T convert three simple 
families (3® 2 ) of circles into circles. Then T is a circular transformation of 
the Moebius group G 6 , which is a mixed six-parameter group G 6 . 

Theorems 1, 2 and 3 show that the group of all point transformations 
is divisible into three distinct types with respect to the maximum number 
of circles which become circles. We note in conclusion that the term 
circle as used in this paper includes straight line but excludes point. 

1 See the analogous simple discussion for collineations. Kasner, “The Characterization 
of CoUincat ions, * 1 Bull. A m . Math. Soc. , 9,545-540 (1003), 11. is shown that if four simple 
sets (4 » x ) of straight lines remain straight after a point transformation then the same is true 
for all straight lines , and the point transformation is, therefore , a collineation . For any 
other point transformation, at most three simple families (3 »*) of straight lines become 
straight lines. A refined analysis of the continuity requirements is given in the 
Columbia dissertation of Prenowitz {Trans. Amer. Math. Soc., 1937). 

* Kasner, "Characterization of the Conformal Group and the Bquilong Group by Horn 
Angles,” Duke Math. Jour., 4, 95-100 (1938). 

1 Comenetz, “ Kasner* s Invariant and Trihomometry,” Am. Math. Month., 45, 82-87 
(1938). Comenetz’s derivation is for a direct conformal transformation. But the 
same procedure is valid for a reverse conformal transformation. 
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ON THE INTERSECTIONS OF ALGEBRAIC DIFFERENTIAL 

MANIFOLDS 

By J. F. Rrrr 

Department of Mathematics, Columbia University 
Communicated February 21, 1939 

This note on algebraic differential equations deals with a peculiar 
situation, in which three or more functions are uniquely determined by 
what may very reasonably be called two conditions. 

Van der Waerden has recently published a beautiful theorem to the 
effect that if two irreducible algebraic manifolds in projective space of n 
dimensions have respectively the dimensions r and r, their intersection 
has no irreducible component of dimension less than r + s — n. 1 We 
shall show that the state of affairs for differential equations is more com¬ 
plicated. There will be produced an algebraically irreducible form in 
the three unknowns u , v, y whose general solution, which, of course, has 
two arbitrary unknowns, has precisely one solution for which y = 0 . 

Indicating differentiation by k a subscript, we let 

2 

W = uv\ — vuu A ~ JJ (u + jv). 

j --2 

Let 

F - A + yW. (1) 

F is algebraically irreducible. We shall prove that the general solution 
90? of F has one and only one solution for which y « 0, namely t the solution 
u = v = y = 0 . 

We show first that u « v ** y = 0 is in 2W. Every solution of F which 
is not in 9 )? annuls W . Let i u, v, y, with W 5 * 0 , be in 9D?. Because F and 
W are homogeneous, cu t cv f cy t where c is any constant distinct from zero, 
is in 9D?. Making c small, we find that «~r = ;y~ 0 is uniformly ap¬ 
proximate by solutions in 93 ? and hence belongs to 90?. 

Let Bj « A/(u+jv) t j m —2, ..., 2 . We have 

F « Bj{u + jv) + y[(u +jv)vi - («i +jv{)v]\ (2) 

Differentiating ( 2 ) once and carrying out a fairly simple elimination, one 
finds that F is held by a form 

(ui + jv x ) [B] + yM) + yiNj]. (3) 

The form in brackets in (3) holds 90?. Thus, for a solution in 9 Ji with 
y — 0, one must have Bj * 0 for every j. Hence u + jv is zero for two 
values of j and u « v * 0 , 
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Without calculation, but with the use of special theorems, one can 
proceed as follows. A solution of F with y = 0 annuls some u + jv. One 
sees from (2) that the five manifolds of the u + jv are essential for F. 2 
Also, any solution of u + jv which belongs to some manifold held by F 
but not by u + jv must annul Bj, This is enough for the proof. 

The principle underlying the above example permits the construction 
of forms in y and any number of other unknowns whose general solutions 
contain precisely one solution for which y = 0. 

1 van dcr Waerden, B, L., Math. Annalen, 115, 330-332 (1938). 

* Ritt, J. F., Am. Jour . Math., 60, 1-43, see p. 15 (1938). 


THE FLA TEA U PROBLEM FOR NO NEEL A TIVE MINIMA 

By Max Sjeuffman 

Department of Mathematics, New York University 
C ommunicated March 6, 1939 

1. The purpose of this note is to discuss minimal surfaces bounded 
by a given curve T which are not relative minima in area, i.e., are of the 
minimax type. 1 The note restricts itself to a special class of boundary 
curves T (described in §3), a class which includes curves having a con¬ 
tinuously turning tangent line. Under this restriction, we shall indicate 
the proofs of the following two main results: (1) if F bounds two minimal 
surfaces which are relative minima, it bounds at least one minimal surface 
which is not a relative minimum; (2) the Morse relations apply to the 
Plateau problem. 

2. The procedure which we shall adopt for obtaining minimal surfaces 
is to consider them as extremal surfaces for the Dirichlet functional 2 

.D[r] = \/2f + £)dudv. 

We shall consider surfaces j = y(r, 0) defined over the unit circle r ^ 1, 
which are continuous and have piecewise continuous first derivatives, 
which map the boundary r * 1 monotonically on the given curve I\ which 
map three given points 6 Xi $$, 0a of r = 1 into three given points A, B f C 
of T, and which have a finite Dirichlet integral. We may limit ourselves 
to potential surfaces f(r, 0). The space of all such potential surfaces with 
the uniform metric I — & | « max | fi(r, 0) — &(r, 0) | will be denoted 

r & l 

by $. The subspace of all surfaces j for which D[f ] :£ N will be designated 
by It is easily shown that the set is compact and dosed. 2 

3. Let |(0) be a proper representation of f. We shall require the follow- 
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ing two conditions to be satisfied: (1) y(0) is of bounded variation; (2) 
there is a r such that d$(d)-d$(<t>) £ 0 for all 0, 4> for which \B — <f> | < t. 
It is easily seen that if (1), (2) hold for one representation of T, they hold 
for all representations of F; and that there is a uniform r, denoted by 
r Nt for all surfaces in ^. 

4. Our first major result is the following: 

Main Theorem I. Lei V be a Jordan curve satisfying (1), (2) of § 3. 
If T bounds two minimal surfaces which are proper relative minima , it bounds 
at least one minimal surface which is not a proper relative minimum . 

The proof of the theorem is based on a typical maximum-minimum 
problem. Let i" be the two minimal surfaces which are proper relative 
minima. The problem is to find, among all closed connected sets C in 
containing both and one for which the least upper bound of Z>[y] 
for all % on C is the smallest possible, d. 

It will be shown in § 6 that there is an admissible set C on which D[y] 
has a finite least upper bound. One can then easily show, using the lower 
semi-continuity of D[%\ that a minimizing set C m exists. There remains 
for the proof of main theorem I to establish the existence of the required 
minimal surface on Cm. 

5. We shall use in an essential way a certain expression for the Dirichlet 
functional of a potential surface in terms of its boundary values. Let 
j(r, 6) be a potential surface defined over the unit circle with boundary 
values j(0). If f(0) is continuous and of bounded variation, we have 

On « - S ?(0) cos n$d6 - — S sin df(0), similarly for b n , where a*, 

■jr it ft 

b n are the Fourier coefficients of $(d). Substitute in the well-known 
expression D r s „[y] = ^ 2«(cr“ + f>ljp in ; let p —* 1, using the assumptions 
made in § 3. One then obtains 

* 

m-iff 1°* 

6. Let j(r, 0), C(V, 6) be two surfaces in $ with boundary values $(0), 

t)(0), respectively. Then >}(©) = j(0) where 0 = X(0) and X(0) is a mono¬ 
tonic function of 0. We shall join f(r, 0) and tj(r, 0) by a ‘linear’ family 
of surfaces all belonging to Define 0) for«in the interval 0^ 1 

as the potential surface with boundary values given by 

D.(0) - |(0) for 0 . (1 - e )0 + «X(0). 

In the integral for which contains d set © «* (1 — «)0 -f 
*X(0), 0 * (1 r- t)4> + This yields 
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1 

4ir 


ff log 


.. 1 _ 

sin* l/2((] - t)(0 - <f>) + «(A(0) 


-m)i 




A similar expression can be obtained involving dl)(6)d\)(<t>). 

The following three lemmas are easily proved. 

Lemma 3. D[l) # ] is finite and is a continuous function of € in the closed 

interval 0 £ c £ 1. 


L 2 4 

Lemma 2. D[t) f ] ^ N + — log -— , where N is the larger of the 

Jtt sur \ /JfT \sj 

two quantities D[{] and D ft)], r N is the quantity defined in § 3 and L is the 
length of the curve I\ 

Lemma 3. D[t)/| has a continuous derivative with respect to e in the open 

interval 0 < e < 1, and 


dDU, ] 

de 



_X(0) — 6 — (X(0) — 0)_ 

tan l/2i(!“)(* - 0) + «(X(0) - X(0))] 


dl(0)dx(<t>). 


Thus, ${r t 0) and \ j(r, 0) can be connected by a path contained entirely 
in for sufficiently large N. This important result was required in § 4. 

Main Lemma 4. Let y(r, 0) be any surface in $ whose boundary values 
are not constant on any arcf and t} (n) (r, 0), n — 1, 2, .. a sequence of 
surfaces in tending to y(r, 0). Let ^ n) (r, 0), {)<>*<> 1, be the linear path 

joining f and ty (n) as in lemmas 1, 2, 3. Then 

oo implies that D[y]. 

Proof. Let f(0), t ) {n) (6) be the boundary values of jr(r, 0), ^(r, 0), 
respectively, so that t/ w) (0) = y(0) for 0 = X (n) (0). The condition 
0) —> y(r, 0) implies that X (w) (0) «”> 0. In the following calculations, 

all the integrals involved are of the type — f f .. .dx(0)d jc(0); this will 

*t 7 T 

be abbreviated by The domain |0—0 [ ^ r will be indicated by B f } 

| 0 - 0 | < r by B*. That part of an integral J taken over B 1 will be denoted 
by over B* by J u . The superscript n is omitted. 



We have 




S log 


sin 5 1/2(0 — <t>) 


sin* 1/21(1 “ «)(* - +) + ~ X(*))] 


/!' + Jt\ 


and 
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Ji 


If _ 


sin 5 1/2(8 - <j>) 




(6 - 4>y 


log - 


1 


+ 


cos 2 1/2[(1 -t)(8 -<j>) + t(X(8) - X(8))] 

_ (o - 4>r _ 1 _ 

tan 5 1/2[(1 — e)(0 — <t>) + «(X(0) — X(<£))]f 

7/ + 7/ + 7/. 


log 


The only singular integral is J ”. Using log x < x, this is estimated by 

8 - 4 > 


JJ <2 f 


s’ tan 1/2[(1 - t)(8 - <f>) + «(X(0) - X(<*>))] 


K". 


Now, ^, — = J^ + J^, where the integrand is given in Lemma 3, and 


it 


Jt" 


\/t S 


(1 — t)(8 — 0 ) + t(X(8) — X(*)) 


b* tan 1/2[(1 - t)(8 - <t>) + e(X(8) - X(<t>))] 


+ 


+ 1 /■/ 


P - * 


s’ tan 1/2 [(1 - t)(8 -<#>) + e(X(0) - X(*))] 


= 1/c Jq* + 


1 / 2 € K”. Or K" = 2 - 2 tj t ' - 27/. 

at 


Reinsert the superscript n and let n so that X (n) (0) converges uni- 

formly to 0 . We have: Jf 0 , Jt* — S - r- rr r— - - = — /*, 

J b* tan 1 / 2(0 - <£) 

so that K* -> 21*; further, // 0 , J%* J log cos * " 1 / 2(0 — 0 ) ~ 

and lim Ja* ^ lim * 2/*. Combining all these, we obtain lim ( D []— 

Z?[j]) < J t * + L* + 2F, _This inequality being true for all sufficiently 

small r, let r —► 0. Then lim (-Dl^n)] — /?[?]) ^ 0. But lim (JD(^ ( %] — 

D[x]) ^ 0 because of the lower semi-continuity of the Dirichlet functional. 
Hence, lim CD[t$2>] — Z>[y]) » 0 , and Lemma 4 is proved. 


Lemma 4 stated in «, 6 form yields 

Lemma 5. Let $(r, 6) be any surface in $ whose boundary values are not 
constant on any arc.* For any 17 , there is an a and a 5 such that t if tj(r, 0 ) 
is any surface in the 6-neighborhood of £, then D[ty € ] ^ D[{] + y implies 

'dD[fc]‘ 


de 


^ a. 


7. A deformation which is fundamental for the proof can now be con¬ 
structed on the basis of Lemma 5. Define/(t), J) m l)(r, 0 ) if | ty — f j fe i; 
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if 11) — £ | = b — o5 f set/(ty, /) ™ th _ w (r, 0). By Lemma 5 this is seen to 
satisfy the conditions stated in the fundamental 

Theorem 1. Let £(r, 0), 17 , a , & be as in Lemma 5 . There is a deformation 
f(t), t) of the space $ in itself which has the following properties . 1) f(tj,0) 

* t). 2) f(£, t) y; f(tL t) t) if |h - y| S: 5. 3) Let | 0 — jr | 

^ 6. If D[UJ £ D[y] Hb if, then B[f(fc t)] ^ D[y] + 77 ; if D[fl] > 
D f £ ] + 77 , then D[f(tj, t)] is a decreasing function of t for some interval 
0 ^ t < t and thereafter , t ^ t < 1, D[f(t)] <, D[y] + 77. 4) Let 

| — y | — 5 — o8 t 0 ^ o ^ 1. TView <?t7Aer Dff(t), 1)] ^ D[y] -f- v or 

D[tj] - rra. 

8. Let £(r, 0) be a surface in not a minimal surface. By performing 
a variation of all surfaces l)(r, 0) sufficiently near y(r, 0), similar to that of 
Courant, loc. cit. note 3, p. 603, 694, the following variational condition 
is derived. 


Theorem 2. Let £(r, 0) he a surface in $ not a minimal surface . For 
any N > D[|], there are two positive constants 6 and p and a deformation 
f(tj, t) of *|$ N in itself with the following properties. 1) f(ty, 0 ) — ty. 2 ) 
f(t), t) ss i) if — £ | ^ 5. 3) If 11) — £ | = 6 — oh, 0 ^ 0 ^ 1, then 

L>rf(p, t)] ^ Dft>] — pot; in particular, Dff(ty, 1)] ^ D[l)] — po. 

9. One can now prove, on the basis of theorems 1, 2 that on the mini¬ 
mizing Cm there is a minimal surface y for which D[t) 583 d. If not, every 
surface % on Cm would be either a minimal surface for which Z)[y] < d or 
not a minimal surface at all. If y is a minimal surface with Z>[y] < d, 


construct the open neighborhood and deformation of theorem 1 for 77 = 


d - DUl 
" rt " r * 


if f is not a minimal surface, construct the open neighborhood 


and deformation of theorem 2, where N is any fixed number >d. By 
the Heine-Borel-Lebesgue theorem, a finite number of these neighborhoods 
suffice to cover Cm completely. By applying the corresponding deforma¬ 
tions successively, it is easily shown that Cm is deformed into an admissible 
set Cm on which the least upper bound of D[%] is less than d. But this 
contradicts the minimum character of Cm , and the proof of the main 
theorem 1 is complete* 

10* Theorems 1, 2 also serve to establish the Morse relations. 6 For 
it follows, exactly as in § 9, that on each A-cap with cap limit a (in the 
terminology of Morse) there is a minimal surface £ for which D[?l = a. 
It remains to compute the connectivity numbers of using Lemma 2, 
one easily proves 

Theorem 3. Let Ro, K u *R n » - * be the connectivity numbers ofty. 
Then Ro ^ 1 , Ri = R 2 = ... = R n = . . . = 0. 

We have therefore established, on the basis of the Morse theory, the 

Main Theorem II* Let ^ be the sum of the k th type numbers of aU blocs 
of minimal surfaces* bounded by T (with the restrictions on T stated in § 3). 
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Under the assumption that each |t k , k ** 0, 1, ..., is finite , the following 
Morse relations hold: 

/jlQ ^ 1 

Ml — fXo ^ 1 

¥ 

* 

* 

M» M* ~1 + • • ■ + (”~OVo ^ 1)” 

* 

■ 

* 

11. An example for the application of the theory is a Jordan curve 
which bounds a small strip around a pair of conjugate cuts on a torus. 
This curve, as pointed out by Courant, bounds at least two minimal 
surfaces which are proper relative minima. An example with two bound¬ 
aries, which has not been taken up in this note, is the classical case of two 
circles with line of centers perpendicular to the planes of the circles. 

1 This note was read at the Sept., 1938, meeting of the American Mathematical 
Society, New York City. 

* This is an essential step in the methods of Douglas, Rad6, Courant. 

* This follows from the lower semi-continuity of the Dirichlet functional and the 
equicontinuity of the boundary values of all surfaces in ^(3^. Cf. Courant, "Plateau’s 
Problem and Dirichlet’s Principle,” AnnsMath 38, 679 -724 (1937), esp. pp. 690-692. 

4 The Lemma remains true without this restriction. 

* Morse, "Analysis in the Large,” notes of the Institute for Adv. Study, 1936-1937; 
"Functional Topology and Abstract Variational Theory,” Ann. Math., 38, 386-~448 
(1937); and "The Calculus of Variations in the Large,” Amer. Math. Soc. Coll . Publ., 18. 

8 By a bloc of minimal surfaces is meant a maximal connected set of minimal surfaces 
£ bounded by f for which D[£] * constant. It is very unlikely that a bloc consists of 
more than one surface. 


CONSISTENCY-PROOF FOR THE GENERALIZED 

CONTINUUM-HYPOTHESIS' 

* 

By Kurt Godel 

, The Institute for Advanced Study 

Communicated February 14, 1939 

If M is an arbitrary domain of things in which a binary relation e is de¬ 
fined, call "propositional function over M n any expression <p containing (be¬ 
sides brackets) only the following symbols: 1. Variables x t y _whose 

range is M. 2. Symbols ai ... an denoting 2 individual dements of M (re¬ 
ferred to in the sequel as "the constants of ip"). 3. e. 4. (not), v (or). 
5. Quantifiers for the above variables x,y . ..* Denote by M' the set of 
all subsets of M defined by prop, funct. over M. Call a function / 
with s variables a “ junction in M" if for any elements Xi ... x, of M 
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f(x i ... x s ) is defined and is an element of M. If ip(x) is a prop* funct, over 
M with the following normal form; 

(*i ... x H ) .. . ym) (zi . .. Zk) (3mj .. * u*) - 

L(XX\ . . . Xnyi . . . ymZ\ . . . ZkUy ... Ut , . . .) 

(L containing no more quantifiers) and if a e M, then call 4 ‘ Skolem-functions 
for <p and a** any functions f% ... fm gi ... ge ... in M with resp. n ... n t 
n + k...n + k... variables such that for any elements x\ . .. x n t\ . . . 
Zk . .. of M the following is true: 

. . . Xn f\(x i . . . Xn ) . . . fm(x j . , . #») Z\ , . . Zk 
gi(Xi . . . X n Z\ . . . Z k ) ... g e {x x . . . X H Zi . . . Zk) -) 

The proposition <p{a) is then equivalent with the existence of Skolem-fnet. for 

and a. 

Now define: M 0 * |Aj, M a +\ ~ M a \ M 0 = X M a for limit numbers 

a<$ 

Call a set x ** constructible if there exists an ordinal a such that x « M a 
and “constructible of order a” if x e — M a . It follows immediately 

that: M a C M 0 and M a e M 0 for « < & and that: 

Th. 1. x ty implies that the order of x is smaller than the order of y for any 
constr. sets x, y. 

It is easy to define a well-ordering of all constr. sets and to associate with 
each constr. set (of an arbitrary order a) a uniquely determined prop. fnct. 
<P*(x) over M a as its “ definition ” and furthermore to associate with each 
pair <p a , a (consisting of a prop, fnct* <p a over M n and an element a of M a 
for which <p a (a) is true) uniquely determined “designated Skolem-fnct. for 
<P«, a”' 

Th. 2. Any constr. subset m of M*> a has an order < w a4 i (t.e., a constr. 
set , all of whose elements have orders < w a has an order < co a41 ). 

Proof: Define a set K of constr. sets, a set 0 of ordinals and a set Fof 
Skolem-fnct. by the following postulates I-VII: 

L M« a £KQLtidm * K. 

II* If x « K f tlie order of x belongs to 0. 

III. If x t K> all constants occurring in the definition of x belong to K . 

IV. If a € 0 and is a prop, fnct over M a all of whose constants 
belong to K then: 

1. The subset of M a defined by belongs to K. 

2* For any y c K - M a the design . Skolem-fnct. for tp a and y or ~ and 
y (according as <p a (y) or ^ ^ a (y)) belong to F. 

V* If / « F, x x , ..Xn* K and (x x ... Xn ) belongs to the domain of definition 
of/, then/(#i ... x n ) t K. 

VI. If x, y«K and x - y 4= A the first 4 element of x — y belongs to K . 

VII. No proper subsets of if, 0, F satisfy I-VI. 
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Th. 3. If x =f= y and x,yeK' JVf a+ lf /Aen exis/s az* K * such that 

ztx~y or zey — x. u 
(follows from VJ and Th. 1.) 

Th.4. 6 FT OT7 ^ N« 

.yince and AT + 0 + F is obtained from M* a + i nt) by forming 

the closure with respect to the operations expressed by 11-VI. 

Now denote by tj the order type of 0 and by a the ordinal corresponding 
to a in the similar mapping of O on the set of ordinals < r\. Then we have: 

Th. 5. There exists a one to one mapping x' of K on M % such thatxey&s. 
x f e y* for x,yeK and x ' — xforxt M<* a . 

Proof: The mapping x ( (which will carry over the elements of order a 
of K exactly into all constr. sets of order a for any a 1 0) is defined by trails* 
finite induction on the order, i.e., we assume that for some a c 0 an isomor¬ 
phic 6 mapping / of K * M a on M- 1 has been defined and prove that it can 
be extended to an isomorphic mapping g of K-M a +i on M 5+1 * in the fol¬ 
lowing way: At first those prop. fnct. over M„ whose constants belong to K 
(hence to K-M a ) can be mapped in a one to one manner on all prop. fnct. 
over by associating with a prop. fnct. <p a over M a having the constants 
ai ... a n the prop. fnct. over obtained from <p a by replacing a* by 
and the quantifiers with the range M a by quantifiers with the range 
Then we have: 

Th. 6. *£>„(#) for any xtK- M a . 

Proof: If <p a {x) is true, the design . Skolem-fnct. for <p a and x exist, 
belong to F (by IV, 2) and are functions in K • M a (by V). Hence they are 
carried over by the mapping / into functions in M s which are Skolem- 
functions for x\ because the mapping / is isomorphic with respect to €. 
Hence <p a (x) 

~<p*{x) Z>~<k(x 1 ) is proved in the same way. 

Now any <p a over M a whose constants belong to K, defines an element of 
K- M a +i by IV, 1 and any demerit b of can be defined by such a 

<p a (if b e M a +i — M a this follows by III, if b e M a then “x t b" is such a <p a ). 
Hence the above mapping of the <p a on the gives a mapping g of all 
elements of K * M a + x on all elements of M 5+1 with the following properties: 

A. g is singlevalued, because if <p a , >p a define the same set, we have 

<p a (x) ^ p a (x) for x e M a 'K , hence faix 1 ) by Th. 6, i.e., and 

also define the same set. 

B. x €y r ^x l €g(y)forx€K*M at y€K*M a n* 

(by Th. 6) 

C. g is one to one , because if x } y e K * M a + x , x 4= y then by Th. 3 there is 
a z e (x — y) + (y — x), z * AM/ a , hence z l e \g(x) — g(y)] + [g(y) — 
g(x)] by B . Hence g(x) 4= g(y). 

D. gisan extension of the mapping f i.e., g(x) m x l for x « K*M a . 
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Proof : For atiy b e K- M a a corresponding which defines it is x e b t 
hence <p% is x « b 1 hence g(b) = ft 1 , 

E. g maps K'M a exactly on M 5 (by Z>)° a«d therefore , X(Af a+1 — Af J 
an Af s+l — Fy C. 

F. g is isomorphic for e, i.e., g(x) t g(y) yfor any x,ytK * M a+1 , 

Proof: If x € K*M a , this follows from B and D, if x e 2£*(Af tt+1 — 

Af a ) then t M%+ j — M s by E, hence both sides of the equivalence are 

false by Th. L 

By D and F, g is the desired extension of / and hence the existence of an 
isomorphic mapping x f of K on M n follows by complete induction. Further¬ 
more since all ordinals < o> a belong to 0 (by I, II) we have 0 = 0 for 0 < w a 
from which it follows easily that x ~ x* for x e Mu> a . This finishes the 
proof of Tli. 5. 

Now in order to prove Th. 2 consider the set m' corresponding to m in the 
isomorphic mapping of K on M r Its order is < 17 < « a+1 , because m f € 
M n and 7 } = 0 ^ by Th. 4. Since m* for x e K t we have 

x ^ x € m f for x € Mu a by Th. 5. Since furthermore m C M» a it fol¬ 
lows that m = m r 'M* a , i.e., m is an intersection of two sets of order 
< which implies trivially that it has an order < 

Th. 7. A/« w considered as a model for set-theory satisfies all axioms of 
Zermelo 10 except perhaps the axiom of choice and M u (0 being the first inac¬ 
cessible number) satisfies in addition the axiom of substitution, if in both cases 
"definite Eigenschaft ” resp. “definite Relation” is identified with ‘‘prop. fncL 
over the class of all sets ” (with one resp . two free variables ), 

Sketch of proof for M« w : ax. I t II are trivial, ax. VII is satisfied by Z *= 
M mt ax. III“V have the form (3#)(w) [n 1 x 22 <?(u)], where the <p are certain 
prop. fnct. over M» u . Hence, by def. of JV / rt+x there exist sets x in JVf« w +i 
satisfying the axioms. But from Th. 1 and Th. 2 it follows easily, that the 
order of x is smaller than a> w for the particular <p under consideration, so that 
there exist sets x in the model satisfying the axioms. 

For M a ax. I-V and VII are proved in exactly the same way and the 
axiom of subst. is proved by the same method as ax. III-V. Now denote by 
“A" the proposition “There exist no non-construetible sets ” 11 by “R” the 
axiom of choice and by “C" the proposition “ 2 M « *= for any ordinal 

a.” Then we have: 


Th. 8. ASRan^ADC. 


A 3 R follows because for the constr. sets a well-ordering can be defined 
and A ZD C holds by Th.2, because 

Now the notion of * 'constr. set” can be defined and its theory developed 
in the formal systems of set theory themselves. In particular Th. 2 and, 
therefore, Th. 8 can be proved from the axioms of set theory. Denote the 
notion of “constr. set” relativized for a model M of set theory (i.e., defined 
in terms of the €-relation of the model) by constr.u, then we have: 
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Th. 9. Any element of {resp. M Q ) is constr. M(a {resp. const*. j^) ; 
in other words: A is true in the models Af* w and 

The proof is based on the following (wo facts: 1. The operation M' 
(defined on p. 220) is absolute in the sense that the operation relativized for 
the Model applied to an x e A/« w gives the same result as the original 
operation (similarly for M Q ) . 2. The set N & which has as elements all 
the (for £ < or) is constr. for a < and constr.for a < 12, as is 

easily seen by an induction on a. From Th. 9 and the provability (from 
the axioms of set theory) of Th. 8 it follows: 

Th. 10. R and C are true for the models and M u . 

The construction of and M Q and the proof for Th. 7 and Th. 9 (there¬ 
fore also for Th. 10) can (after certain slight modifications) 12 be accomplished 
in the resp. formal systems of set theory (without the axiom of choice), so 
that a contradiction derived from C, R, A and the other axioms would lead 
to a contradiction in set theory without C, R, A. 

1 This paper gives a sketch of the consistency proof for propositions 1, 2 of Proc. 
Nat. Acad . Set., 24, 556 (1938), if T is Zermelo’s system of axioms for set theory (Math. 
Ann., 65,261) with or without axiom of substitution and if Zerruelo’s notion of “Definite 
Eigenschaft” is identified with “propositional function over the system of all sets.” Cf. 
the first definition of this paper. „ 

* It is assumed that for any element of M a symbol denoting it can be introduced. 

* At first with each an equivalent normal form of the above type has to be associ¬ 
ated, which can easily be done. 

4 In the well-ordering of the constr. sets. 

I m means “power of m." 

* I.e„ x t y as j(x) « f(y). In the following proof J(x) is abbreviated by x l , 

7 1.e., of the elements of order <« of K on the elements of order <« of M v . 

1 1,e., of the elements of order £ a of K on the elements of order of M n . 

9 Because / maps K*M a on by induct, assumpt. 

“ Cf. Math, Ann., 65, 261 (1908). 

II In order to give A an intuitive meaning, one has to understand by “sets” all objects 
obtained by building up the simplified hierarchy of types on an empty set of individuals 
(including types of arbitrary transfinite orders). 

11 In particular for the system without the axiom of substitution we have to consider 
Instead of Af« w an isomorphic image of it (with some other relation R instead of the «~ 
relation), because contains sets of infinite type, whose existence cannot be proved 
without the axiom of 9ubst. The same device is needed for proving the consistency of 
prop. 3, 4 of the paper quoted in footnote 1. 

11 Th. 3, 4, 5, are lemmas for the proof of Th. 2. 

* Unless explicitly stated otherwise “prop, fnct.” always means “propositional func¬ 
tion with one free variable.” 
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THE TIME FA CTOR IN X-RA Y PROD UCTION OF CHROMOSOME 

ABERRA TIONS 

By Karl Sax 

Arnold Arboretum, Harvard University 
Read before the Academy, April 24, 1939 

Cells exposed to x-rays are affected in various ways. The first apparent 
response is a temporary inhibition trf nuclear division. The cells already 
in the process of division continue to divide, but the chromosomes are 
clumped and appear to be sticky. Changes in the permeability of the 
protoplasmic membranes may occur, and the viscosity of the cytoplasm 
may be altered. Recent evidence indicates that the activity of enzymes 
and hormones may be inhibited. At low concentrations of irradiation 
these effects appear to be temporary and the cell recovers. The more 
permanent effects involve the changes induced in the chromosomes. These 
changes are of two types, structural alterations in the chromosomes and 
gene mutations. Either type of chromosome change may lead to variation 
in the organism, or may be lethal at some point in the cell lineage. 

The chromosome aberrations to be described were induced in the 
developing microspores of Tradescantia. The microspore nucleus re¬ 
mains in the resting stage for five or six days. During this time the 
chromosomes are single threads in the form of relic spirals. The nucleus 
then enters the prophase stage and each chromosome becomes split length¬ 
wise to form two sister chromatids. This splitting of the chromosomes 
begins about thirty hours before metaphase and is completed in all chromo¬ 
somes at about twenty-four hours before metaphase. Thus the nuclear 
cycle, from the tetrad stage following neiosis to the metaphase stage in 
the division of the microspore nucleus, requires about a week. This 
cyde is somewhat longer in the winter months. Division figures examined 
24 hours after irradiation were rayed at prophase, while those fixed five 
days after raying were in the resting stage when x-rayed. 

Two general types of chromosome aberrations are induced by x-rays— 
chromatid breaks and chromosome breaks. The chromatid breaks are 
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induced at prophase when all chromosomes consist of sister chromatids. 
Either one or both of the sister chromatids may be broken by a single 
hit, i.e., the ionization produced by a single quanta. If both chromatids 
are broken, the broken ends of adjacent sister chromatids may fuse to 
produce a dicentric chromatid and a U-shaped fragment. When chroma¬ 
tid breaks are induced in several chromosomes, fusions may occur between 
broken ends of different chromosomes and produce chromatid bridges, 
translocations, or rings. These aberrations are dependent upon two inde¬ 
pendent hits. The frequency of the one-hit chromatid breaks is approxi¬ 
mately proportional to dosage while the two-hit chromatid aber¬ 

rations show an exponential increase with increased dosage (. D/K ) 2 * 0 . 

Irradiation of the resting nucleus produces chromosome breaks. Single 
hits are rarely effective in producing aberrations at this stage because the 
chromosome consists of a single thread. A single hit produces only two 
broken ends at this time and the two broken ends usually reunite in the 

w 

original position so that no aberration appears at metaphase. Most of the 
chromosome aberrations arc produced by fusions between broken ends of 
different chromosomes or chromosome arms. These dicentric, reciprocal 
interchange and ring chromosomes are dependent upon two independent 
hits, and show the same relation to dosage as the two-hit chromatid aber¬ 
rations (Sax, 1 and unpublished). With the exception of reciprocal inter¬ 
changes, all aberrations are accompanied by chromosome or chromatid 
fragments. These acentric fragments are fused terminal deletions. They 
are Tarely included in the daughter nuclei, and all are lethal in the haploid 
cell lineage. 

If chromosome aberrations are dependent upon the occurrence of two 
breaks within certain limits of time and space, the frequency of such aber¬ 
rations should be dependent upon the intensity of the radiation. If 
broken ends of chromosomes fuse quickly, a low intensity should produce 
few aberrations because a single break would be re-fused before a second 
break occurred in an adjacent chromosome. But if broken ends remain 
m an unstable condition for a comparatively long time and fuse with other 
broken ends only when they happen to come in contact, a given dosage 
should be equally effective at either high or low intensity. 

The relation between the chromosome aberrations and the time factor 
can be determined by giving a series of flower buds the same x-ray dose, 
but at different intensities, or by raying the flower buds at the same in¬ 
tensity, but with varying intermittent exposures. In each of these ex¬ 
periments we have used buds from a single plant or a clonal line. The 
microspores were fixed and stained 24-26 hours after raying for the analysis 
of chromatid breaks and five days after raying for a study of chromosome 
breaks. Only dicentric and ring chromosomes were scored in listing the 
chromosome aberrations because terminal deletions are rare and reciprocal 
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interchanges can be recognized only when the exchange is very unequal. 
The two-hit chromosome atid chromatid aberrations involve two breaks 
and are so classified in obtaining the percentage of breaks. 

TABUS i 

The Effect of the Time Factor in X-ray Induced Chromosome Aberrations. 

134 K. V. 10 ma 320 r. 5 day 


DURATION 

k/h 

TOTAL 

KXCHANOlt 

% 

OF HAYING 

CHKOMOSOMK8 

BKU.AK8 

HRUAKtt 

1' 

320 

2844 

492 

17.3 

O' 

*4 

100 

1044 

140 

13.4 

4' 

80 

1878 

218 

11.0 

K' 

40 

2202 

200 

9.1 

16' 

20 

2592 

182 

7.0 


In the first experiments on the time-intensity factor each series was set 
up so that all flower buds received the same x-ray dose, but at different 
intensities. The intensity of radiation was varied by placing the flower 
buds at varying distances from the x-ray tube following the inverse square 



FIGURE i 

The relation between the time-intensity factor and frequency of x-ray induced 
chromosome aberrations. 

law. The time of exposure was varied for each intensity so that all buds 
received the same x-ray dosage. The results of one of the first experiments 
are shown in table 1. The buds rayed for one minute at 320 r/m show 
more than twice as many chromosome aberrations as those rayed for 16 
minutes at 20 r/m. The results are shown graphically in curve 2 of figure 1. 
The relation between radiation intensity and frequency of chromosome 
breaks is expressed by the equation log % breaks * 0.314 log I + 0.764, 
Where I is the radiation intensity in r/m. Obviously this curve cannot be 
extrapolated indefinitely in either direction, and we do not have the neces- 
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sary data to determine the intensity which should practically eliminate 
chromosome aberrations. It must be quite low, however, perhaps several 
roentgens per hour. 

These experiments on the time-intensity factor were repeated at various 
x-ray intensities and at different total doses. The results of these experi¬ 
ments are shown in the form of curves in figure 1. The data in experiment 
1 were obtained from an analysis of only 2208 chromosomes, but number 
4 is based on an analysis of 14,040 chromosomes, and 5070 chromosomes 
were examined in experiment 16. The results shown in experiment 4 
are not consistent, due to the difficulties in calibration at a short distance 
from the tube (15 cm.) and possible errors in timing the exposure at 15 
seconds. In this experiment the voltage was 200 K. V. at 25 ma. with 
filters equivalent to 0.25 mm. of copper and 2 mm. of aluminum. All 
other experiments were done at 134 K. V. 10 ma. without filters. The 
tube distance varied from 19 to 100 cm. 

In all cases there is a decrease in the frequency of chromosome aberra¬ 
tions with longer exposure and decreased x-ray intensity. There is some 
correlation between the slopes of the curves and the total dosage. The 
frequencies of chromosome aberrations decline more rapidly with time at 
the lower intensities. 


TABLE 2 

The Effect of Intermittent Radiation on Induced Chromosome: Aberrations 

134 K. V. 10 ma. 25 r/m. 5 day 



EXPOSURES 

REST 

PERIODS 

TOTAL 

KXCHAMRB 

% 


NO. 

TIME 

NO. 

DURATION 

CHROMOSOMES 

RRRAKft 

MBAKA 

1 

1 

16' 

0 


5388 

880 

16.4 

2 

4 

4' 

3 

10' 

3816 

614 

13.6 

3 

4 

4' 

3 

32' 

5820 

582 

10.0 

4 

4 

4' 

3 

48' 

4014 

280 

7.1 

5 

1 

4' 

0 


7440 

98 

1.3 


The relation between frequency of chromosome aberrations and x-ray 
intensity shows that many of the chromosome breaks reunite in the original 
position very soon after they are induced by irradiation, but we have no 
precise information on the maximum time a break can remain “open” 
in an unstable condition. This period can be determined from intermittent 
timing experiments. Four experiments were completed using x-ray 
intensities of 12.5, 25, 50 and 160 r/m, respectively. The results of ex¬ 
periment 2 are shown in table 2. In each of the five series of exposures the 
x-ray intensity was 25 r/m. The first series was given continuous radiat¬ 
ing for 16 minutes, while series 2,3 and 4 were given split doses of 4 minutes 
each, with rest periods between exposures of 16, 32 and 48 minutes, respec¬ 
tively. Series 5 was given only one 4-minute exposure. The percentage 
of breaks induced by this single exposure, multiplied by 4, should give 
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the end-point or base line for comparison with the intermittent exposure 
series. The point at which the curves reach the base line shows the time 
during which a break can remain in an unstable condition. In experiment 
2 the base line is 5.2 per cent. The percentage of aberrations is 16.4 for 
continuous radiation and decreases with increasing rest periods, but does 
not reach the base line with 48-minute rest periods. By projecting the 
curve it appears that breaks may remain open for about one hour. The 
results of this and other intermittent timing experiments are shown in 
figure 2. Curve 1 is based on four 4-minute exposures, with rest periods 
of 0, 4 and 16 minutes. The total number of chromosomes examined was 



FIGURE 2 

The relation between intermittent exposures to x-ray and the frequency of 
chromosome aberrations. 

7482. Curve 3 is based on four 2-minute exposures, with rest periods of 0, 
40, 80 and 120 minutes. The number of chromosomes analyzed was 
19,956. Curve 4 is based on two 1-minute exposures with rest periods of 
0, 4, 8, 16, 32, 64 and 128 minutes with a total of 30,282 chromosomes 
examined. In all cases the base lines were determined. There is con¬ 
siderable correlation between the radiation intensity and the slopes of the 
curves. At 12.5 r/m the base line is reached at about 25 minutes while 
at 25 r/m and 50 r/m the base line is reached with rest intervals of about 
one hour. At high intensity, 160 r/m, there is little or no effect of the 
single rest periods. The rather consistent lowering of the curve below the 
base line in both experiments 3 and 4 may be due to a physiological dis- 



230 


GENETICS: K. SAX 


Proc. N. A. S. 


turbance caused by radiation, although the individual deviations are not 
statistically significant. It appears from these data that chromosome 
breaks can remain open in an unstable condition and are capable of fusion 
with other broken chromosomes for somewhat more than an hour. The 
nuclear cycle from meiotic telophase to the division of the microspore 
nucleus requires more than a week during the winter months. 

The results of the various differential and intermittent timing experi¬ 
ments can be attributed to the fact that a chromosome aberration is pro¬ 
duced by two independent x-ray hits. If the radiation is given at high 
intensity there is a greater chance for the production of adjacent breaks 
before the broken ends reunite in the original position. But if the radia¬ 
tion is delivered slowly, the broken ends of one chromosome may reunite 
before a second break occurs in an adjacent chromosome. No aberration 
is produced because the broken ends of both chromosomes reunite in the 
original position. 

TABLE 3 

The Effect of Intermittent Radiation on 1-Hit and 2-Hit Chromatid Breaks. 

134 K. V. 10 ma. 25 r/m 24 hr. 



EXPOSURES 
DURA* 
NO. TION 

REST 

NO. 

PERIODS 

DURA¬ 

TION 

TOTAL 

CHROMOSOMES 

1'HIT 

NO. 

BKRAKH 

% 

2-ttlT 

NO. 

8KBAKS 

% 

1 

1 

6 

0 


3854 

127 

3.3 

138 

3 6 

2 

a 

2 

2 

3' 

2736 

76 

2.8 

88 

3 2 

3 

3 

9 

4-* 

o 

<v 

2628 

88 

3.3 

54 

2.1 

4 

3 

2 

2 

27' 

1890 

55 

2.9 

30 

1.6 

5 

1 

2 

0 


3948 

39 

1.0 

24 

0.0 


y According to this interpretation the time factor should have an influence 
on the frequency of 2-hit breaks, but the 1-hit breaks should be independent 
of the time factor. This assumption can be tested by comparing the 1-hit 
and 2-hit breaks induced at prophase. The results of this experiment are 
shown in table 3, Continuous radiation was given for six minutes and 
the intermittent treatments were given three 2-minute exposures, each with 
rest periods of 3, 9 and 27 minutes, respectively. The single exposure of 
two minutes provides data for determining the base line where longer 
rest periods are not effective in reducing the frequency of aberrations. It 
is evident from the results shown in table 3 that the 1-hit aberrations are 
independent of the time factor, but the 2-hit aberrations decrease in fre¬ 
quency with longer rest periods. The data are shown in graphic form in 
figure 3. The curve for the 2-hit breaks reaches the base line at about the 
20 -minute rest interval. 

The results of the experiments on the time factor in relation to frequency 
of chromosome aberrations seem to be in accord with previous work on the 
time-intensity factor in relation to lethal or injurious effects on tissues and 
organisms. In a review of the literature Pack and Quimby* summarize 
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the results of 34 investigators who have studied the time-intensity factor 
in radiation experiments. The results in nine of these experiments showed 
no effect of the time-intensity factor; five investigators found a greater 
effect at lower intensities, while 20 of the experiments showed that the 
high intensities of radiation were more injurious. Some of the discrepan¬ 
cies can be explained on the basis of differences in the duration of the nuclear 
cycle in different materials. If the cell cycle is rapid and the radiation in¬ 
tensity is relatively low, injury occurs only at the most sensitive period, 
i.e., at the time of division, and long exposures of low intensity will be more 



FIGURE 3 

The effect of intermittent x-ray radiation on 1-hit and 2-hit chromatid 
aberrations. 

effective than short exposures of higher intensity. The short exposure will 
not be so effective because few of the cells will be at the sensitive stage 
during the period of raying. With most cells the nuclear cycle is longer 
than the longest exposure time, so that most of the nuclei are in simitar 
stages of development. Under such conditions a high intensity of radia¬ 
tion is more effective than the same dose given at lower intensity, because 
most of the nuclei are in the resting stage where two hits, limited to a critical 
time period, are necessary to produce a chromosome aberration. The time- 
intensity factor shows no effect on the mutation rate, because most muta¬ 
tions induced by x-rays are caused by single hits. 

It has been assumed that chromosome deletions can persist as detached 
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fragments for several cell generations and then reunite with the original 
chromosome (Stadler 3 ). Very few of the acentric fragments in Trades** 
cantia, or in other plants, are included in the daughter nuclei, although 
Carlson 4 finds that acentric fragments are usually included in the daughter 
nuclei in the grasshopper neuroblast. The x-ray breaks induced in the 
chromosomes of Tradescantia either reunite in the original position, or 
unions occur between broken ends of different chromosomes within a 
maximum period of about one hour. The nuclear cycle of these cells 
requires about one week. Even with a nuclear cycle of several hours it 
seems highly improbable that acentric fragments in plants can persist and 
reunite with the original chromosome after several cell generations. 

^ The exact nature of x-ray action on malignant tumors is not known, 
although it seems probable that nuclear injury plays some part in checking 
growth. Induced mutations are caused by the direct action of x-rays 
and not by a delayed effect. Moderate doses of x-rays have a temporary 
effect on the physiological processes in plant cells, but the permanent 
effects are caused by chromosome aberrations. The effect of the time- 
intensity factor on x-rayed organisms is readily explained on the basis of 
induced chromosome aberrations. The exponential increase of chromo¬ 
some aberrations with increased dosage can be explained only as the direct 
effect of the radiation on the chromosomes. The greater susceptibility 
of prophase stages in the nuclear cycle can be attributed to purely mechani¬ 
cal factors. The dual nature of the chromosomes permits single hits to 
produce aberrations. The greater susceptibility of meiotic prophase, as 
compared with mitotic prophase, also can be attributed to the condition of 
the chromosomes. Four chromatids are closely associated so that 1-hit 
aberrations are more easily induced. 

If we may assume that chromosome aberrations play some part in the 
regression of tumors following irradiation, the results of the x-ray work 
with plant cells may have some application to the x-ray treatment of 
cancer. Radiation of sufficiently low intensity would produce only 1-hit 
breaks, which are confined almost entirely to cells rayed at the prophase 
stage of the nuclear cycle. During a given interval many more prophase 
stages would occur in the rapidly dividing tumor cells than in the normal 
tissue so that most of the chromatid aberrations would be confined to 
the tumor cells. High concentrations of x-rays produce more aberrations 
at both the prophase and resting stage, but due to the fact that such in¬ 
tensity will produce many chromosome aberrations in resting cells, the 
normal tissue would be injured. Intermittent radiation of low intensity 
should produce frequent aberrations in the rapidly dividing tumor cells, 
with but few aberrations in the chromosomes of the normal tissue. 

Summary. —X-ray radiation of high intensity is more effective in pro¬ 
ducing chromosome aberrations in Tradescantia microspores than the 
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same dosage given at low intensity. Continuous radiation is more effective 
than intermittent radiation. The effect of the time-intensity factor is 
due to the fact that the chromosome aberrations are dependent upon two 
independent x-ray hits, limited in time and space. Intense radiations 
produce many adjacent breaks during the critical time period and fusions 
may occur between different chromosomes. If the radiation is given 
slowly, the first break may heal before a second break occurs in an adjacent 
chromosome. The broken ends of both chromosomes reunite in the original 
position and no aberration is produced. The time-intensity factor has no 
effect on 1-hit chromatid aberrations. The broken ends of Tradescantia 
chromosomes may remain in an unstable condition and capable of fusion 
for a maximum period of about an hour. 

The work was supported, in part, by a grant from the National 
Research Council Committee on Radiation. 
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INDUCTION OF 'QRIPLOIDY AND HAPLOIDY IN THE NEWT, 
TRITURUS V1RIDESCENS, BY COLD TREATMENT OF 

UNSEGMENTED EGGS 

By Gerhard Fankhauser and Raymond B. Griffiths 

Department of Biology, Princeton University 
Communicated April 11,1939 

It has been known for some time that triploid embryos of frogs and 
salamanders occur occasionally in nature. Last year it was demonstrated 
that these exceptional triploid individuals may be identified among living 
larvae by means of chromosome counts in amputated tail-tips. 1 The 
evidence that has accumulated so far indicates that the frequency of trip- 
loidy varies with different species. In the newt, Triturus viridescens, it 
appears to be about one per cent (five triploids among 428 larvae). In the 
two-lined salamander, Eurycea bislineata, it may be as high as 10 per cent 
(18 triploids among 184 larvae examined so far). 1 Furthermore, within 
one species, some matings appear to produce more triploid embryos than 
others, a condition which suggests the participation of genetic factors. 

Since the study of the effects of polyploidy in a vertebrate is a new field 
and has already produced interesting results, 8 '* it would be highly desirable 
to increase the natural frequency by experimental means. In plants, poly- 
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ploidy may be induced by exposure to either low or high temperatures, or 
by an alternating cold and heat treatment. 6 ” 8 Under the influence of the 
abnormal temperatures, the anaphase separation of the chromosomes and 
cell division are inhibited in a greater or smaller number of cells, while the 
division of the chromosomes is not affected. When the treatment is ap¬ 
plied during meiosis, diploid gametes are produced which may, by com¬ 
bining with normal, haploid gametes, give rise to triploid embryos. 
Tetraploid seedlings are obtained by application of extreme temperatures 
at the time of the early divisions of the zygote. 

Recent investigations indicate that, in animals also, polyploidy may be 
induced by abnormal temperatures. Tetraploid silkworms have been ob¬ 
tained by short heat treatments, 9 In parthenogenetic races of Artemia 
salitui, a prolonged exposure of eggs during the single maturation division 
to temperatures of +4°C. increases the natural tendency of some eggs to 
retain the polar body. 10 

The experiment to be reported here was suggested by the work of Ros¬ 
tand on the influence of low temperatures on crosses between various species 
of frogs and toads. 11 ” ,ft In some of these crosses, the foreign sperm pene¬ 
trates and activates the egg; the sperm chromatin, however, does not take 
any part in development. Cleavage takes place with the maternal chromo¬ 
somes only (gynogenesis) and usually gives rise to haploid, dwarfed tad¬ 
poles, Occasionally, however, vigorous, diploid tadpoles are produced 
which must have developed from diploid eggs. These are probably the 
same exceptional eggs which, following normal fertilization by a sperm of 
the same species, produced the occasional triploid embryos mentioned 
previously. 14 By exposing cross-fertilized eggs to temperatures close to 
freezing, Rostand was able to increase the number of diploid gynogenetic 
tadpoles. The low temperature apparently interferes with the course of 
the second maturation division which, in all amphibian eggs, is not com¬ 
pleted until after fertilization: a certain number of eggs retain the chromo¬ 
somes that would normally be extruded in the second polar body. 

During the months of November and December, 1938, eggs of the newt, 
Triturus wridescens, were obtained by means of pituitary stimulation. As 
in other species of newts, the eggs are deposited singly and fertilized im¬ 
mediately before laying, by spermatozoa that are present in the sperma- 
theca connecting with the cloaca. Freshly laid eggs were collected and 
placed in a refrigerator the temperature of which varied between +0.5° 
and +3°C. After sixteen to twenty-six hours, they were removed and 
allowed to develop at room temperature (20° to 23°C.). The rate of mor¬ 
tality was much higher than in untreated control eggs (table 1), but varied 
greatly between groups of eggs obtained from different females. When 
the larvae had hatched and reached an age of about three weeks, the tail- 
tips were amputated and stained for chromosome counts (table 2). All 
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but one of the normal larvae obtained from refrigerated eggs were found 
to be triploid, while the control larvae from untreated eggs were without 
exception diploid. The remaining ten experimental larvae, which were 
characterized by small size and varying degrees of edema, were all haploid. 


TABLE 1 

Summary ok Development of Kggs Exposed aktkr Fertilization to +0,5 to 

+3.0°C. for 16 to 20 Hours 


Total 

Died before end of gastrulation 
Died in early embryonic stages 
Normal larvae 

Dwarfed, more or less edematous larvae 


REFRIGERATED BOGS 

CONTROL BOGS 

114 

146 

04 

10 

15 

19 

25 

117 

10 



TABLE 2 

Summary of Chromosome Counts in Tail-Tips of Larvae 


Total 

FROM RBEKlGtCKATKO EGOS 

35 

FROM CONTROL BOOS 

117 

Diploid 

1 

117 

Triploid 

24 

< * * 

Haploid 

10 

• 4 t 


Figure 1 shows typical metaphase plates from a haploid, a diploid and a 
triploid tail-tip, with eleven, twenty-two and thirty-three chromosomes, 
respectively. The size of the nuclei and cells in the epidermis of the tail- 
tips is roughly proportional to the chromosome number (figure 2). This is 
clearly shown in living larvae by the size and number of pigment cells in 
corresponding areas of the head (figure 3). In the haploid larva, the mela- 
nophores are much smaller but more numerous than in the diploid. In 
the triploid, the increase in cell size and reduction in cell number is most 
clearly shown in the region between the gills. 

The general appearance of the same three larvae is illustrated in figure 
4. The haploid larva is shorter; the greater width is largely caused by the 
edematous swelling of the body. The triploid larva is slightly larger than 
the control. This increase in body size, however, is not typical for triploid 
larvae in general, since many were not noticeably larger than diploid larvae 
of the same stage of development. In the triploid larvae obtained from 
untreated eggs of both Triturus and Eurycea which were mentioned above, 
triploidy is usually not connected with gigantism. 1 * 2 

The majority of the triploids developed normally to metamorphosis. 
Eight of the ten haploid larvae died during the fourth week. One only 
lived for 114 days. The presence of groups of larger, presumably diploid 
nuclei in five of the haploid tail-tips indicates that diploid sectors will be 
found in other regions of the body as well; some of these larvae are therefore 
not pure haplpids. 



236 


GENETICS: FA NKHA USEE A ND GRIFFITHS Proc. N. A* & 



Metaphase chromosomes from epidermal cells of a haploid, a diploid and a triploid 
tail-tip (11,22 and 33 chromosomes). Tracings of enlarged photomicrographs. X 1255. 



FIGURE 2 


Nuclei of epidermis cells from a haploid, a diploid and a triploid tail-tip. The sue 
of the nuclei is roughly proportional to the number of chromosomes they contain. 
Camera lucida drawings. X 274. 



FIGURE 8 

Pigment pattern on the head of a haploid, a diploid and a triploid larva, 4 weeks old. 
Tracings of enlarged photomicrographs. X 11.5. 
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The results of the refrigeration experiments that have been carried out so 
far demonstrate that the production of triploid salamander larvae may be 
controlled effectively by this simple procedure. At the same time they 
unexpectedly reveal a new method for inducing haploidy in animals which 
may have important applications. It is interesting to note that recently a 
haploid rye plant has been obtained by short exposures to a temperature of 
-3°C. U 

We hope that the continuation of these experiments will determine more 
accurately the conditions which lead either to addition or to subtraction 
of a chromosome set in the treated eggs. Variations in the duration of the 



FIGURE 4 

The same larvae as shown in figure 3. The haploid larva (left) is dwarfed and edema¬ 
tous, the triploid is slightly larger than the diploid. Tracings of enlarged photomicro¬ 
graphs. X 8.7, 

treatment, in the temperature that is used and in the stage of fertilization 
when it is applied to the eggs, may yield important information. A detailed 
cytological study will also be made of the changes that are induced by the 
low temperature in the processes of maturation and fertilization. The 
cytological situation may be expected to be rather complex since fertiliza¬ 
tion in salamanders is normally polyspermic and the low temperature may 
influence the reactions of the supernumerary spermatozoa. 

Before such an investigation is made it is not possible to offer a definite 
explanation of the mechanisms that are involved in producing triploidy or 
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haploidy. It is probable that the former is due to the retention of the hap¬ 
loid set of chromosomes that is normally eliminated in the second polar 
body. Under slightly different conditions, possibly when the temperature 
is closer to 0°C., the increased viscosity of the cytoplasm might inhibit the 
movements and subsequent fusion of the pronuclei, The sperm nucleus, 
which is normally associated with a division center, would then divide 
alone, and development would proceed with the haploid, paternal set of 
chromosomes. 


1 Fankhauser, G., Proc. Am. Phil. Soc., 79, 715-739 (1938). 

2 Fankhauser, G., Jour. Hered., 30 (in press) (1939). 

» Fankhauser, G., Anal. Rec ., 72, Suppl., 70 (1938). 

4 Fankhauser, G., Genetics, 24, 71 (1939). 

* Belling, J., Jour. Hered. , 16, 463-464 (1925). 

• Randolph, L . F., Proc. Nat. Acad. Sci., 18, 222-229 (1932). 

7 Sax, K„ Am. Jour. Bot., 24, 218-225 (1937). 

8 Dermen, H., Jour . Hered., 29, 21F 229 (1938). 

0 Hasimoto, H., Bull. Imp. Sericult. Exp. Sla., 8, 359-381 (1933). 

10 Gross, F., Naturwiss., 20, 962-967 (1932). 

11 Rostand, J., C. R, Soc. Biol., Paris, 115, 1680-1681 (1934). 

12 Rostand, J„ C. R. Soc. BioL t 4>aris, 122, 1012 1013 (1936). 

13 Rostand, J., Act. Sci. Industr., No. 051, Paris (1938). 

14 Hertwig, G., and P. ( Arch. mikr. Anat., 94, 34-54 (1920). 

14 Mimtzing, A., Iiereditas , 23, 401-404 (1937). 


THE ROLE OF DE VELOPMENTAL RA TES IN THE PRODUCTION 
OF NOTCHED WING CHARA CTERS IN DROSOPHILA 

MELANOGASTER 

By Werner Braun 

Department of ZoOlooy, University of California* 

Communicated March 20, 1936 

In two recent papers Beadle, 1 Ephrussi 2 and co-workers described the 
effect of starvation, peptone-food and media with low food-levels du ring 
the larval stage on the pigmentation of the eyes of adult flies in Drosophila 
melanogaster. If the larvae developed under these abnormal conditions a 
change in genetical r-flies to normal eye-color was observed. The authors 
considered that a change in the metabolism of these flies was responsible 
for the production of » + -substance, which is necessary to change v-eyes to 
normal eyes. No similar change could be produced in cn-flies. 

Using the technique described by Beadle 1 and Ephrussi,* we tested the 
influence of starvation and different food-media during the larval stage on 
the development of different notched wing-mutants of D. melanogaster. 




Degrees of notch-effect l(0)-(5)) of ci n flies hatching on successive days (10-17 days after egg-laying). Time of development pro 
longed by transfer of larvae to peptone-food 24-48 hours after egg-laying. 
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The investigations are still in an early stage, but the preliminary results 
are so clear that a short account appears justified. 

Stocks of vg no and ct n (Fig. la), two low alleles of vg and ct, respectively, 
which have been inbred for many years and always show only a slight notch 
at the tip of the wing, were used in these experiments. The parental flies 
were allowed to lay eggs for 24 hours on a standard agar-molasses-commeal- 
yeast medium, from which the young larvae were collected at various ages 
and transferred to the different media. The investigation was started with 
two sets of experiments: (1) transfer of larvae to petri-dishes which con¬ 
tained wet filter-paper + 3 drops of a yeast-solution (“starvation”) with 
return of the larvae to normal food after 3 days, or, in one test, no return 
at all, and (2) transfer of larvae to vials with a medium consisting of a 10% 
peptone-solution, glucose and agar-agar as described by Ephrussi 2 and no 
return to normal food. In all these experiments a significant increase of 
from 1-6 days in the time of development could be observed. The flies 
which hatched after a development thus prolonged showed a stronger 
notch-effect, which increased with the increase in the time of development, 
producing a whole series of wing-patterns, ranging from slight notches to 
deeply-cut wings. Examples are shown in figure 1 and are cited in table 1. 
The notch-effect observed in flies with a large increase in time of develop¬ 
ment, especially that produced by peptone-food, is as extreme as the effect 
of higher alleles of the vg - or ct- series. Current tests with larval food of 
different yeast-levels with or without glucose show the same effect, namely, 
the time cf development is prolonged and the notch-effect is enhanced ac¬ 
cordingly. This suggests that the degree of notching is dependent on the 
time of development, which can be prolonged by starvation and larval 
food-media deficient in some as yet unknown components. A similar re¬ 
lation between time of development and abnormal wing-structure has also 
been detected by genetical means by Mr. E. Gardner working in this labora¬ 
tory on the effect of different mutations on the degree of notch-action, as 
yet unpublished and cited by his permission. He examined especially the 
action of tfg-dorainigenes, 3 which shift the dominance of the usually reces¬ 
sive ig, thus producing a notch-effect in flies heterozygous for vg. In these 
dominigene-stocks he detected a significant delay in the time of develop¬ 
ment. He recently raised heterozygous t^-larvae, not containing domini- 
genes, on peptone-food and observed notched wings in the heterozygous 
vg-flies, which hatched after delayed development. This suggests that the 
action of the dominigenes might be only that of prolonging the time of de¬ 
velopment, thus producing a notch-effect in a heterozygous ug-fly. 

A more detailed and extended analysis of the whole problem is under 
way, including especially experiments with different mutations, different 
food-media and much more precisely timed tests. 
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For a tentative explanation of our results, it is necessary to recall Gold¬ 
schmidt's investigations on the embryology of notched wings. 4 He has 
shown that wings, which exhibit a low degree of notching will first develop 
normally in the very young pupae and that then a destructive process sets 
in which destroys the later notched parts of the wing. The larger the de¬ 
gree of notched, the earlier this process of destruction will start and, in 
cases of strong degrees of notched, the process will take place in the late 
larval stages. He assumed that this destructive process might be caused 
by a destructive substance entering the at first normally developing wing. 
Our experiments have shown that we can produce a series of various de¬ 
grees of destruction by changing the time of development. Assuming the 
existence of a destructive substance, it can be inferred that by prolonging 
the time of development either a destructive factor is given more time to 
work on the developing wing or more time for the production of a destruc¬ 
tive factor is provided. This would indicate that for the production of most 
notch or cut wing-patterns only two main factors may be responsible, 
namely, the presence of a destructive factor and the rate of development. 
The coordination and the different intensity of these two factors and the 
different stages in development at which they can act may produce the 
many different notch characters known in Drosophila. Furthermore, as 
soon as a destructive factor is present, i.e., in a heterozygous rg-in dividual, 
notched wings can be produced, dependent on the rate of development. 
This would explain the production of notched wings in heterozygous vg- 
individuals by dominigene-action or by delay in development due to pep- 
tone-food. 

Whether or not there is a possible relation between our results and those 
of Beadle 1 and Ephrussi 2 cannot be decided at this time. 

* Assistance rendered by the personnel of WPA Official Project 465-03-3-192 is 
acknowledged. 

1 Beadle, G. W. ( Tatum, E. t. f and Clancy, C. W., Biol. Bull., 75, 447-462 (1938). 

* Khouvine, Y., Ephrussi, B., and Chevais, S., Biol, Bull., 75, 425-446 (1938). 

* Goldschmidt, R., Z. ind. AbstL, 69, 70-131 (1935). 

4 Goldschmidt, R., Biol. CentrbL, 55, 535-554 (1935); Univ. Calif. Publ. Zool., 41, 
277-282 (1937); Proc. Nat. Acad. Sci., 23, 219-223 (1937). 
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INFLUENCES OF LIMITING MAGNITUDE UPON METEOR 

FREQUENCY 

Bv Fletcher Watson 
Harvard College Observatory 
Communicated April 14, 1939 


These comments are intended to demonstrate the importance of con¬ 
sidering the limiting naked-eye magnitude in a statistical discussion of 
meteor frequencies. The total number of meteors, N, that an observer 
will record, is 

N = m + wj-i + tti-2 + • • • (1) 


where n x is the observed frequency in the magnitude interval above the 
limiting stellar magnitude. Observational effects reduce the observed 
frequency in a given magnitude interval to some fraction, /, of the true 
frequency, N: 

m = fiN h (2) 

Then equation (1) becomes 


N — fiNi + fi-iNi-i + ft - a AT/ — 2 + .. - (3) 

Preliminary studies 1 indicate that for homogeneous data the relationship 

N a ~ %N a ~ 1 — X l N a etc., (4) 

or in general 

Na - x* m N a ^ m , (40 

holds over a wide magnitude range. With equation (4) we may rewrite 
(3) as 

Na - Naifl + X-7l-I + + • . .) (5) 


or 


Na - N a F 



where F remains constant as the limiting magnitude changes. The total 
number observed with some other limiting magnitude, a — Am, will be 

N fl _Am - N a ^ m F. (6) 


Then dividing (50 by (6) and substituting from (40* we find 


N 


N— 


‘ - - x Aw . 


a —Am 



Numerically the frequency characteristic, x> depends upon the magnitude 
scale characteristic of the observer and apparently also upon the dispersion 
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in the velocities of the meteors. For meteor showers, in which all the 
particles have the same velocity, x is usually between 2.5 and 2.7, while 
for sporadic meteors x tends to be greater. From (7) we conclude that 
the intensities of a meteor shower as observed at two places reduced to 
identical conditions except for one unit in the limiting magnitudes will 
differ by a factor of approximately 2.5. Obviously any attempt to deter¬ 
mine the “absolute” intensity of a shower requires a precise knowledge 
(* 0?1) of the limiting magnitude as seen by each observer. Unfortunately 
even the most extensive reports frequently lack any mention of the limiting 
magnitude. 

In the reduction of observations the frequency characteristic, x» may 
be separated from the observational factors, /, in several ways. The values 
of / measure the fraction of the observing field in which meteors of a given 
magnitude above the limiting magnitude are seen. For meteors four or 
more magnitudes brighter than the limit an average observer seems able 
to cover a field 60° in diameter, but fainter meteors are seen only near 
the center of the field. Thus the value of x may be determined from the 
relative frequencies of the brighter meteors. By limiting the field of 
observation (to perhaps 40° diameter) the limiting magnitude to which 
the census will be complete will become fainter, and x may again be deter¬ 
mined directly from the observed frequencies. With a limited field whose 
diameter is approximated by the lengths of the meteor trails, which vary 
with the magnitude, corrections for the number of meteors moving into 
the field will be necessary. 2 

By Opik's “Double Count Method” 3 the observational factors may be 
evaluated and the true frequencies determined for the entire magnitude 
range observed. Simultaneous naked-eye and telescopic observations 
may also be employed to indicate the observational factors for the naked- 
eye observer. 2 

Many problems in meteoric astronomy are being investigated on the 
basis of diurnal and annual variations in the meteoric intensity. Equation 
(7) indicates the extent to which changes in the limiting magnitude, at a 
given location and between individual observers, will influence the ap¬ 
parent frequency. Until the observations used in these investigations are 
reduced to a standard magnitude limit, the significance of the conclusions 
derived from them must be impaired*. 

Since certain investigators describe their magnitude observations by the 
mean magnitude, we need to evaluate the change in mean magnitude that 
results from a change in the limiting magnitude. In terms of (5) and (S') 
the average magnitude M, for limiting magnitude a, is 



afi + (a - 1 )/*-) x~ l + (a — x“ 2 + 

F 



* * * 
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For limiting magnitude a — Am the mean magnitude is 

_ (a — Am)fi -f (a - Am — l)/,_ 1 x” 1 +- H — Am-F 

^*0 — Am r n 


From (8) and (9) we have 

M fl — M rt „ = Am. (10) 

Thus the change in the mean magnitude equals the change in the limiting 
magnitude and is independent of both % and the observational factors. If 
X is only slightly greater than unity, the convergence in the series denoted 
as F and II will be slow, but in all data investigated thus far x exceeds 
two. Thus in practice the series F and II converge rapidly. 

1 H. B., 895 (1934); H. Ann., 105, Tercentenary Paper 32 (1937); and unpublished 

* Watson, Proc. Am. Phil. Soc., in press. 

* Pub. Tartu Obs 25, no. 1 (1922); no. 4 (1923). 


IS A UXIN PRODUCED IN ROOTS ?' 

By J. van Ovbrbbbk 

William G. Kerckhoff Laboratories, California Institute of Technology 

Communicated March 27, 1939 

In 1933 Boysen Jensen 2 conclusively demonstrated that auxin is present 
in roots. When this problem was solved a new one arose: Is auxin pro¬ 
duced in root tips, or is it merely accumulated there from elsewhere in 
the plant? Thimann 8 determined the amount of auxin which was given 
off by excised tips of Avena roots into dextrose-agar blocks and compared 
it with the amount of auxin that was obtained by ether extraction of such 
tips. In both cases he found the same amount of auxin and concluded that 
it is merely accumulated in the Avena roots and not actually produced by 
them. Other authors, 4 however, found that from the roots of Avena and 
other plants two to twenty times as much auxin could be obtained by 
diffusion as by extraction. They came to the conclusion that auxin is pro¬ 
duced in roots. As we had obtained surprisingly large amounts of auxin 
from pea roots® it seemed of interest to compare the amounts of auxin ob¬ 
tained from excised root tips of germinating peas by diffusion and by ex¬ 
traction with improved techniques. 

Tips 3 to 4 mm. long were cut from roots of “Alaska 19 peas which had 
germinated for two days in washed sand. These tips were placed on agar 
blocks (l 1 /* per cent) containing 10 per cent dextrose, and were replaced 
each hour on fresh blocks. After from 6 to 9 hours no more auxin was given 
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off into the blocks (Fig. 1), not even if the tips were left on a single block 
for an additional period of ten hours. Yet at the end of such a prolonged 
diffusion experiment the tips still contained some auxin which could be 
demonstrated by ether extraction for 20 hours in a Soxhlet extractor 
(table). A similar set of roots as was used for the diffusion test was ex¬ 
tracted with highly purified ether in a small Soxhlet extractor for 20 hours 
immediately after they were cut (Fig. 2). The amount of auxin obtained 



FIGURE 1 

Amount of auxin (degrees of curvature in the Avena test) given off by 20 tips of pea 
roots during periods of 1 hour in 140 mm. 3 agar (lVa%) blocks containing 10% dextrose 
(80923-28.) 

in this way was practically equal to the sum of the amounts obtained in 
the diffusion test followed by extraction. It is interesting to note that 
diffusion yields less auxin than direct extraction, contrary to the results 
obtained by all previous investigators. It therefore seems that, under the 
conditions of our experiments, the auxin given off by excised root tips of 
germinating peas is auxin which was already present at the time the tip 
was cut off, and is not produced. Of further interest is the fact that in 
these root tips there is some auxin which apparently is not able to 
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out, but can be demonstrated by extraction only, which lends support to 
the view expressed by Thimann and Went 6 that auxin in the plants occurs 
in a bound and a free form. 


TAIU.K 

Total amount 7 of auxin obtained by: 

Diffusion from 50 tips 06,4° * 2.0° (* 69% free moving auxin) 

Ether extraction of residual auxin 

from same tips 29,6° **■ 0.3° (■■ 31% bound auxin) 

Total 96.0° 

Direct ether extraction from 50 tips 91.4° * 2.6° 



FIGURE 2 

Scheme of the technique followed to obtain auxin from root tips of germinating 
peas. On the left the diffusion method consisting of: (1) the collection of auxin in 
dextrose-agar blocks, (2) melting of these blocks, in order to make the results obtained 
by this method strictly comparable to those obtained by the extraction method, (3) 
pouring of the agar into standard size blocks, (4) determination of the auxin content by 
means of the Avena test. On the right the extraction method which consists of: (1) 
the Soxhlet extraction, (2) the transfer of the extract into hot dextrose-agar (dextrose 
is used in order to make the extraction technique as comparable as possible to the dif¬ 
fusion method), (3) pouring of blocks of standard size, (4) the Avena test. 


Although under the conditions described above (excised roots on dex¬ 
trose-agar blocks), no evidence was found for auxin production, this does 
not necessarily mean that under natural conditions (intact roots) no pro¬ 
duction will take place. Recently there has appeared to be some evidence 
that excised pea roots grown in vitro under sterile conditions and in a 
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complete medium 8 (containing both vitamin Bi and nicotinic acid) are able 
to synthesize auxin. Details will be published later. 

1 Report on work carried out with the aid of assistants supplied by the Works Progress 
Administration, Official Project Number 665-07-3-83. Work Project L-9809. 

* Planta , 19, 354 (1933). 

» Jour. Gen. Physiol., 18 , 23 (1934). 

4 Nagao, M., Set. Rep. Tohoku Imp . Univ., 10, 721 (1936); Boysen Jensen, P., Dei. 
Kgl. Danske Vidensk. Sets., Biol. Medd 13, 1 (1936); Van Raalte, M. H. t Rec. trav. bot . 
nkerU 34, 278 (1937). 

• van Overbeek, J., and Bonner, J., Proc. Nat. Acad. Sci., 24, 260 (1938). 

6 Went, F. W., and Thimann, K. V., Phytohormones, Macmillan, New York, 1937. 

* The amounts of auxin are expressed in degrees of curvature in the standard Avena 
test on the basis of 50 root tips and a volume of agar corresponding to 8 blocks (1120 
mm. 1 ). All tests were done in quadruplicate and at the same time in order to avoid 
errors due to variation in sensitivity of the plants. If root tips are placed cm plain agar 
blocks no auxin is found in them. Ether extraction of such tips that had been trans¬ 
ferred to fresh plain agar blocks for a total period of 20 hours, yielded 40.0° * 1.6 D . 

• Addicott, F. T. f and Bonner, J., Science , 88, 577-578 (1938). 


CELL POLARITY AND THE DIFFERENTIA TION OF ROOT 

HAIRS 

By Edmund W, Sinnott and Robert Bloch 
Department of Botany, Columbia University 
Communicated March 24, 1939 

By means of a technique recently described by Sinnott 1 it is possible to 
observe the division and enlargement of cells in the living root tips of cer¬ 
tain grasses, and to trace the history of these cells until differentiation is 
complete. In certain genera the cells which are to form root hairs (the tri- 
choblasts) are sharply differentiated at the last cell division from those 
\yhich are not, and the two develop very differently. In other genera dif¬ 
ferentiation of root hair cells is delayed for some time, and any cell, until 
rather late in its development, seems to have the capacity to form a root 
hair. A detailed comparison of these two types of differentiation throws 
light on the mechanism of root-hair determination. Root hair develop¬ 
ment was studied in Phleum pratense, Poa trivialis, Chloris gayana and 
Sporobolus cryptandrus. 

In the genera Phleum and Poa , just before the last cell division (usually 
the fourth from the tip) in the surface layer or dermatogen, the apical end 
of the cell becomes more densely protoplasmic than the basal. The di¬ 
vision which then follows is an unequal one, the apical (distal) daughter 
cell, which is the trichoblast and destined to produce a root hair, being 
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considerably smaller than the basal (proximal) one (Fig. 1, above). It 
also has denser contents, as may be seen in the living condition or by 
staining with Ruthenium Red or other agents. The new wall between the 
two cells is somewhat convex toward the proximal side, so that the cells 
differ more in the length of their side walls than in volume. The absolute 
and relative sizes of these apical and basal cells, measured along the side 
walls at the beginning of development and at maturity, are shown in ta¬ 
ble 1. Phleum has slightly larger cells, but the relative size of the two 
cell types is much the same as in Poa. 



TABLE 1 



MERISTKMATIC REGION 

Length of apical 

Phleum 

Poa 

Chloris 

Sfiorobolus 

cell (micra) 

Length of basal 

4.08* 0.25 

3.59*11.20 

6.60*0.61 

7.17*0.21 

cell (micra) 

10.33* 0.39 

8.12*0.30 

9.00*0.75 

8.25*0.26 

Ratio, apical .basal 

MATURE REGION 

Length of apical 

1.0 : 2.21 

1.0 : 2.20 

1.0 : 1.36 

1.0 : 1.15 

cell (micra) 

Length of basal 

98.3 * 6.1 

52.6 *4.4 

95.0 *5.3 

101.0 *5.2 

cell (micra) 

244.8 *11.3 

178.5 *8.5 

137.0 *6.8 

127.0 *6.8 

Ratio, apical:basal 
Percentage distance of 
root hair origin 
from apical end of 
cell. 

1.0: 2.49 

1.0 : 3.39 

1.0 : 1.44 

1.0 : 1.26 

Per cent 

14.0 * 0.6 

18.0 *0.5 

23.9 *0.6 

41.9 *1.1 

Standard deviation 

5.83* 0.40 

5.25*0.37 

5.96*0.43 

9.84*0.70 


As cell enlargement proceeds, these relative proportions are essentially 
maintained, although from the first the apical cell grows somewhat less 
rapidly than the basal so that the contrast between them increases until 
maturity. The partition wall loses its convex form and becomes straight. 
The basal cell soon becomes vacuolate but the apical one remains rather 
densely protoplasmic. As this cell reaches its final size, a root hair begins 
to develop from near the apical end, where more protoplasmic material 
is present. The nucleus usually occupies a position just below the young 
root hair. The point of origin of the hair, in terms of percentage distance 
along the cell from its apical to its basal end, is presented in table 1. This 
point, about 14% and 18% from the apical end, in these two genera, is 
relatively constant, showing a standard deviation of about 5.5%. The 
root hair itself is pointed forward at an angle of about 45° with the axis 
of the root. 
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In the genus Sporobolus (Fig* l, below), on the other hand, there is no 
visible internal differentiation before the last division and the division it* 
self is much more nearly an equal one, the two daughter cells usually being 
indistinguishable in size or contents, although there is a tendency for the 
apical one to be slightly smaller. As the cells expand to their final size, 
root hairs develop from some of them. Occasionally one finds alternating 
root-hair cells and hairless cells, as in the figure, but frequently there is a 




rr 

r— 

r™ 

r~\ 

> 

i 

•: 

1 L 



Lii 


LJ 


A 




B 


r" 


- L . V ' 


— 




0 SPOROBOLUS 

FIGURE l 

i 

Above, Phleum: A, two pairs of cells in the meristeraatic region; B, the same cells 
during expansion; C, a root-hair cell and a hairless cell at maturity. 

Below, Sporobolus: A, two pairs of cells in meristematic region; B, a series of cells 
during expansion; C, a root-hair cell and a hairless cell at maturity. 

The apex of the root is toward the left. 


continuous series of cells which develop hairs and then a group of several 
without them. The root hair originates near the middle of the cell, 
about 42% of the distance from the apical end (table 1). Its position is 
much more variable than in Phleum and Poa, however, the standard devia¬ 
tion being almost twice as great. The hair grows nearly straight out from 
the root at an angle of 90°. 

The genus Chloris is somewhat intermediate between the two types just 
described. The last division appears to be slightly more unequal, the 
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apical cell being smaller than the basal, but this difference is by no means 
as great as in Phleum and Poa. As the cells enlarge, certain of them can be 
shown by appropriate staining to have more dense contents, and these are 
usually the smaller cells. They often alternate with somewhat larger ones, 
and are the cells from which root hairs develop. Frequently there may be a 
series of several successive root-hair cells. The hairs come out from about 
a fourth (23.9%) of the way back along the cell and are relatively constant 
in their position. They tend to bend forward apically somewhat. 

In both Sporoholus and Chloris , roots which have been checked in their 
growth, because of age or for other reasons, tend to show a much more defi¬ 
nite alternation of relatively small root-hair cells with relatively large hair¬ 
less ones, and the hairs in such cases tend to originate nearer the apex of 
the cell than they do in fast-growing roots. 

A comparison of these types of root-hair differentiation shows that early 
differentiation is associated with (1) denser cell contents at the apical end 
of the mother cell before its division into root-hair and hairless cells; (2) 
unequal division of this cell, the smaller daughter cell (which will produce 
the root hair) lying toward the apex and retaining denser cytoplasmic con¬ 
tents for a considerable time during subsequent extension; (3) an origin 
of the root hair near the apical end of the cell and in a relatively constant 
position; and (4) a forward growth of the root hair at an acute angle with 
the root axis. Conversely, where differentiation is late, the cell contents 
of the mother cell are of equal density throughout; the division of this 
cell is essentially equal so that there is less regular alternation of root-hair 
and hairless cells; the hair originates from near the middle of the cell but 
in a much more variable position, and the hair tends to grow directly out 
at right angles to the root axis. 

These results can be explained by assuming that in Phleum and similar 
forms there is a strong apical tendency in the formation of root hairs, but 
very much weaker tendency in Sporoholus and its allies. This can perhaps 
best be pictured in terms of the distribution of materials under the influence 
of cell polarity. Where the cell is strongly polarized, the materials at one 
end will be markedly different from those at the other. Where polariza¬ 
tion is weaker, distribution will be more nearly equal. If materials which 
stimulate root-hair formation move under the influence of strong polarity, 
they will accumulate at one end of the cell (the apical end in Phleum and 
its allies) from a very early stage and will cause the last division of the root 
hair mother cell to be unequal, the apical cell to be the root-hair cell, and 
the root hair itself to originate near the apical end of this cell in a constant 
and apically directed position. Conversely, the more equal distribution of 
these materials would tend to be associated with a division of the mother 
cell into cells essentially" equal in size and in root-hair potency, and in the 
origin of an outward pointing root hair near the middle of the cell but more 
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variable in its position, exactly the situation which occurs in Sporobolus * 
In such cases of weak polarization it is probably differences in the internal 
or external environment rather than inherent differences in the cells them¬ 
selves which determine whether a given cell will produce a root hair or not, 
and where it will be produced. 

The material stimulating root-hair growth may be protoplasm itself or 
some more specific growth substance. In support of the former possibility 
is the fact that in Phleum and Poa, protoplasm and nucleus tend to move 
toward the apical end of the mother cell and of the root hair cell itself. 

Aside from its effect on the distribution of stimulating materials, cell 
polarity might have an influence on root-hair production through differ¬ 
ences in permeability at the two ends of the cell, through polar differences 
in the character of the cell wall, or through other factors affecting the form 
and development of the cell itself. 

These pronounced and regular differences between cells in their capacity 
to form root hairs, and between related genera in the time and character 
of root-hair differentiation, should be taken into account in studies which 
deal with the factors responsible for root-hair development. 

Whatever the causes may be for the facts here described, it is clear that 
in related genera of the grass family there are markedly different types of 
root-hair determination. In one, differentiation is early and strongly apical 
in character. In another it is late and but slightly or not at all apical. 
These forms evidently provide excellent material for experimental studies 
on some of the factors involved in differentiation, for they present a simple 
example of two sister cells which in some cases have the same fate through¬ 
out, in others become unlike only near the end of their growth, and in still 
others are differentiated, both in structure and function, very early in de¬ 
velopment. 

1 Sinnott, Edmund W. ( Proc. Nat . Acad. 5a., 25, 55-58 (1939). 


ON MODULAR AND p-ADIC REPRESENT A TIONS OF ALGEBRAS 

By Richard Braubr 

University of Toronto 
Communicated March 17, 1939 

I. In the usual treatment of the arithmetic of an algebra A, only 
maxima! domains of integrity are considered. However, in the important 
case of the group ring belonging to a group G of finite order, a domain 
of integrity J which is not a maximal domain is defined in a natural manner. 
A basis of J is formed by the group elements. It is necessary for the in- 
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vestigation of the modular representations of G to study the arithmetic of 
J instead of first replacing / by a maximal domain. We consider ground 
fields K which are algebraic number fields (though almost all the results 
could easily be extended to fields K with a discrete valuation). Let p 
be a prime ideal of K. We are mainly interested in the connection between 
the p~adic behavior of an algebra A over K and the prime ideal divisors ^3 
of p in a domain of integrity J of A . 

2. There are three different ways of expressing certain facts concerning 
algebras. We may use the language of the theory of representations, of 
algebras and of ideals. We first give some results concerning representa¬ 
tions and indicate the connection with the two other theories. 

Let A be an algebra with a principal unit 1 over any'ground field K . 
Let Ui, Us, . . ., U* be the distinct (i.e., nonsfmilar) indecomposable con¬ 
stituents of the first regular representation SR of A . 1 The largest completely 
reducible constituent at the bottom of U* is irreducible; {$>>** -> 

are distinct, and there are no other irreducible representations of A in 
the field K. Similarly, there exists exactly one indecomposable con¬ 
stituent 33* of the second regular representation @ of A which has 
as the largest completely reducible constituent at the top. $8i, 33$, . . 
33* are then all the distinct indecomposable constituents of ©. We denote 
the degrees of U*> by /*, u Kt v K> respectively. Let r K be the number 
of linearly independent matrices in K which commute with every element 
of Then h K « f K /r K is an integer, and U* appears exactly h K times as 
an indecomposable constituent of SR, 53* appears h K times as an indecompos¬ 
able constituent of On the other hand, & has the multiplicity vJr K 
as an irreducible constituent of SR, and the multiplicity u K /r K as an irreduc¬ 
ible constituent of ©. 

The multiplicity of gx as a constituent of U« will be denoted by c K \/r x . 
We write 

U.— E-Bx, (‘=1.2 . k) (1) 

x-i r A 

where the sign -► indicates that we have the same irreducible constituents 
on both sides. The are integers which are divisible by r K and r x . They 
are the Cartan invariants of A, Corresponding to (1), we have 

®«L “ (* = 1. 2. k). (2) 

x-i 

On comparing the degrees in (1) and (2), we obtain formulas which express 
«, and in terms of c„x, r, and h, = f,fr„. 

The radical N of A consists of those elements which are represented by 
0 in every The matrices of 3, form a simple algebra.4., and the residue 
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class algebra A/N is isomorphic to the direct sum of these A K1 k « 1, 2, 
. . ., k. Each A k is a complete matric algebra of degree h K with coefficients 
in a division algebra A, of rank r K over K (we use the word “rank” to de¬ 
note the number of basis elements of an algebra!). 

We write 1 as the sum of orthogonal primitive idempotents 2 and select 
for every k one such idempotent % which (mod N) belongs to A K . Then 
the rank of tJkAvx is given by the Cartan invariant c kX . It may also be 
remarked that if the Loewy series of or any other (1-1) representation of 
A consists of e terms, then N* = 0 but N e ~ l ^ 0. 

The elements of A represented by 0 in form a prime ideal % of A, 
and these ideals tyu are the only prime ideals of A. Of course, 

A/% k ~ A Kt and the intersection $*] is equal to N. It may 

happen that for every k. 

3. We distribute the indecomposable constituents lb into blocks in the 
following manner. The constituents U p and tt, belong to the same block if 
we can find a sequence IF, U M ,..U TI U* which begins with U p and ends with 
lb, such that any two consecutive U< have at least one irreducible con¬ 
stituent in common. Suppose that we have t such blocks: B lf B 2 , 

. . ,, B,. We then may also speak df the constituents or the prime 
ideals s }? x? of B T . 

To every block B r there belongs (a) the set $ T of those elements of A 
which arc represented by 0 in every U\ outside of B rf and (b) the set 
of those elements which are represented by 0 in all U x of B r . The sets 
$t T and 5Uf T are ideals of A, and, of course, A - © $t r . Then 


A = Sli © S 2 © . , . ® Jfj, 


where the $ r cannot be written as direct sum. Correspondingly, the 
intersection [33^2, . . 3Jf ; J is the ()-ideal (0). The ideals 3JU and fflfy 
are relatively prime: ( s Ub> 9)^) = A for i + j. Finally, cannot be writ¬ 
ten as the intersection of two relatively prime ideals 4= This is the 
only representation of (0) as an intersection of ideals where all these 
properties hold, 

4 . We assume from now on that K is an algebraic number field. (With 
slight modifications, the following results can be derived for any field K 
with a discrete valuation.) Let J be a domain of integrity in the algebra 
A of rank n in the following sense : (1) / is a subring of A; (2) J contains 
n linearly independent elements of A; (3) the elements of J when expressed 
by a basis «i, € 2 , of A have the form 2a#; with a; « bi/w , where w 

is a fixed denominator in K and the bi are integers of K; (4) J contains the 
ring o of all integers of JC, 

Every ideal m of o generates an ideal of J which without danger 
of confusion may be denoted by m again. Let p be a fixed prime ideal of o. 
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We denote by a* the ring of all p-integers of K, i.e., of all a/b, where a, 
b lie in o and (5, p) — o. Then o* and J generate a subring /* of A. Here 
J* has a basis 771 , . * rt H such that every y of J* can be written uniquely in 
the form 


y ss CiTji + CV/2 + . . . + CnVnt c i in 0*. (3) 

The can be chosen in J. 

The ideal p generates an ideal of o* and an ideal of /*, both of which 
will be denoted by p*. The element y in (3) belongs to p*, if ail the c t 
are of the form with a ( *, bi in o, a, ^ 0 (mod p) and (/>,, p) — o. 
We denote quite generally the residue class of an element a of /* (mod p*). 
by a. We have 

o = o*/p* ~ o/p; J = /*/ p* ^ //p (4) 

for the residue class field and residue class algebra. The elements yju 
? 72 » * * ■> * 7 W form a basis of J with regard to o. If B == (b KX ) is a matrix with 
coefficients in o*, then the corresponding matrix (&, x ) with coefficients in 
o will be denoted by B. The same notation will be used in the case of 
representations. 

We form the regular representation SR of A, using the basis rj u 772, . . ., 
K} n . Every y of /* is then represented by a matrix R(y), with coefficients 
in 0 *. If 71 ss 72 (mod p*), then R{y\) ss R( 72) (mod p*). This implies 
that 7 R( 7) gives a representation 9i of J = /*/p*. Obviously, is 
the regular representation of J % formed by means of the basis 771, 772, . . 

Vtr _ 

We use for (instead of 91) the notations introduced for the regular 
representation above. The k irreducible constituents 5* °f ^ correspond 
to the k prime ideals % of J2Z Jl p. It follows that there exist exactly k 
prime ideal divisors of p in J. Here ^ consists of those 7 of / for which 
7 is represented by 0 in % K . The residue class algebra //$* is represented 
by 5*; it is a complete matric algebra of degree h K in a Galois field of de¬ 
gree r K over 0 o/p. The intersection of the % gives the radical of p. 

The t blocks J 81 , B*, . . of 5 R give t ideals Sli, SRa, . . Tl t of J/ p. 
For the corresponding ideals of 9R f of J, we have 

p - Wu a»*_ mh (5) 

any two of the 2R r are relatively prime, and 9R f cannot be written as inter¬ 
section of relatively prime ideals = 4 = 9tR r . (S) is the only representation of p 
as intersection of ideals with all these properties. 

5. Let t be an element of 0 such that r ss 0 (mod p), tt 3 = 0 (mod p 2 ). 
It follows easily from the connection between 9{ and 9? and the structure 
of 9 } that we may assume 
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Mn xM# ir M\i .. . 

icM%\ Mi 2 irMa . . . 

ir Mu kMm, Mm . . . 



for a in /*, where M aX has coefficients in o*, and Mn, Mn, Mm, . . . coin¬ 
cide with Ui f U 2 , , . . for the element a, each of the latter taken with the 
proper multiplicity ft,. In ( 6 ) a chain of similarity transformations of 
determinant 1 can be applied such that we obtain corresponding formulas 

with x* instead of x, i = 2, 3, 4,_ This can easily be seen by means of 

the properties of intertwining matrices. We now replace the ground field 
K by the corresponding p-adic field K p . The ideal (x) generated by p 
will again be denoted by p t a bar again indicates the transition from an 
element to its residue class (mod p). It follows then that in K pt R(a) 
in ( 6 ) can be transformed in 

Mi 0 0 ... 

0 MiO ... 

0 0 % Mi... 


by similarity transformations of determinant 1 , where Mn M*> • • • again 
are identical with Ui, U 2 , ... for the element a, each taken with the proper 
multiplicity ft,. This shows the existence of a representation (U*) of A 
with coefficients in the p-adic field K„, such that we obtain the indecomposable 
modular representation U, of J/p when we replace every coefficient in (IU) 
by its residue class (mod p): 

(IU) - U*. (« « 1, 2, . . ., ft). (7) 

The regular representation 91 of A splits completely into (Ui), (Us), . . . 
where (U,) is to be taken ft,-times. The p-adic representation (U 4 ) here 
may be decomposable in K v . Our result can be considered as a generaliza¬ 
tion of HenseVs irreducibility theorem 4 for polynomials with the highest 
coefficient 1 . 

6. Let Xn Xi> . , %i be the distinct irreducible representations of A 
in K r Using a method of Burnside 4 we can show that after a similarity 
transformation we can assume that X\ represents the elements of /* by 
matrices with integral p-adic coefficients. Then X\ gives a representation 
of JsJ/p. 

Every matrix P with integral p-adic coefficients which intertwines (U») 
and Xp t 

(U W )-P - 


produces a matrix P intertwining (U#) ■» U, and Using the properties 
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of intertwining matrices it can be shown that every matrix intertwining 
11, and 5, can be obtained in this manner. For the number /(.,.) of 
linearly independent intertwining matrices, we have then 

J(OU £,) - /(Hr. I,), (8) 

where the left side refers to the p-adic field K p ; the right side to the 
modular field o S o/ p. 

For a direct computation of both expressions in ( 8 ) we assume now that A 
is semisimple. The p-adic representation (U,) splits completely into ir¬ 
reducible p-adic representations X p : 

(U,)~ = 1,2 . k ) (9) 

P- 1 

where the are rational integers ^ 0. On the other hand, the representa¬ 
tions X P of J can be built up from the irreducible representation g* of J 
in the field o: 

Xp *—■ L oo) 

with rational integral coefficients d„ ^ 0 . We have now for the left 
side of ( 8 ), where q p denotes the number of linearly independent matrices 
which commute with every matrix of For the right side of ( 8 ) we find 

Hence 

qpd^^d^r,. (11) 

The indecomposable constituents the irreducible constituents of the 
regular representation of J/p f and the irreducible p-adic representations 
lx of A are connected by the formulas (9), (10), (11). Here r, and q p can 
be defined in the following manner: g* represents a complete matric algebra 
over a Galois field of degree r 9 over 6 o/p and X p represents a complete 
matric algebra over a division algebra of rank q, over K p . 

By means of (9), (10), (11) we can compute the multiplicity c KX /r x of 
8 x in IL We thus find 

dp K dp\Qp (k, X - 1,2,.. ,, k) % (12) 

p-i 

a formula which expresses the Cartan invariants c K \ of J/p by means of 
the il decomposition numbers ” In particular, c hX =* c X k . It may be re¬ 
marked that J/p need not be a symmetric algebra. In the case of a 
group ring, we obtain therefore an 4 ' arithmetical M proof for the symmetry 
of the Cartan invariants, which is quite different from the "algebraic” 
proof given in B. N. 
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We may apply similar arguments in the case of the indecomposable con¬ 
stituents of the second regular representations of //p. We have 
formulas analogous to (9) and (11). Comparing them with (9) and (11), 
we find 



If A is normal and simple, we have only one l = 1, and the cor¬ 
responding & gives the square of the p-index of A. h 

In the case of a semisimple algebra A , we can always replace K by an 
algebraic extension field such that with regard to this new ground field, 
the numbers q p and r c are to be replaced by 1. With regard to such a 
ground field, we have 


(tu — (*,) — E d„Z p -, Z, —*■ E 

0 o 

E a a 
*0 




1 For the properties of the regular representations and intertwining matrices cf. R. 
Brauer-C. Nesbitt, these Proceedings 23, 236 (1937) (referred to under B. N.). T. 
Nakayama, Ann. of Math. (2), 39, 361 (1938); C. Nesbitt, Ann. of Math. (2), 39, 
634 (1938); and two forthcoming papers by R. Brauer. 

* See L. E. Dickson, Algebras and Their Arithmetics , Chicago, 1923, §42. 

8 Cf. for instance, A. A. Albert, Modern Higher Algebra , Chicago, 1937, p. 290. 

* W. Burnside, Proc. London Math. Soc. (2), 7, 8 (1909). 

»H. Hasse, Math . Ann 107, 731 (1933). 


NUMBER OF THE SUBGROUP? OF ANY GIVEN ABELIAN 

GROUP 

Bv G. A. Miller 

Department op Mathematics, University op Illinois 
Communicated April 10, 1939 

Every abelian group whose order is not a power of a prime number is 
known to be the direct product of its Sylow subgroups. Hence the number 
of its subgroups is the product of the numbers of the subgroups contained 
in its Sylow subgroups. It is therefore easy to determine the total number 
of the subgroups of any given abelian group whenever we know the num¬ 
bers of the subgroups contained in its Sylow subgroups. Hence we shall 
confine our attention for the present to a determination of the total num¬ 
ber of the subgroups contained in a given abelian group G of order p m t p 
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being a prime number. It is known that every possible set of independent 
generators of G involves the same number of operators. Let Si, ,y 2 , . . sk 
be such a set of independent generators of G , arranged in ascending order 
of magnitude if the orders of two such successive generators arc not all equal 
to each other. 

We shall first determine the total number of the cyclic subgroups of an 
arbitrary order p* contained in G. For this purpose it is only necessary to 
find the total number of the operators of G whose orders divide p a and to 
subtract from this number the total number of the operators of G whose 
orders are less than p a . The remainder thus obtained divided by p n — 
pa \ gj Ves total number of the cyclic subgroups of order p a contained 
in G since each of these cyclic subgroups contains exactly p a — p rt ~ l 
operators of order p a which do not appear in any other cyclic group of 
order p ( \ because these operators separately generate the cyclic group of 
this order in which they appear. 

The number of the operators contained in G whose orders divide p u 
is the product of k numbers, r of these are equal to p a and represent respec¬ 
tively orders of operators generated by the given set of independent gen¬ 
erators of G whose orders are separately at least equal to />“, while the 
remaining k — r are respectively equal to the orders of the operators in the 
given set of independent generators which are separately less than p n . 
The number of the operators contained in G whose orders arc less than p a 
is also equal to the product of k numbers. The last k — r of these may be 
so selected that they are the same as in the preceding case, while the remain¬ 
ing r of them are separately equal to p a 1 instead of p a . Hence there re¬ 
sults the following theorem: If an abelian group of order p”, p being a 
prime number , has a set of k independent generators which involves r operators 
which are separately at hast equal to p* while the orders of the rest of these 
operators are separately hss than p", the number of its cyclic subgroups of 
order p* may be obtained by dividing by p — 1 the product of the latter orders 
and (; p r — 

The number of the operators of order p a contained in G is always larger 
than the number of its cyclic subgroups of this order except when p = 2 
and «*1. In this special case these two numbers are equal to each other. 
If the order of an abelian group is not a power of a prime number its cyclic 
subgroups are the direct products of the cyclic subgroups contained in its 
Sylow subgroups. Hence the number of its cyclic subgroups is then the 
product of the numbers of its cyclic subgroups contained in its Sylow sub¬ 
groups. It may be noted here that in the Encyclopaedia Britannica (1938) 
there appears a statement under the entry of the term ' "Groups/ 1 volume 
10 , page 914, which implies that a set of independent generators of an 
arbitrary abelian group can be so selected that each of them generates 
a Sylow subgroup. This is evidently only possible when the given abelian 
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group is cyclic* Various other incorrect statements appear under the same 
entry in this encyclopedia. 

It is considerably more difficult to determine the number of the non- 
cyclic subgroups of G than to find a formula which gives the number of the 
cyclic subgroups contained therein. A few general theorems simplify the 
determination of the former number. One of these may be stated as follows: 
An abelian group of order p m contains one and only one subgroup which 
satisfies the two conditions that it has a set of independent generators in¬ 
volving as many operators as appear in a set of independent generators of 
G and that the orders of the former independent generators are all equal to 
a given power of p which does not exceed the order of the smallest indepen¬ 
dent generator of G. The number of these subgroups contained in G is 
therefore equal to the index of the power of p which is equal to the order 
of the smallest independent generator of G. Each of these subgroups is a 
characteristic subgroup of G since it is composed of all the operators of G 
whose orders divide a given number. 

Another general theorem relating to the number of the subgroups of G 
may be stated as follows: If all the orders of a set of independent generators 
of a subgroup of G are equal to the orders of a set of independent generators 
of G with the exception of the generator of highest order in the latter set, 
and the order of the largest independent generator of the subgroup is at 
least equal to the order of the next to the largest independent generator 
of G, then there is one and only one such subgroup in G for every order of 
the last independent generator of the subgroup which does not exceed the 
order of the largest independent generator of G. The number of these sub¬ 
groups of G is therefore equal to one more than the difference between the 
indexes of the power of p which is equal to the order of the largest inde¬ 
pendent generator of G and the power of p which is equal to the order of the 
next to the largest operator in the given set of the independent generators 
of G. 

Since the number of the operators in a set of independent generators of 
a subgroup of G is equal to the index of the power of p which is equal to the 
order of the group generated by all the operators of order p contained in 
this subgroup it results that a subgroup of G cannot have a set of indepen¬ 
dent generators which involves more operators than appear in every set of 
independent generators of G. In particular, a necessary and sufficient 
condition that a subgroup of G has a set of as many independent generators 
as G itself has, is that it involves all the operators of order p contained in 
G. To determine the number of the subgroups of a given type which appear 
in G it is only necessary to determine the number of ways in which a set 
of independent generators of a subgroup of this type can be selected from 
the operators of the group and to divide this number by the number of ways 
in which a set of independent generators of such a subgroup can be selected 
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from its own operators. In particular, the number of the subgroups of G 
which have k i 5> k independent generators and involve no operator of order 

is known to be 

(A*- IK/ ~ A). ••(/>* ~ 

(kx k - l)(fa* - p)...(ki k - kx"- 1 )' 

In determining the number of the subgroups of a given type contained in 
G it is only necessary to consider the operators of G whose orders do not 
exceed the order of the largest operator in a set of independent generators 
of such a subgroup. It is convenient to consider first the number of ways 
in which an independent generator of highest order of such a subgroup can 
be selected from the operators of G and then to consider the number of 
ways in which the independent generators of the successively lower orders 
in a set of independent generators of the subgroup can be selected from the 
operators of G and to divide the product of these numbers by the number of 
ways in which the operators of a set of independent generators of the sub¬ 
group can be selected from the operators of the subgroup. In each par¬ 
ticular case it is only necessary to consider the operators of the group, or 
of the subgroup, whose order is equal to the order of the independent gen¬ 
erator in question. 

To illustrate this general method we proceed to consider the total number 
of the subgroups of G when k = 2 and the orders of $1 and are p® and p y , 
respectively. When the smaller of the two generators of such a subgroup 
is p the larger independent generator can be selected from the operators of 
G in pP~ l times as many ways as from the operators of the subgroup while 
the smaller of the two independent generators can then be selected from the 
operators of G in the same number of ways as from the operators of the sub¬ 
group in question provided the order of the larger independent generator 
of the subgroup is at least pP. As the order of the larger independent can 
be chosen in y — ways so as to exceed pP the number of these subgroups 
in which one independent generator is of order p is (y — P)pP~ l - As 
similar remarks apply to the cases when the smaller independent generators 
of the subgroup in question have various larger values up to pP t the number of 
the subgroups in which the larger independent generator is at least as 
large as pP is (y — $){pP — 1 )/p — 1. 

We proceed to consider the case when neither of the two generators of 
the subgroups in question has an order which exceeds pP. If these genera¬ 
tors have the same order there is clearly one and only one subgroup since 
such a subgroup is then composed of all the operators of G whose orders 
divide the common order of the generators. It remains to consider the 
case when the two independent generators of the subgroups in question 
have different orders, say p a \ p m \ a%> a*. The number of the operators 
of order p m contained in G is then p** x — /> 2 * f ~ 2 and the number of the 
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operators of this order contained in such a subgroup is p a * +oa — 

The number of these subgroups is therefore the quotient of the given num¬ 
bers of operators since the numbers of ways in which the smaller indepen¬ 
dent generator can be chosen after the larger independent generator has been 
selected is the same for the group as for the subgroup. 

Hence the number of the subgroups in which the two independent 
generators are of orders p ai and p at is p + 1 times . The exponent 

a 2 — oti — 1 cannot exceed /3 — 2 and has this value only when a 2 ™ P 
and cti = 1. There are two cases in which this exponent is & — 3, viz., 
when a% — and ai = 2 or when a* = 0 — 1 and on = 1. As similar con¬ 
siderations apply to the other cases the number of these subgroups is 
obviously given by the formula 

(p + l)(^~ s + +. +03-1 )/> # 

whenever 0 > 1. In this case the total number of the subgroups in the 
abelian group of order p m whose independent generators are of orders 
pP t p y is therefore given by the formula 

jS + (P + 1) ” 2 + v .. + (P “ 1 )P*) + 

(y - 0 ) (tf - l)/(/> - l). 

The entire group is included among the subgroups in the enumeration by 
this formula. When & = 1 the first and the last term of this formula, taken 
together, give the total number of the subgroups in question. 


THE TRANSFORMATION OF A LAG RAN GIAN SERIES INTO 

A NEWTONIAN SERIES 

By H. Bateman 

Department of Mathematics, California Institute of Technology 

Communicated March 27, 1939 


A series of type 



(z — c ~ l)(g — c — 2) ... (z — c—n) 
(t + c+l)(z + c+ 2 ) . . .~z + c + n) 


(!) 


will be called a Lagrangian series on account of the extensive investigations 
of Ren£ Lagrange 1 relating to the expansion of functions in series of this 
and allied types. 

A transformation of a Newtonian series into a series of type ( 1 ) may be 
effected with the aid of Lagrange’s expansion 
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p(z + c/, p) = 2 ( 2 c + 2 n+ 1 )(« 4 - p - \/,p - 1)X 

( 2 c + n/,p- \)R x (z) (2) 

where the symbol ( q/, p) is used for the coefficient of t p in (1 + /)*. When 
c = 0 the transformation of the series ( 1 ) into a Newtonian series may be 
based on the formula 


(1 ~ z, p) 
(1 4 - z, p) 




E <-> 


n + p 


n •» p 4-1 


(z/ f n) 


0 ~ n * P) 

(1 + n, p) 



where (m, n) « mini -j- l)(w + 2 ) . . . (m + n — 1 ), (w, 0 ) = 1 , 
(w, 1 ) = m. 

To prove this formula we observe that the series on the right may be 
written in the form 


2(1 - z)( 2 — 2 ) . . - (p — z)p F(p + 1, 1 + p - z; 2 p + 2 ; 1 )/ 

(2 p+l)l (4) 

When R(z)> 0 the hypergeometric series may be summed by the 
formula of Gauss and has the value 

( 2 p + 1 )! /z{z + l)(a + 2 ) . . . (s + p)p! 

We thus obtain the expression on the left. 

The relation (3) gives rise to a number of interesting expansions of which 
we mention three 


F( 1 — z; 1 + z; x) = ]T) ( z / t n)F{ 1 — n; 1 + n; — x) 

M ** 1 

F(a, 1 - z; 1 4- z; x) - ^ (-)"' 1 («/. n)F(a, 1 — n; 14- n; — x) (5) 

n m 1 

m 

F( 1 - z; 1 4- 2 , a; x) = (-)" -1 ( 2 /, «)F (1 - n; 1 4 n, a; - x). 

* - 1 

In the second of these we suppose that R(a) is negative when x ® — 1 ; 
otherwise we must suppose that | # | < 1 . In the former case we may use 
Gauss's formula for the hypergeometric series and obtain the identity 

F(a, 1 - z; 1 + z; - 1 ) - zF( 1 - 2 , 1 - Vm, Vs - Vtf*; 3 /sr 2 - a; 1 ) 

2Z(a) < 0 (6) 

which is certainly true when a ** — 1. It is also true when a = 0; When 
c »0 the expansion of a function f(z) in a series of type ( 1 ) may be written 
in the symbolical form 
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l -m + ± (-) 

S n«l 


(g " l)(g - 2) . . . (g ~ n) 

2(2 + l)(g + 2) . . . (z + ft) 

(2n + 1)P„(1 - 225)/(l) 



where £* is an operator which changes/(l) into/($ +1). When the opera¬ 
tions are performed the series gives a formula of interpolation. A formula 
something like this has been mentioned by E. Hille. 2 When/(z) is a func¬ 
tion represented by a Laplacian integral 



in which g{t) is continuous we obtain a confirmation of Lerch’s result* 
that when £(1), /(2), /(3) . . . are all zero f(z) is zero for all values of z 
exceeding unity. 

An interesting example of the formula of interpolation (7) is furnished 
by the equation 


——-r = /'X1, 3 /e, 1 r «, 1 - z; ‘A, 1 + u, 1 -f z; 1) (9) 

u -f- z — J 

the generalized hypergeometric series being convergent when R(u + z) > 1. 
Converting this series into a Newtonian series by means of the relation 
(3) we obtain the equation 

on 

ttZ t 

T T “ S (*A 3 A# 1 l /ti 1 + «, 1 + n; ~~ 1). 

(10) 

Calculating the coefficients in the Newtonian series by the usual rule we 
find that 

f 

F(l, *A. 1 - 1 - n; l /%, 1 + «. 1 + «; -1)=«//(« + 1, n - 1). 

(11) 

The hypergeometric series on the left is “nearly-poised” in the termi¬ 
nology of F. J. Whipple. 4 The identity (6) is a particular case of 
Whipple’s identity 

r(‘A* ~b)T (k) F(a, b; k - b; - 1 ) = T (k-b) T ('/*k)F(b, >/ t k - */*», 

*A + l /tk - »/*; k-a, »A + »/s*; 1) (12) 

which is an extension of one due to Kummer. The relation (11) is a 
particular case of Whipple’s identity* F(a, 1 4- s /ja, c, d; *Aa, 1 + a — c, 
1 + a — d; — 1) «= F(c, d; 1 + a; 1). 

Another interesting example of the formula (7) is obtained by writing (9) 
in the form 
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1 /(w 4* 2 “ 1) — ^ + l)G n (u)G tt (z), (13) 

"o 

where s(l + s, n)(7 w (s) = (1 ~ s, «). 

With this notation the Legendre series associated with (Va — Vs^)*"" 1 

is 


'X 1 

( V * - v *)*- 1 - E ( 2m + | ) p ^' v ) 6 ’>.( 2) 

ft ” 0 

and a related series is 


/ f - *' (i + /)-•• dt = 


E (2» + 1) K. (*)£■(*). 


W»ll 




where 



!.)/« + l)]cfc/(* + 1). 


If f?(s) > 0 there is a further relation 


/v (z) = 2 ( 2 * + i)z„oo<r;„(s). 06) 

w — 0 

where Zj(/) — F(—n, n + 1; 1, 1; z). Also, if R(z) > 1, 0 < u < 1 
r(« + 3 - l)/r (u) V (z) = V (2 n + 1)(2« - l)G„(s) 

where Fn(2u — 1) » F( — n, n + 1, u; 1, l;l). 

1 K, Lagrange, Acta Mathematics , 64, 1-80 (1935). 

9 E. Hille, Compositio Mathematica, 6, 93-102 (1938). 

5 M. Lerch, A eta Mathemalica, 27 (1903). 

* F. J. Whipple, Proc . Land. Math. Soc . (2), 26, 257-272 (1927). 

K. J. Whipple, Ibid. (2), 24, 247-263 (1925). 
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TIIE CONSTITUTION OF SECRETIN 
By Carl Niemann 

Gates and Crbllin Laboratories of Chemistry, California Institute of 

Technology 

Communicated May 13, 1930 

The notable investigations of Agren 1 have shown that the hormone 
secretin can be obtained in a homogeneous condition and that this hormone 
is a polypeptide, yielding upon degradation 3 mols of lysine, 2 mols each 
of arginine,proline and amide nitrogen and 1 mole each of histidine, glutamic 
acid, aspartic acid and sulfur. 

In view of the fact that in his most recent communication 1 " Agren has 
stated that the secretin molecule contains about 50 amino acid residues, 
it is of interest to note that a different conclusion can be reached on the 
basis of Agren’s experimental data. 

vSecretin chloride, dried in vacuo at 50°, is reported to contain 14.53 =*= 
0.18% nitrogen and 0.675 ^ 0.005% sulfur.In a sample of 14.35% nitro¬ 
gen it was found that 34.70% of the total nitrogen was basic nitrogen. 
From these values it follows that 100 gm. of secretin chloride contains 
1.038 mols of nitrogen, 0.356 mols of basic nitrogen and 0.021 mols of 
sulfur. The ratio S:N * 1:49.2, the ratio S:basic N = 1:16.9 and the 
ratio basic N:N » 16,9:49.2. The molecular weight of secretin as deter¬ 
mined by the ultracentrifugal method of Svedberg is reported to be ap¬ 
proximately 5000 1 and as the minimum molecular weight calculated on the 
basis of i atom of sulfur per molecule of secretin is within 10% of this 
value we can draw the rigorous conclusion that one molecule of secretin 
contains 1 atom of sulfur and 49 atoms of nitrogen, 17 of which are pre- 
eipitable by phosphotungstic acid under the conditions of the Van Slyke 
analysis. 

A partition of the basic nitrogen fraction revealed w that 100 gm. of 
secretin, dried as described above, contained 0.124 mols of lysine-nitrogen, 
0.154 mols of arginine-nitrogen and 0.078 mols of histidine-nitrogen, or 
0.062 mols of lysine, 0.039 mols of arginine and 0.026 mols of histidine. On 
examination of table 1 it is seen that the ratio of lysine:arginine:histidine 
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is 3:2:1, as was previously indicated by Agren. 1 The agreement between 
found and calculated values is sufficiently close so as to preclude all other 
simple integral ratios. Therefore of the 17 nitrogen atoms in the basic 
fraction 3 atoms are present in the lysine side chains, 6 in the arginine side 
chains and 2 in the histidine side chain, a total of 11 nitrogen atoms in the 
side chains of the basic amino acids. Agren has further reported 1 * that 
in a sample of secretin chloride containing 14.35% nitrogen, 4.65% of the 
total nitrogen appeared as amide nitrogen under the conditions of the Van 
Slyke analysis. It is well known that the Van Slyke procedure yields 
values for amide nitrogen which are at least 10% greater than the true 

TABLE i 

Composition of Secretin 


AM1KO 

ACID 

CM. MOLS/100 CM. SKCRKTIN 

RATIO 

(NUMB 811 OP IN¬ 
DIVIDUAL RBBI- 

FREQUENCY <> 

(reciprocal pbAC¬ 
TION OP TOTAL 

RB»I- 

DU EC 

CALCU¬ 

LATED 0 

FOUND 

DUBS PER MOLB- 
CULK) 

NUMBSR OF RB9I- 
DUBft) 

Lysyl 

0.063 

0.062 

3 

12 

Arginyl 

0.042 

0.030 

2 

18 

Prolyl 

0.042 

- 0.042* 

2 

18 

Histidyl 

0.021 

0.026 

1 

36 

Glutaminyl 

0.021 

0.020*' 

1 

38 

Asparginyl 

0.021 

0.021* 

1 

36 

Methionyl ^ 

0.021 

0.021 

1 

36 

Base - 0.021, it 

(0.021 + 0.366/17)/2. 




6 On basis of total number of residues * 36. 

c Mean of the non-amino nitrogen in filtrate from the basis, 0.050 and 0.033 as de¬ 
termined by isolation. 

Mean of l /a of the amide nitrogen, as determined by the Van Slyke method, 0.024 
and 0.015 as determined by isolation. 

* Mean of V* of the amide nitrogen, 0.024 and 0.017 as determined by isolation. 

s Sulfur assumed to be present as methiotfyl. 

values and as the molar ratio of S: amide * 1:2.3 we may safely conclude that 
the secretin molecule contains 2 atoms of amide nitrogen. Therefore in 
addition to the 11 atoms of nitrogen present in the side chains of the basic 
amino acid residues we have 2 additional atoms of nitrogen present in the 
side chains of the dibasic amino acid residues as amide groups. Because of 
the apparent absence of any other amino acid residue containing nitrogen 
atoms in side chains 1 we may conclude that of the 49 atoms of nitrogen 
present in the secretin molecule 13 atoms are present in side chains and 
the remainder, i.e., 36 atoms of nitrogen, are present in the main peptide 
chain, and that the secretin molecule accordingly contains 36 amino acid 
residues, As Agren has shown 1 that secretin contains no labile sulfur we 
may provisionally conclude that secretin contains 1 mol of methionyl and, 
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from the data presented in table 1, that the partial empirical formula of 
secretin is; 

L.AriPjH 1 GliAs l MiX tt 

where L » lysyl, Ar * arginyl, P « prolyl, H = histidyl, G1 *= glutaminyl, 
As « asparaginyl, M = methionyl and X = the unknown residues. 

The molecular weight of secretin calculated on the basis of a sulfur con¬ 
tent of 0.675% is 4740. Agren states 1 that secretin contains no free a- 
amino groups and it therefore follows that 1 mol of this cyclohexatriaeon- 
tapeptide will yield, on hydrolysis, 36 amino acids weighing 5388 gm. 
The average weight of the 11 known amino acids is 145.3 and as the re¬ 
maining 3790 gm. is distributed among 25 additional amino acids one 
might predict that their average weight is 151.6. However, it will be 
noted that the secretin employed in Agren's investigations was dried in 
vacuo at 50° over P*0*. It is probable that these conditions are not suffi¬ 
cient to dehydrate the peptide completely even though a constant weight 
was obtained, and consequently the question of the average weight of the 
residues in secretin and the molecular weight of secretin must be deferred 
until additional experiments have been concluded. It is likely that the 
average weight of the unknown acids is less than 151.6 and the molecular 
weight of secretin less than 4740. 

According to the periodicity hypothesis of protein structure 2 one would 
predict, from the ratios given in table 1, that the secretin molecule contains 
12 amino acid residues or an integral multiple thereof, a result which is in 
perfect accord with the independent conclusion reached above. In addi¬ 
tion it is seen that the secretin molecule conforms with the basic stoichio- 
metrical principles of protein structure ib * e,d not only in respect to the 
numbers of the various individual amino acid residues but also in regard 
to the total number of residues present in the molecule. 

1 (a) G, Agren, Jour, Physiol,, 94 , 553 (1938-1939); (5) Idem, Skand. Archtv, Physiol 
70, 10 (1934). 

* (a) M. Bergmann, Harvey Lectures, 31 , 37 (1935-19.36); (6) Idem, Chem . Rev,, 22 , 
423 (1938); (c) M. Bergmann and C. Niemann, Science , 86,187 (1937); (d) Idem, Jour, 
Biol . Chem., 115 , 77 (1936); 118 , 301 (1937); 122 , 577 (1938). 
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EOCENE AM YNODONTS FROM SOUTHERN CALIFORNIA 

Bv Chester Stock 

Balch Graduate School of thk Geological Sciences, California Institute of 

Technology 

Communicated April J5, 

Introduction. - Since the description 1 of a skull of Amynodonlopsis bodei 
and of a lower jaw referred to this species from the uppermost Eocene, 
further dental parts have become available for study from localities in the 
Sespe. These furnish additional characters of value in recognizing the 
species represented in western Eocene deposits. Now also available is a 
fragment of skull with cheek-teeth from the Poway Eocene of San Diego 
County, California. This specimen possesses special significance because 
it permits a comparison with related forms in America and China. It is 
likewise of interest because it differs from the amynodonts of the Sespe and 
is clearly an earlier type. 


Amynodpn reedi, n. sp. 

Type Specimen. —No. 2529, C. 1. T. Vert. Pale. Coll., a fragment of the 
left side of the skull with P4-A/3 inclusive, plate 1. 

Locality. .Poway conglomerate and cross-bedded sandstones exposed at 

C. I. T. Vert. Pale, Loc. 314, San Diego, California. 

Specific Characters. —Smaller than Amynodon advenus , A. antiquus and 
A . erectus and resembling A. sinensis in size. P4 is narrow in anteropos¬ 
terior diameter in comparison to its transverse width, more so than in A. 
sinensis. Principal axis of metaloph in P4 at right angles to external border 
of tooth. I take pleasure in naming this species for Dr. Ralph D. Reed, 
penetrating student of California geology. 

Description. This species is distinctly smaller than Amynodontopsis 
bodei from the uppermost Eocene Sespe. It is likewise smaller than 
Amynodon advenus and related forms from the Uinta. Among American 
species nearest resemblance in size to A. reedi is found in a specimen, No. 
1936A A. M. N. H. from the Uinta (Uinta B) of Utah. With regard to the 
latter it is interesting to record that its occurrence is the earliest among 
American amynodonts as at present known. No representatives of the 
group have thus far been uncovered in the Bridger Eocene. Presence of 
No. 1936A in Uinta B and its resemblance to No. 2529 from the Poway may 
be taken as evidence to indicate that the Poway is related in age to thi9 
stage of the Uinta. 

Previously recorded mammalian species from the Poway suggest a faunal 
stage closely related to but slightly more advanced than the Bridger, 
Thus, Yumanius woodringi is a tarsiid primate more advanced than 
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Anaptomorphus, Presence of Metarhinu$(?)pater suggests that the Poway 
is post-Bridger C and pre-Uinta C. The amynodont here described sug¬ 
gests again an age for the Poway comparable to that indicated by the 
titanothere and points more specifically to a time relationship with Uinta 
B. Unfortunately, the fauna thus far known from Uinta A is a meager one. 
It contains, according to Dr. H. E. Wood, 2nd., an amynodont which he 
recognizes as of the species Atnynodon advenus (No. 11983 Carnegie Mus.). 
Presence of a larger species in the Uinta A horizon makes less certain a 
direct correlation between the Poway and the Uinta B on the basis of the 
amynodonts. A consideration of the Poway fauna as a whole may empha¬ 
size a time stage comparable to that of the lower Uinta or possibly with one 
situated between the lower Uinta and the upper Bridger. 


Comparative Measurements (in Millimeters) 



A. rtedi , n. sp, 
no, 2920 

C, I. T. 

TYFB 

POWAY 

Amyruxion , sf. 

NO. 1036 A 

A. M. N. H. 
UINTA H 

A . sinensis 1 

TYPR 

CHINA 

A , antiQuus 
no. 10047 

PftIN. V. 
TYPE 

WASHAKIE 

Length, anterior end of P4 to 
posterior end M3 

Length, anterior end of M\ to 

103.8 




posterior end MS 

85.8 

86.2 

73.5 

93 

P4, anteroposterior diameter 

al2 


14.8 

23.1 

f*4, transverse diameter 

34.7 


22.1 


Ml[, anteroposterior diameter 

25.1 

28.2 

a24.6 

36.4 

Ml, transverse diameter 

29.9 

«31.5 

25 


M2, anteroposterior diameter 

29.5 

29.7 

29 


M2, transverse diameter 

33.7 

34.1 

28.8 


M3, anteroposterior diameter 

27.9 

32.4 

26.1 


M3, transverse diameter 

31.1 

34.2 

27.8 



1 Measurements after Zdansky. 
a, Approximate. 

Amynodon sp., possibly advenus Marsh 

A single, imperfect tooth, M2 t No. 2537 C. I. T. Vert. Pale. Coll., Plate 2, 
figures 0, 6a, comes from locality 202 in the Sespe. This site is situated 
stratigraphically from 600 to 800 feet below locality 150 in the Sespe de¬ 
posits exposed north of the Simi Valley, Ventura County, California, and 
represents an earlier (Upper Eocene) faunal horizon than that known from 
locality 150 (Uppermost Eocene). 

No. 2537 approximates in size comparable teeth that have been referred 
to Amynodon advenus , However, teeth are present in the collections from 
locality 150 that are actually smaller than No. 2537. In contrast to one of 
these teeth, also an M2> from locality 150, No. 2537 exhibits a smooth wall 
lining the valley between protoloph and metaloph. 
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PLATE 1 

Amynodon reedi, n. sp. 

Type specimen, No. 2529 Calif. Inst. Tech. Coll. Vert. Pale., a fragment of skull 
with P4-M3, inclusive, lateral and occlusal views, X 1. 

Poway Conglomerate, San Diego County, California. Upper Eocene. 

PLATE 2 (RIGHT) 

Figures l to 5a. Amynodontopsis bodei Stock. Figure 1, left canine. No. 2530, lateral 
view; figure 2, maxillary fragment with P3 and P4, No. 2532, occlusal view; figure 3, 
maxillary fragment with P2 and P3, No. 2531, occlusal view; figures 4, 4a, M2, No. 
1089, occlusal and lateral views; figures 5, 5a, Mg, No. 2535, occlusal and lateral views; 
X 1. Sespe Uppermost Eocene, California. 

Figures 6, 6a. Amynodon , sp,, possibly advenus Marsh. M2, No. 2537, occlusal 
and lateral views; XI. Sespe Upper Eocene, California. 

AU specimens in Calif. Inst. Tech. Coll. Vert. Bate. 
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Length of tooth, No. 2537, tneasured in millimeters along outer side, is 
46.2. 


Amynodontopsis bodei Stocb 

Referred to this genus and species are several parts of the dentition be¬ 
longing to individuals smaller than the type, No. 1087 C. I. T. These 
specimens display additional characters not heretofore recorded for the 
Sespe amynodonts. The superior canine, No, 2530, shows a sinuous curva¬ 
ture in its longitudinal course as viewed from in front. The crown, which 
is broad in front and terminates in a sharp ridge behind, is approximately 
one-third the length of the tooth. 

Preraolars 1 to 3 are shown in specimens No, 2531, 2532, Plate 2, figures 
3 and 2. In P2 the crown is almost as wide as it is long. On the occlusal 
surface are seen the protoloph and metaloph, which spring from the inner 
wall of the ectoloph as narrow bands but become swollen along their inner 
halves. The protoloph is distinct from the anterior border of the tooth, 
but fuses with the inner border. The metaloph is distinctly smaller than 
the protoloph and in the stage of wear shown by No. 2531 is distinct from 
the inner and posterior border of the crown. Thus, both the pre- and post- 
fossettes are open. The inner wall of the principal cusp of the ectoloph is 

directed inward and backward and helps to define the border of the fossette. 

* 

The occlusal pattern in P3 may not differ greatly from that in P2. The 
metaloph has a more posterior position than in P2; the prefossette may be 
open or closed internally. A noteworthy feature is the small longitudinal 
folds which give added complexity to the forward side of the metaloph and 
to the inner wall of the prefossette. In P4 the protoloph is well developed. 
A relatively thin, curved crest connects the rudimentary metaloph with 
protoloph, thus closing a prefossette internally. 

Among upper molars collected at locality 150 in the Sespe are several 
similar in size to the molars in the type of A . bodei. At least two teeth, 
Nos. 1089, 2535, Plate 2, figures 4 and 5, are distinctly smaller. If these 
teeth are correctly assigned to A . bodei, they demonstrate the existence of 
appreciable variation in size among individuals of this amynodont, 

M2, No. 1089, Plate 2, figure 4, exhibits at least two wrinkles of the 
enamel lining the inner side of the ectoloph near the head of the median 
valley separating protoloph and metaloph. Similar modification of the 
enamel surface may be seen on the anterior side of the metaloph in M3, 
Plate 2, figure 5. In this respect these teeth of the Sespe species differ 
from those of other Eocene amynodonts and are presumably more special¬ 
ized. M3, No. 2535, in contrast to the comparable tooth in Amynoion 
reedi , possesses a higher crown. 
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Measurements (in Milumeters) ok Teeth of Amynodonlopsts bodei 


Superior canine. No. 2530, anteroposterior diameter at base of crown 

P2, No. 2531, anteroposterior diameter on outer side 

PH, No. 2531, anteroposterior diameter on outer side 

PH, No. 2532, anteroposterior diameter on outer side 

P4 , No. 2532, anteroposterior diameter on outer side 

M2, No. 1089, anteroposterior diameter on outer side 

M3, No. 2535, anteroposterior diameter on outer side 


19.4; width 15.1 
15.2; width 15.1 
16.6; width 20.7 
16.4; width 21.1 
20 ; width 26.2 

42.8; width 31.4 
38.1; width 36.5 


1 Stock, C\, Proc. Not . Acad. $ci. t 19, 762-767 (1933); 22, 263 265 (1936). 


THE ACTIVE UPTAKE OF IONS INTO CELLS AND ORGANISMS 

By August Krogh 

Laboratory ok ZoOphysiology, University of Copenhagen 
Read before the Academy, April 24, 1939 

It is well known that the ionic composition of the protoplasm in animal 
cells differs significantly from that of the surrounding lymph or blood, 
potassium and phosphate being generally preponderant in the former and 
sodium and chloride in the latter. Since there is practically always osmotic 
equilibrium the ions within the cells must be largely free and in aqueous 
solution. Generally the actual concentrations are not well known, and only 
in the case of certain eggs has it been possible to show that certain ions 
are absorbed and concentrated from quite dilute outside solutions. 

In the large plant cells studied by Osterhout, Coflander 1 and others, 
active absorption of ions into the cell sap has been repeatedly observed 
and mechanisms, especially for the active absorption of potassium ions, 
have been suggested. 

In plant roots Lundegdrdh J has demonstrated an active transport of 
anions from very dilute external solutions into the much more concentrated 
sap rising in the stems* He finds that both monovalent and divalent anions 
can be so absorbed, but that the absorption requires a large expenditure of 
energy, provided probably by catabolism of carbohydrate. The CO* pro¬ 
duced seems to act as part of the absorption machinery and the whole 
process is intimately bound up with the growth of the roots. 

In a number of freshwater animals we have in my laboratory studied 
much more specialized mechanisms for absorbing and concentrating cer¬ 
tain ions. These mechanisms come into play when the salt content of the 
body fluid has been depleted, e.g M by prolonged treatment with distilled wa¬ 
ter, and their biological significance is the maintenance of a more or less 
constant concentration in the body fluids round about a hundred times 
higher than that of the surrounding fresh water. In all the cases more 
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closely studied we have found separate mechanisms for the absorption of 
anions and cations, respectively. When a salt-depleted animal, like a 
frog, goldfish, crayfish or dragon-fly larva, is placed in a suitable volume 
(generally 2-5 times that of the animal) of millimolar NaCl it will take up 
both Na and Cl, but not necessarily at the same rate. In many cases the 
Cl concentration of an experimental solution is reduced to less than 0.005 
mM, showing Cl to be taken up finally against a gradient of 1 to more than 
10,000. Placed in NH 4 CI or CaCl 2 it will absorb only Cl, leaving out the 
cation, and transferred from this to NaCl it will now absorb Na in excess 
of Cl. Corresponding results are obtained when an experiment is started 
with NaHCOj or Na*S0 4 from which only the cations are absorbed. After 
transference to NaCl an excess of Cl absorption will be shown in this case. 
This clearly shows the mutual independence of the two mechanisms. The 
absorption does not depend upon the osmotic inflow of water which takes 
place simultaneously, but can be demonstrated also from isotonic solutions 
of sugar or sulphate. There can be no doubt that the absorption requires 
the expenditure of energy since it is inhibited (in frogs) by cyanide, but 
attempts to measure the energy involved have failed so far, and I can only 
state that it cannot be very large'and is certainly much smaller than the 
energy involved in absorption into plant roots. 

The most interesting point is probably the specificity of the mechanisms 
for active ion absorption. When one of the animals named is placed in a 
mixture of NaCl and KC 1 or NaaSO* and K9SO4 it will absorb only Na and 
leave the K untouched. Other alkali metals have not so far been tested, 
but Ca is generally left unabsorbed. The anions Cl and Br are both 
absorbed actively by fishes and frogs, but other anions are not. Some of 
them, like nitrate, thiocyanate and iodide will penetrate slowly by diffusion 
into a frog, while the integument and gills of the goldfish are almost im¬ 
permeable. 

In certain Crustacea the mechanisms for active absorption of cations and 
anions, while definitely separate, are less specific. The form most exten¬ 
sively studied by us is the “woolhanded’’ crab, Eriocheir sinensis t which 
penetrates from the sea far into fresh water. This animal has not acquired 
the high degree of impermeability characteristic for true freshwater animals 
and, unlike these, it cannot produce a dilute urine. The constant losses of 
salt thus incurred are made good through extremely powerful absorption 
mechanisms, which allow a crab of 50 g. to absorb not less than 8 mg. Cl/h 
from a millimolar solution. These mechanisms do not, however, distinguish 
between the cations Na and K and will take up a series of chemically related 
anions, namely Cl, Br, CNS, CNO and N«. All these become concentrated 
in the blood far above their concentrations in experimental outside fluids. 
The first four are comparatively harmless, but azide (N®N«*N—) is 
very poisonous and experiments can be continued only over 15-20 minutes. 



Vol. 25, 1939 GENETICS: WOOLLEY , FEKETE AND LITTLE 


277 


Experiments with the shore crab, Carcinus mamas , which can penetrate 
far into brackish water, but not actually live in fresh water, have shown 
essentially similar, but less powerful mechanisms, taking up at least K 
and Na and Cl, Br and CNS. There can be no doubt that the ion ab¬ 
sorbing mechanisms have been independently developed in many different 
forms, and we have a rather primitive stage in such development in the 
two crabs just mentioned. 

The cells doing the work have not been definitely located so far. In the 
frog they are situated in the skin. In the freshwater fishes special experi¬ 
ments have shown them to be located in the gills, and there is some evidence 
to show that they can be acted upon through the nervous system. In 
many arthropods special groups of cells readily take up silver from silver 
nitrate and there is some evidence, though scarcely conclusive, for identify¬ 
ing these with the cation-absorbing apparatus. 

Machinery for selective and active ion absorption—active in the sense 
that energy is expended to move ions against a concentration gradient—is 
very widely distributed throughout the animal kingdom although poorly 
developed in strictly marine invertebrates. It is present in most kidneys 
and has recently been demonstrated by Visscher 1 in the intestinal wall of 
mammals. All such mechanisms are probably derived from properties in¬ 
herent in living cells as such. They may and probably do differ in many 
important respects. What I wish to submit is that the most highly special¬ 
ized types are most likely to furnish clues by which to find out how they 
accomplish the trick. 

l A detailed bibliography is given in my book, The Osmotic Regulation in Aquatic 
Animals, Cambridge University Press, 1939. 


MAMMARY TUMOR DEVELOPMENT IN MICE 
0 VA RIECTOMIZED A T BIRTH* 

Bv George Woolley, Elizabeth Fekbtb and C. C. Little 
Roscob B. Jackson Memorial Laboratory, Bar Harbor, Maine 

Communicated May 1, 1939 

Lathrop and Loeb 1 observed that castration of female mice below the 
age of six months led to a marked decrease in mammary cancer incidence, 
and an increase in the cancer age. Castration at 3 to 4 months com¬ 
pletely, or almost completely, prevented the appearance of carcinoma of the 
breast.* Murray 1 * 4 found 17.1 per cent mammary gland tumors in 200 mice 
castrated 28 to 35 days of age, while 207 normal but non-breeding females 
gave an incidence of 11.1 per cent. Cori 6 found that castration of mice 
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between 15 and 22 days of age entirely prevented the occurrence of spon¬ 
taneous adenocarcinoma of the breast while the control of breeding mice 
showed a tumor incidence of 78,5 per cent. 

The present experiment was an attempt to demonstrate further the in¬ 
fluence of ovarian hormonal factors on mammary tumor development. 
The Jackson Laboratory dba strain of mice, in which there is 50.4 per cent 
mammary tumors in virgin females, was used.** 6 

Eighty-two mice were anesthetized by chilling and were completely 
ovariectomized within 24 hours after birth. Of these, 22 mice or 26.8 
per cent developed mammary tumors at an average age of 522 days. In 
102 control mice in which one ovary had been similarly removed, 40 animals 
or 39.2 per cent developed mammary tumors at an average age of 461 days. 

Since there have been a number of reports indicating ovarian regeneration 
in mice 7 a careful check was made for the presence or absence of ovarian 
tissue in all animals at autopsy. All suspicious nodules were carefully 
sectioned and examined. Especially careful search was made for ovarian 
regeneration in all animals which had developed mammary tumors and in 
many of them histological examination of serial sections of all tissue near 
the former ovarian site proved the"absence of all ovarian tissue. 

The appearance of mammary tumors in animals in which the ovarian in¬ 
fluence had been completely removed throughout their entire lifetime was 
unexpected, the general opinion being that prepuberty castration reduced 
the rate to a negligible one. This led to further search for the cause of 
the unusually high mammary tumor incidence. 

At six months the uterus was thin, thread-like and showed marked 
atrophy. In those animals which were killed at a later age, the uterus was 
enlarged and hypertrophied. Observation of vaginal smears and of micro¬ 
scopic sections of vaginal epithelium showed estrous cycles to occur in 
several of the mice examined beyond the age of one year. 

Whole mounts of mammary glands at six months of age showed little 
growth to have taken place. Whole mounts of the glands beyond one year 
of age showed extensive duct development, while the presence of end buds 
gave evidence of active growth. 

It was noted that the adrenal glands in the completely ovariectomized 
animals were in all cases enlarged and had yellowish nodules which gave 
the gland an uneven contour. The degree of the abnormality increased 
with the age of the animal. Similar gross abnormalities were never found 
in normal animals, but have been observed in a few castrate male mice 
examined by us. 

In almost all the completely ovariectomized animals both adrenals, parts 
of the mammary gland and uterus were sectioned and examined micro¬ 
scopically. Both adrenals of all these mice contained areas of nodular 
hyperplasia involving and partly replacing all three 2ones of the cortex. 
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The nodules were composed of large fat-containing, and often pigmented, 
cells which in arrangement resembled the structure of the zona glomerulosa. 
These areas were not encap.sulated. In some of the older animals, the 
medulla was pushed to the opposite side, due to the large size of the nodule. 
In three mice malignant tumors of the adrenal cortex were found. 

The mammary glands of the older ovariectomized animals showed well- 
developed and extensive duct systems. In many, groups of alveoli were 
also present. In several mice the ducts and alveoli contained secretion. 
Most of the mammary gland tumors were adenocarcinomas, while a few 
could be more properly described as carcinoma simplex. 

The uterus of the older animals contained dilated and in some cases 
cystic, endometrial glands. A very characteristic occurrence was a peculiar 
hyaline change of the connective tissue fibers of the subepithelial uterine 
mucosa. 

Conclusions .—The possibility is suggested that; 1. The removal of both 
ovaries at 24 hours after birth allowed, in some manner, the nodular 
hyperplasia of the adrenal cortex; 2. The prolonged action of the hyper¬ 
plastic adrenal probably stimulated the development of the mammary 
glands and the uterus in the older animals, thereby simulating or replacing 
ovarian activity. 

Further studies are in progress. 

* Supported in part by a grant from the Josiah Maey, Jr., Foundation. 

f This, however, probably should not be considered an absolutely accurate figure for 
the stock at the present time as tumor incidence different from that reported by Murray 
has recently been recorded in some substrains of this stock. 

1 Lathrop, A. E. C. ( and Loeb, L., Jour . Cancer Res., I, 1 (1916). 

* Loeb, L„ Jour. Med . Res., 40, 477 (1919). 

8 Murray, W. vS„ Science, 46 , 600 (1927). 

4 Murray, W. S., Jour. Cancer Res., 12, 18 (1928). 

8 Cori, C. F., Jour. Exper. Med., 45, 983 (1927). 

6 Murray, W. S., and Little, C. C., Genetics, 20, 446 (1935). 

7 For a review see Peneharz, Jour . Exper. Zool., 54, 319 (1929). 
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OBSER VA TIONS ON THE MECHANISM OF INDUCED 
CHROMOSOME REARRANGEMENTS IN SCIARA 

By C. W. Metz and R. D. Bochk 
Department of Embryology, Carnegie Institution of Washington 

Communicated April 15, 1939 

For several years efforts were made in this laboratory to induce muta¬ 
tions in the fungus fly, Sciara, by means of irradiation. These extensive 
studies, largely carried out by Dr. Helen Smith-Stocking, 1 seemed to show 
that the chromosomes of Sciara are peculiarly resistant to irradiation, as 
judged by the extremely small numbers of mutants secured and the high 
dosages tolerated. No adequate explanation could be given for such re¬ 
sults, since both x-rays and radium were used and there was no reason to 
suppose that the rays failed to reach the chromosomes of the germ cells. 
In this work the flies irradiated were mostly females. Few males were 
treated, partly because of their poorer viability, but especially because in 
Sciara the chromosomes of males are not transmitted by their sons. The 
assumption was made from analogy^with Drosophila, 9 that treating females 
would be as effective as treating males. 

Since it is well known from the work of Muller, 8 Stadler 4 and subsequent 
investigators, that in general a correlation exists between induction of mu¬ 
tations and induction of gross chromosome rearrangements, it was postu¬ 
lated 8 that in Sciara rearrangements, like mutations, would show a low 
frequency. Such an expectation was heightened by the lack of gross 
chromosome rearrangements in hybrids between two species of Sciara. 8 

In order to get definite evidence regarding induced chromosome rear¬ 
rangement we have recently carried out the experiments summarized below. 
Although these only represent the initial stages of the investigation they 
appear to warrant brief consideration at* this time. Attention is confined 
here primarily to three topics: (1) The evidence, which indicates that 
chromosome rearrangements, and presumably mutations, may be secured 
readily by irradiating adult males (sperms), but not by irradiating adult 
females (unfertilized eggs). (2) The possible significance of the results in 
terras of the physical characteristics of the chromosomes. (3) The possible 
bearing of the phenomena on the question as to the relation between “gene 
mutation” and visible chromosome rearrangement. The latter two topics 
can only be treated very briefly, and with little discussion of other con¬ 
tributions to the subject. 

We are greatly indebted to Dr. Louis R. Maxwell, of the Bureau of 
Chemistry and Soils, U. S. Dept, of Agriculture, for the x-ray treatments, 
and to the staff of the Kelly Hospital, Baltimore, for the radium treatments 
considered here. 
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Chromosome Rearrangements .—In the studies on induction of visible 
rearrangements only x-rays were used. All treatments were made with the 
same apparatus and under &9 nearly uniform conditions as possible, using 
an air-cooled Coolidge tube with tungsten anode under a constant potential 
of 45 k. v., with no filter. The dosage is considered to be accurate within 
5%. In one experiment the males and females were irradiated simultane¬ 
ously. 

In all cases the determinations were made through study of the salivary 
gland chromosomes of larvae, and all by one observer (Metz). Both 
male and female larvae were used. With the one exception noted below 
all cultures are from pair matings. 

1 . Treated Males, —Observations on treated males were extended only 
far enough to show the approximate frequency of rearrangements and the 
presence of rearrangements in numerous cultures. Four experiments in¬ 
volved a dosage of 5000 r units. From these 17 cultures were tested. All 
revealed rearrangements except four, from each of which less than seven 
specimens were examined. All are included in the following summary; 

(a) Sciara ocellaris Comst. 18 larvae; 10 unaffected; 0 affected, 2 un¬ 
favorable for study; 7 rearrangements. ( 6 ) Sciara coprophila Lint. 48 
larvae; 18 unaffected, 12 probably unaffected; 6 (+8 ?) affected, 10 un¬ 
favorable; 6 rearrangements (plus 3 doubtful cases ?). (r) Same species; 
mass culture. 25 larvae; 6 (+4 ?) unaffected; 2 affected; 13 unfavorable; 
2 rearrangements, (d) Sciara reynoldsi Metz, 72 larvae; 42 (+5 ?) un¬ 
affected; 12 ( 4-1 ?) affected; 12 unfavorable; 13 (4*3 ?) rearrangements. 

Total: Counting only the clearly unaffected and the clearly affected 
cases, there is a total of 28 rearrangements (14 translocations and 14 in¬ 
versions) in 104 larvae, or approximately 27%. If doubtful cases are in¬ 
cluded the percentage ranges between 22 and 27 depending on the basis of 
classification. In addition, other males were given 3000 and 7000 r units, 
with correspondingly different results. 

2. Treated Virgin Females .—Females were all given 5000 r units. 
Three experiments were carried out, and material was examined from 13 
cultures. In order to avoid selection all, or practically all, larvae in the 
culture were used in some cases. S. ocellaris: 65 larvae; 52 unaffected; 
13 unfavorable for study. 5. reynoldsi: Lot 1; 96 larvae; 88 unaffected; 
8 unfavorable. Lot 2; 55 larvae; 45 unaffected; 10 unfavorable. 

Total: 185 unaffected; 31 unsatisfactory for study. Ten of those 
classed as unaffected were not entirely satisfactory for study but were ap¬ 
parently unaffected. 

No evidence of rearrangement was found in any material from treated 
virgin females. The only suggestion of such an effect in our results is the 
finding of three rearrangements in a preliminary experiment on S. copra- 
phila in which females not known to be virgin were treated. 
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These results seem contrary to those secured in Drosophila, where no 
such extreme difference has been found between the response of germ cells 
in the two sexes. 2 The difference, however, is probably not concerned with 
sex, but with other factors. The clue to the solution presumably lies in the 
fact that in Sciara, unlike Drosophila, the eggs of any female all mature at 
once and are all nearly mature when she emerges. Hence only mature, or 
nearly mature, eggs have been irradiated, whereas in Drosophila oocytes 
and oogonia in various stages are all irradiated simultaneously. 

Although the number of gross rearrangements (or chromosome breaks) 
recorded here from treated Sciara males is probably significantly lower 
than that secured in Drosophila, 7 it shows clearly that such rearrangements 
are readily secured. Their absence in material from treated virgin females, 
therefore, indicates either that rearrangements are not produced with any¬ 
thing like the same frequency in the eggs used, or else that in some way 
the altered chromosomes or eggs are eliminated. We have been unable to 
find any evidence that the latter alternative is correct. Fertility does not 
appear to be reduced more by treating females than by treating males. On 
the contrary, females will tolerate treatments much more severe than those 
which appear to completely sterilize the males. Apparently no weeding out 
of modified chromosomes occurs unless it is by selective segregation at 
meiosis in the treated egg. This feature is being investigated, but the 
possibility of accounting for the results on such a basis seems remote. 
The one translocation manifest by a mutant character ("Stop”) in Sciara 
is readily transmitted through both eggs and sperms. 

Assuming a Poisson distribution of breaks in eggs and sperms, calcula¬ 
tions indicate that we should have recovered between 24 and 40 rearrange¬ 
ments. While these calculations involve numerous assumptions they 
possess the advantage of giving an estimate of the minimum frequency 
of rearrangements expected from x-ray^d eggs. So far as we know this 
matter has not been studied in Drosophila, although the same reasoning 
is applicable. 

It is believed that the present results from treated females reflect an 
actual absence or very low incidence of rearrangements. This agrees with 
the genetic evidence mentioned above, concerning induced mutation from 
treated virgin females. What is lacking at present is adequate genetic 
evidence from treated males (sperms). One experiment (Smith-Stocking, 
unpublished), however, suggests that mutation may readily be induced by 
treating sperms. Here a mixture of males and fertilized as well as unfertil¬ 
ized females (of S, reynoldsi) was treated with radium. Among 1073 off¬ 
spring following a 5 gram-hour treatment 2 mutants were found. From 
a treatment of 3 gram-hours one was secured among 281 individuals. 
Several other possible mutants appeared, but they were sterile. 
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Physical Characteristics of the Chromosomes .—It is considered probable 
that the difference between the frequency of rearrangement in sperms and 
in eggs is due to a difference in the physical characteristics of the chromo¬ 
somes. Little is known regarding chromosomes in the sperm except that 
they are packed relatively closely together, and are presumably not in a 
condensed condition comparable to that obtaining during mitosis. The 
close proximity of the threads should give excellent opportunity for broken 
ends, caused by irradiation, to unite in new combinations and produce 
rearrangements. 

In the eggs, during the time under consideration, the non-homologous 
chromosomes seem clearly not to be in such close proximity as in the 
sperms. Some females were treated on the first, others on the second, day 
after emergence; all with the same result. When the eggs become fully 
mature, on the second or third day, the chromosomes arc apparently 
always in metaphase or anaphase of the first meiotic division, and fully 
condensed. During the first day, however, they are difficult to stain, and 
we have not yet determined just what condition they are in. Preliminary 
observations suggest that each tetrad is in the form of a well defined, but 
somewhat diffuse, prochromosome-like body, the matrix of which is a rela¬ 
tively firm gel. If this is the case the gel may be sufficiently resistant to 
prevent broken ends of chromosomes from moving enough to form new 
combinations. Synaptic association, of course, may act similarly. 

It seems not improbable, as suggested in an earlier paper , 1% that irra¬ 
diation serves to lessen the viscosity of the matrix or sheath material, 
which normally insulates the chromosome threads, and that this factor, 
together with proximity and perhaps activity of movement, serves to de¬ 
termine the frequency with which rearrangements are induced. Such an 
effect may be localized at the regions of chromosome breakage and due to 
the same causes as the breaks. There is considerable evidence to indicate 
that both the amount and the viscosity of the matrix-sheath material 
differ noticeably in different cells and under different conditions. This 
might serve to account for such observed differences in susceptibility as 
those between dormant and germinating seeds, mentioned above, between 
germ cells in different stages of development, 9 and between young and old 
sperms, 10 as well as the well-known differences between cells in different 
stages of the cell cycle. 11 

The possible bearing of the present phenomena on the relation between 
chromosome rearrangement and "gene mutation" is under investigation. 
It need only be observed here that if both effects may be produced readily 
by treating sperms, but not by treating eggs, as the evidence suggests, the 
question is again raised as to whether there is any essential difference be¬ 
tween the initial process in "gene mutation" and that which gives rise to 
chromosome rearrangement. 
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EVIDENCE FOR THE EXISTENCE OF AN ELECTRO-DYNAMIC 

FIELD IN LIVING ORGANISMS* 

By H. S. Burr and F. S, C. Northrop 
Yale University 

Read before the Academy, April 24, 1939 

There are two major classical theories of modern science: particle phys¬ 
ics and field physics. The chief difference between them was clearly 
stated by Clerk Maxwell in his initial paper on electro-magnetic theory. 
Particle, physics, he writes, considers any phenomenon 4 ‘as due to the mu¬ 
tual action of particles,” “but we are proceeding on a different principle, 
and searching for the explanation of the phenomena, not in the currents 
alone but also in the surrounding medium” 1 or, to use the language of his 
third paper, “in the form of the relations of the motion of the parts.” 2 
In short, particle physics directs attention to the constituent particles, 
whereas field physics centers theory and experimentation upon the medium 
in which the system as a whole is imbedded and upon its structure. 

Since the fundamental problem of biology is organization, it would appear 
that field physics is the more appropriate for its investigation. It was con¬ 
siderations similar to these, together with certain facts in experimental 
embryology, 1 which caused the writers in 1935 to propose the “electro¬ 
dynamic theory of life.” 4 It was this theory in turn which guided Burr, 
Lane and Nims to the construction of the vacuum-tube microvoltmeter, 6 
and which suggested the experimental investigations 6 ~ 18 and findings which 
it is the purpose of the remainder of this paper to summarize. 

In biology, the complexity of the living system is so great that invest!- 
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gators have been content since the time of Aristotle to analyze and describe, 
in as much detail as possible, the nature of its component parts. However, 
every biologist knows that one of the most important problems is to de¬ 
scribe quantitatively as well as qualitatively the relationships which are 
known to exist within cells and between them and their environment. To 
study this relatedness in the laboratory required that certain conditions be 
met. As pointed out by Lund in his brilliant and meticulous study of the 
bio-electric properties of the growing onion root tip, determination of the 
electrical properties of the living system can be carried out most advan¬ 
tageously by means of instruments which record only voltage differences 
independent of current and resistance. This condition precludes the use of 
nearly all standard instruments, save the quadrant electrometer or similar 
devices. 

Using a vacuum-tube microvoltmeter with a high degree of sensitivity 
and excellent stability, it has been possible to explore the electrical proper¬ 
ties of a wide variety of living forms undisturbed by changes in resistance in 
the organism and without disturbing in any significant way the inherent 
electrical properties of the thing measured. 

This has been accomplished by designing an instrument which is essen¬ 
tially a vacuum-tube bridge. The input impedance is sufficiently high to 
draw a minimum of current from the system under measurement and is, 
therefore, independent of resistance changes in the measured system. 
Contact between the instrument and the living organism is made through 
silver-silver chloride electrodes immersed in physiological salt solution. 
Since these electrodes are non-polarizing and reversible, electrode artefacts 
are reduced to a minimum. The entire apparatus is shielded and grounded 
at appropriate points so that it can be said with a fair degree of certainty 
that the recorded deflections of the galvanometer spot give an accurate 
picture of the voltage differences in the living system. 

Studies of the past five years have shown that in many vertebrates, as 
well as in plants and invertebrates, there is a relatively steady state voltage 
difference between any two points. These gradients are remarkably stable, 
are of considerable magnitude and are changed only by alterations in the 
fundamental biology of the organism. Moreover, in all the forms studied, 
the gradients are not chaotic but exist in a well-defined pattern which is 
characteristic of the species to which the animal belongs and is, to some 
extent, characteristic of the individual. In general, it may be said that 
growth and development, local injuries, the menstrual cycle and ovulation 
in the female, and the incidence of cancer profoundly affect voltage differ¬ 
ences in what seem to be a unique manner. 

Interesting as the above observations may be, it is more important to 
determine if the experimentally measured pattern of voltage differences 
determines in any fundamental sense the organization of the system. In 
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this connection the physical chemist, Teorell, 19 ha9 made an important 
observation. He has shown that a physical system undergoing chemical 
reactions produces active ions which pass through a membrane with differ¬ 
ent mobilities. This results in an electric field whose forces determine the 
distribution and motion of all the passive ions in the system. Thus, his 
theory, derived from Ostwald, Nernst and Planck, provides meaning both 
for the determination of the electric field by the active ions and the deter- 
mination of the position and motion of the passive ions by the electric field. 
This, it is to be noted, is a special case that is in accord with the funda¬ 
mental thesis of the electro-dynamic theory of life. It was said that, “the 
pattern or organization of any biological system is established by a complex 
electro-dynamic field, which is in part determined by its atomic physico¬ 
chemical components and which in part determines the behavior and 
orientation of those components.” 

It is not surprising, therefore, that voltage gradients between the head 
and tail of Amblystoma and chick embryos can be determined with con¬ 
siderable certainty not only when contact is made directly with the surface 
of the organism, but also when the electrodes are from 1V* to 2 mm. away 
from the surface of the embryo. It will be seen at once that this is a strik¬ 
ing confirmation of the field concept since the distribution of the chlorine 
ions in the physiological salt solution surrounding the embryo is determined 
by the field of the organism in such a manner that it is capable of being 
measured by a vacuum-tube microvoltmeter. 

A further striking bit of confirmatory evidence is found in the phenome¬ 
non which may be observed in the salamander embryo when it is revolving 
between the tips of a pair of capillary electrodes as a result of ciliary action. 
As the head passes first under one electrode and then under the other, 
corresponding oscillations of the galvanometer occur. Under these condi¬ 
tions the embryo is acting as an AC generator of very low frequency. Such 
a phenomenon can only be explained, so far as it is possible to see at pres¬ 
ent, on the assumption that an electrical field exists in the embryo. 

In the course of many hundreds of thousands of determinations of voltage 
differences in women, it has been shown that a very definite bio-electric 
correlate of the menstrual cycle exists. It may be said with a fair degree of 
assurance that usually once but sometimes twice in the menstrual cycle 
there is a sharp rise in voltage difference which lasts for approximately 24 
hours. Furthermore, it can be shown that this rise is in all probability 
associated with ovulation. The findings make it reasonably certain that 
these bio-electric correlates of ovulation may occur at any time in the cycle. 
Moreover, there is no tendency for the appearance of a rhythm in the time 
of ovulation. In fact, cycles occasionally appear without a bio-electric 
ovulatory peak. Hence it may be said that it is impossible to predict the 
time of ovulation. All that can be done is to record the time when it oc- 
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curs. These determinations have been made between the right and left 
index fingers. They, therefore, reflect changes in physiological activity 
which are concentrated in the main in the generative tract. However, 
these changes are so profound as to produce undoubted alterations in the 
field of the whole organism. Explanation of the phenomenon on the basis 
of ionic transport or changes in the local chemistry is difficult. The phe¬ 
nomenon is relatively easy to understand, however, if an electro-dynamic 
field of the whole organism is assumed, the over-all properties of which may 
be altered by changes in local constituent factors. 


SALAMANDER 




GLASS ROD 


♦ 

$100 M 


FIGURE 1 

A tracing of three graphs from a recording galvanometer and a microvoltmetcr 
demonstrating the similarity between the electrical field in a salamander and a copper- 
solder robot when each is rotated. Below, the complete absence of any such phenome¬ 
non when the glass rod is rotated. 

In the same way, registration of the exact time of ovulation in the rabbit 
and in man, as confirmed by Reboul and Davis 80 and Rock, 21 may be as¬ 
sumed to be a field phenomenon, inasmuch as the measurements were made 
not directly on the ovary but between the symphysis and the vagina. 
Here it has been shown as a result of direct observation, that the bio-eiee- 
tric correlate of ovulation is coincident with the liberation of the ovum 
from the follicle, even though pickup electrodes are centimeters distant. 

During an extensive study of the bio-electric correlates of cancer in mice, 
it was noted that in young mice a marked rise in voltage gradients across the 
chest occurred from two to three weeks before the new growth could be 
detected by palpation. This rise was independent of the locus in the 
organism of the new growth. Apparently rapidly growing masses of cells, 



288 


ZOOLOGY: BURR AND NORTHROP 


Puoc. N. A. S. 


too small for direct observation, produce local bio-electric changes in the 
organism which effect the field properties of the whole system in such a 
manner as to make it possible to record the changed voltage gradients across 
the chest. 

It seems clear from the above that an understanding of a wide variety of 
bio-electric phenomena in the living organism can best be reached by the 
assumption of an electro-dynamic field in the organism. 

* Aided by a grant from the Josiah Macy, Jr., Foundation. 
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CLASS FIELD THEORY OF SOLVABLE ALGEBRAIC NUMBER 

FIELDS 

By D. M. Dribin 

Department of Mathematics, University of Nebraska 

Communicated May 13, 1931) 

1. The class field theory, as it exists at the present time, is a theory of 
abelian algebraic number fields K\k and the definition of a class field is, 
by its very nature given in relation to a group of ideals in abelian. To 
extend such a theory to normal non-abelian fields it is necessary, first of 
all, to divorce the definition from abelian concepts. Again, if certain fea¬ 
tures of the ordinary class field theory are to be preserved, certain notions 
must be discarded or, at the very least, modified. Thus, in order to have 
an isomorphism theorem we shall do away with the ideal class group in 
K\k but instead shall employ (in case K life is solvable) the various class 
groups in certain subfields Ki\K^ u where KZ> if * 3 K t ~i ID k and where 
Ki\Ki-i is abelian. 

If K\k is an algebraic extension of finite degree, we denote by II(if \k) 
the totality of prime ideals in k which have in K at least one prime ideal 
divisor of relative degree one. 

Definition: Let II be a set of prime ideals of k such that II has a density 
d(II) = 1/n, where n is a positive rational integer . If there exists a field K|k 
of degree n such that II C II(K|k) and n(K|k) — II has density zero , then K[k 
will he called a class field over k relative to II. 

We shall call a set n admissible if d(II) « 1 /«, where n is a positive 
rational integer. As a consequence of a theorem of Kronecfcer, it follows 
that if if is a class field corresponding to an admissible set II, then K\k 
is normal of degree n. 

We then have the following theorems: 

Theorem (Converse Theorem ). A normal field K|k of degree n determines 
an admissible set n of density 1 /n and this set is uniquely determined except 
for a set of ideals of zero density. 

Theorem (Ordering Theorem ). If lit and llj are two admissible sets of 
prime ideals such that Hi $g| llj with the exception of a set of ideals of zero 
density , and if Ki and K* are class fields over k with respect to Hi and II*, 
respectively, then Ki £ K«. 

Corollary (Uniqueness Theorem ). If Hi and n a satisfy the hypotheses of 
the theorem and if ITi ** Ila with the exception of a set of ideals of zero density 
then Kt « K». 

In the abelian class field theory the following theorem is demonstrated: 
Hi U Ht <—» if lift, H\H %«—► if, U if*, where Hi and H% are ideal groups 
and Ki 4 —> Hu K% 4 —* H% by the class field theory. The corresponding 
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theorem cannot be proved in the present situation, for if III and IT* are ad¬ 
missible sets of ideals, Hi U II* and Tit 11* are not in general admissible. 

2. We shall assume in what follows that K k is a normal field whose 
group is solvable. Then K = K t has a chain of subfields over k: 

K t ~tZ> . . . Z> Kj 3 k y which has the property that 
is abelian and that Ki is a maximal abelian subfield of 1 . , 

We shall say that II is immersed in an ideal group H in k if II is a subset 
of II(//), the set of prime ideals occurring in //. By means of the abelian 
class field theory the following theorem can be proved: 

Theorem {Existence Theorem). Let H bean admissible set of ideals in k. 
Then II determines a solvable class field Kjk if and only if II is immersible in 
an ideal group H in k which has no proper ideal subgroup. 

An analogue can also be obtained of the Artin law of reciprocity in alge¬ 
braic number fields. This generalized law yields a one-one multiplicative 
correspondence between the sets of conjugate automorphisms of ICjfc and 
certain unordered vectors P whose components are ordered vectors of ele¬ 
ments of the class groups defining the Ki\Ki~\. Incidentally, a non-abelian 
definition is given for multiplication of ideals in algebraic number fields. 


ON THE REPRESENTATION OF GROUPS OF FINITE ORDER 

By Richard Brauer 
University of Toronto 
Communicated April 17, 1939 

1. Introduction .—The modular representations of a group ® of finite 
order have been studied by C. Nesbitt and the author in a joint paper 1 
(cf. §2). These investigations will be continued in §3 of this note. The 
results enable us to derive a number of new properties of the ordinary 
group characters of © in the case that g is of the form g = pg f where p 
is an odd prime which does not divide g f (§4). I mention here some 
applications of this theory. 

I. Let X be an irreducible group of linear transformations of degree n 
which has no normal subgroup of order p. If the order of £ is divisible by 
the prime p to the first power only , then p g 2n + 1. This improves for 
the case g & 0 (mod p 2 ) a theorem of H. F. Blichfeldt 2 who proved p 

(2 n + 1 )(# — 1). For p m 2n + 1 we can show that X, considered as 
collineation group, is isomorphic with LF{ 2, p). 

II. If a group of order g « p.q.r m , (p, q, r distinct primes) is simple , 
then g * 60 or g =» 168. Using different methods, Burnside has treated 
such groups for m * 4 and odd g, and W. K. Turkin 3 for any odd g. 
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The order of a transitive permutation group © of degree p is of the form 
g » qp( 1 + np) where q divides p — l. These groups are the subject of a 
number of papers by Mathieu, Jordan, Sylow, Frobenius, Burnside, Miller 
and others. 4 It is possible to restrict oneself to the case that © is simple. 
The elements of order p commute only with their own powers. We can 
prove 

III. Lei © be a simple group of order g * qp(l -f- np) where q|p — 1, 
in which the elements of order p commute only with their own powers . If n 
= (2p + 7)/3 then either (1) © is cyclic , or (2) © = LF(2, p), or (3) p is 
a prime of the form 2 h t 1 > and © ~ LF(2, 2 h ). 

The degrees of the irreducible representations for which f & 0 (mod p) 
can be given explicitly for many larger values of n. The groupXF (3, 3), 
p = 13 is an example for the case n — (2 p + 7)/3. For the proof we 
need not assume that © is a permutation group of degree p . 

There are numerous groups for which our method allows us to find the 
degrees of the irreducible representations. 

2. 6 Let © be a group of order g ~ p a g f where the prime p does not 
divide g f . Let 3tj, Xu, . . T/ be the distinct (= non-similar) irreducible 
representations of © with coefficients in an algebraic number field K. 
If p is a prime ideal dividing p then the coordinates in the underlying 
spaces can be chosen so that all the group elements are represented by 
matrices with p-integral coefficients. We replace every coefficient by its 
residue class (mod p). This operation will generally be indicated by a^bar. 
Every representation goes over into a modular representation % K of 
© with coefficients in some Galois field K of characteristic p. Each 
can therefore be split into the irreducible modular representations S5*» 

. . ., 5a of ® in K, 

_ k 

2* 4 > £ ^p<rS«r* (1) 

<y-1 

If K is suitably chosen, the I, and 5* are absolutely irreducible. The 
Cartan invariants of the modular group ring of © then are given by 

t 

dp K dp\ (k, X ® 2) • ■ (2) 

We may assume that K contains the g'th roots of unity. Let G be a 
regular element of ®, i.e., an element whose order is prime to p. Every 
modular representation % of © in K represents G by a matrix 5(G) whose 

characteristic roots are the residue classes of g'th roots of unity mod p. 

* ■ 

There is, however, a (1 -1)-correspondence between the g'th roots of unity 
and their residue classes. We may, therefore, define the character <u(G) 
of 5 as the sum of the roots of unity which correspond to the character¬ 
istic roots of 5(G). The character <a(G) is a complex number; it is defined 
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for regular elements only. Two modular representations split into the 
same irreducible constituents, if and only if they have the same character 
(for all regular G). 

Let (Si, £ 3 , ...,£* be the classes of conjugate elements which consist of 
regular elements, let g x be the number of elements in £ x . The inverse 
elements of the elements of £ x form again a class £ x *, (X = 1 , 2, . . k). 
We arrange the values of the character <a (h) of for the elements of £ x 
in form of a matrix, X » (w* *), where k is the row-index and X the 
column-index. The place of the orthogonality relations of the ordinary 
group characters is taken in the modular theory by 

X f CX ~ i K row-index, X column-index) (3) 

where 6 fitr * 0 for p =f= <r and « l f and where C = (c kX ) is the matrix of 
the Cartan invariants. 

The ordinary and at the same time the modular representations of <$ 
are distributed into “blocks” B u B it .. .. 6 The ordinary representations 
of B r contain only modular representations of B r in ( 1 ). 

The results of the remaining part of §2 were obtained jointly by C. Nes¬ 
bitt and the author, and the proofs will be published in a separate paper. 
Let X K be an irreducible ordinary representation whose degree is divisible 
by the highest possible power p a of p. Then the corresponding modular 
representation X K is also irreducible; it is an indecomposable constituent 
of the modular regular representation. The representation 5* for itself 
forms a block B r {blocks of " highest ” kind). 

On the other hand, we consider blocks of the lowest kind , i.e., blocks 
which contain at least one ordinary character whose degree is prime to p. 
It can be shown that the number of such blocks is equal to the number of 
those £x for which (g Kf p) = 1 . That is to say, the order g/g\ of the nor- 
malizor of an element of £ x is divisible by p a . 

3. We say that two ordinary irreducible characters are p-con jugate if 
they are obtained from each other by a change in the choice of the primi¬ 
tive p a th root of unity. Such characters have the same value for regular 
elements and consist therefore of the same modular constituents. This 
shows that they belong to the same block B f . Assume now that the 
degree t p of an irreducible ordinary representation is divisible by 
that on the other hand the number r p of distinct ^-conjugate representa¬ 
tions for X p is not divisible by p. Then it can be shown that X p contains 
each of its modular irreducible constituents only with the multiplicity 1 , 
d p , 0 or 1 in ( 1 ). If a second X M of degree is not ^-conjugate to X 0t 
and if again the number of ^-conjugates is prime to p t then % p and 
can only have a modular constituent % in common, if 

r e t» + w 0 (mod p 


(4) 
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It follows that tp ££ 0 (mod p*~~ x ). Further, in the case of an odd />, it 
follows easily from (4) and §2 that X p and X p and their ^-conjugates are 
the only representations which contain $ as a modular constituent, and 
for which the number of p-conjugates is 0 (mod p). 

If a *1, then r p | p — I, and hence always (r fit p) = 1. Our results 
can here be applied to any representation X p of a block of lowest kind, 
since the assumptions concerning t p > r p are always satisfied. Using these 
facts, we can set up all the linear relations which are satisfied by the 
ordinary group characters, when we restrict ourselves to regular elements. 
This is the starting point for the considerations of §4 in which new proper¬ 
ties of the group characters in the case a « 1 will be given. 

For the actual determination of the numbers r p of ^-conjugate characters 
we need another fact which holds for any a and also for p — 2. The deter¬ 
minant of C in (3) is always a power of p, more exactly the highest power of 
p which divides g*/(gigs ... £*)• This can be shown by proving that 
the other factors of the determinant on the right side in (3) are absorbed 
by the determinants \X\, \X'\ «s |X| on the left side. 

It follows that the elementary divisors of C are the powers of p which 
divide g/gu g/gi> ..., g/g*. If a block B r contains at least one representa¬ 
tion X p of a degree & 0 (mod p a ), then at least one elementary divisor of 
the part of C, which corresponds to B r} is p a ~ a . We thus obtain new 
conditions for the blocks of different types. 

I mention some further results which hold for representations X p of a 
degree t p ss 0 (mod p a ~ l ) in the case where r p = 1. Here, the arrange¬ 
ment of the modular constituents g x of X p is uniquely determined apart 
from a cyclic permutation. If we have h such modular constituents in T p > 
then we can find h representations X p l) , X p 2 \ ..., X p h) which represent © 
by matrices with p-integral coefficients such that all the X p * are similar 
to X p but no two of them can be transformed into each other by means of 
a similarity transformation with {^integral coefficients with a determinant 
prime to p. They represent all the subclasses into which the class of all 
representations similar to X p splits, if ordinary similarity is replaced by 
similarity in this narrower sense. 

4. From now on, we restrict ourselves to the case a « 1, p odd. 

Theorem: Let & be a group of order g = pg' where p is an odd prime 
and g' pf 0 (mod p). Denote by the normaUzor of a Sylcw-subgroup $ of 
order p. If the degree t of an ordinary irreducible character x of ® is di¬ 
visible by p, then x vanishes for ail elements of an order ss 0 (mod p). For 
the characters x of a degree t * 0 (mod p) ( we can set up a (I -1)^ corre¬ 
spondence with the irreducible characters p of such that if \ corresponds to p ; 
we have 


«(X)'X<G) - *<G), e(x) 


sfe 1 


(5) 
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far elements G of an order divisible by p, The sign e(x) is independent of G. 
In particular , the number of characters x with t s>* 0 (mod p) is equal to the 
number of classes of conjugate elements of 91. 

The normalizor 9 V of an element P of order p of s $ is contained in 9i 
as a normal subgroup. On the other hand, 91' = 2ft X where 2ft has 
an order prime to p. If the irreducible representations of 9ft are known, 
then the characters of 91 can be obtained without difficulty, and we can 
therefore write down the values of the characters of ® for all elements of 
an order 0 (mod p), only the sign of the characters remaining undeter¬ 
mined. 

For an element P of order p, we have 

t = x(P) (mod p). (6) 

If therefore the degree of the character of © is known, this sign can also 
be found. 

On the other hand, if the character p of 9? has the degree h t it follows 
from (5) and (6) that the degree i of the corresponding representation T of 
© satisfies 

t ^ (mod p). (7) 

Combining this with the known properties of the degrees and with the 
formulas (9) below, we can actually find the degrees / for numerous groups 
even of very high orders. 

The structure of 2)? is very simple in many important cases. Often, it 
is of order 1. 

We now study the distribution of the ordiuary characters of a degree 
t & 0 (mod p) into blocks. Suppose that Bu j..., i?* are the blocks 
consisting of such representations. All the following blocks consist of 
exactly one character of a degree / se 0 (mod p) (§2). There are exactly 
jr classes of conjugate elements, say (£a> ...» such that fit, consists of 
regular elements and the number g, of its elements is j* 0 (mod p) (§2). 
In each C, (<r « l t 2, we can find an element F, which commutes 

with the element P of order p> we may take \\ « 1. Let z a be the number 
of classes of conjugate elements which contain an element F,P“ with a 
& 0 (mod p) for a fixed <r. If n{G) denotes the order of the normalizor of 
the group element G, then z 9 can also be characterized by the conditions 

z,\p - 1, n(F,)j, + n^VJ*) m 0 (mod p s ). 

We can show that the blocks B\, B%, .... 5, can be arranged so that B h 

O “■ \ 

consists (1) of - characters, which lie in the field of g 'th roots of unity, 

z \ 

and (2) of z* further characters which are ail p- conjugate to each other. We 
denote one of the latter ones by x (X,0) and the first ones by M =* 1* 2, 
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. .In the case z x — 1, any character of B x can be taken as 

x im . For p 4= 0 , x (X,m) 0 P) is either positive or negative, we set ~ 

+1 or e (X,M> = —1 accordingly. In the case p = 0, we define the sign 

i 

f (X,0) as the sign of X] * (M>) (/**). Using the results of §3 we can show that 

Ct ** 1 

the characters of the blocks H x satisfy the relation 

E e (V '‘ ) x (VM) (G) = 0 for regular elements G, (e (x '**' - ±1). (8) 

In particular, the degrees / (X,4) = x^ (1) of the x (X, m) satisfy 

^ - 0. (9) 

Finally, we mention a property of the characters x (X m) for nonregular 
elements. It can be shown that the expression 

« (X ' m V M >( F,/^) - f£ X) (10a) 

has the same value for all p > 0 and all a ^ 0 (mod />). For p = 0, the 
formula must be replaced by 

€ (X ' 0) Ex M) (^n - ri x) 006) 


where the sum on the left side is extended over all the z x distinct ^-conju¬ 
gates of x U0) ' The expression f£ x) on the right side is the same as in 
(10a). There exists a character tf (X) of 9W, for which 

^(V ff ) » £< X) (II) 

and «^ x is the sum of zj%\ irreducible associated characters of the sub¬ 
group SD? of 91. Each character of 9 )l appears in exactly one # (X) . There 
is a close connection between these last facts and the theorem at the 
beginning of §4. 

1 University of Toronto Studies, Mathematical Series No. 4 (referred to under M. R. 
(1937)). 

* Finite Collineation Groups, University of Chicago Press, 1917. 

* W. Burnside, Proc . Land. Math . Soc,, 33,2fl6 (1901); W. K. Turkin, Rec . Moscow , 
40, 229 (1933). 

4 For references see E. Pascal, Repertorium der hokeren Mathematik, Vol. I, part 1, 
pp. 211-214, Leipzig, 1910, 

6 For the results of §2, cf. M. R. For alternative definitions and proofs, cf. T. 
Nakayama, Ann. Math. (2) 39, 361 (1938), and R. Brauer, these Procebdinos, 25, 
262 -258 (1939). 

* Cf, M. R., pp. 17-21, and the last paper in 4 . 
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ORDERED SETS , COMPLEXES AND THE PROBLEM OF 

COMPA CTIFICA TION 

By J. W. Alexander 
Institute for Advanced Study 
Communicated May 1, 193ft 

A collection ft of sets Bi is said to have the F. L P. {finite intersection 
property) if no finite subcollection of ft has the intersection zero. 1 

Lemma. Let ft be any collection of sets Bi with the F. /. P. Moreover , 
let each of the sets Bi be the union of a finite collection of sets Aij t Bi * Vs A id. 
Then to each set Bi there may be made to correspond a set Aijsuch that the 
collection a formed by the sets also has the F. I. P. 

For suppose we well-order the set ft. Then we can show, without diffi¬ 
culty, that the first member B x of ft can be replaced by a set A x s{i) so chosen 
that the resulting collection still has the F. I, P M that the second member B% 
can afterward be replaced by a set A %^*) and so on. Moreover, we can 
also show, by transfinite induction, that the process can be continued 
until all the Bi s have been replaced by appropriate A ’s. 

A number of theorems about compact topological spaces follow directly 
from the lemma. For the sake of greater generality, we shall adopt the 
revised definition of a topological space S (in terms of points and CB-sets) 
suggested by the author in a recent note. 2 A set ft of CB-sets of 5 will be 
said to be basic if every non-empty CB-set of S is the intersection of a sub¬ 
set of ft; a set a will be said to be sub-basic if there exists a basic set ft 
such that each member Bi of ft is the union of a finite subset of a ;Bi « 
25*4 y. 

Theorem 1 . Given a topological space S and a basic set ft [sub-basic set a J, 
a necessary and sufficient condition that S be boundedly compact is that no 
subset ft 1 of ft [a' of a] with the F. I. P, have the intersection zero . 

The necessity of the condition, for either formulation of the theorem, 
follows automatically from the definition of a boundedly compact space. 2 
Its sufficiency is immediate for the formulation in terms of a basic set ft, 
and is a simple consequence of the lemma for the formulation in terms of a 
sub-basic set a, since we can associate with a a basic set ft such that Bi » 
^*4 ij . 

Now, consider an arbitrary (finite or infinite) collection of topological 
spaces Si. Moreover, let Pi be a representative point and a a representa¬ 
tive CB-set of Si, Then the product S of the spaces 5, will be a space made 
up of one point P corresponding to every way of selecting a point Pi from 
each of the spaces Si. There will be a sub-basic set of S made up of one 
CB-set c corresponding to every way of selecting a CB-set a from each of 
the spaces Su The point P will be a member of the set c if, and only if, 
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each “coordinate” Pi of P is a member of the corresponding “coordinate" 
Ci of c, 

Theorem 2. The product S of an arbitrary collection of boundedly com¬ 
pact [compact] spaces Si is boundedly compact [compact]. 1 

This is an immediate corollary of Theorem 1 formulated in terms of a 
sub-basic set a. 

We now propose to broaden the definition of a topological complex in 
the following manner. Suppose we start with an arbitrary set of undefined 
entities x „ called vertices . Then by a simplex we shall mean a perfectly 
arbitrary set of vertices (not necessarily a finite set as is ordinarily as- 
sumed). A simplex A will be a. face of a simplex B if A is a subset of B. 
A complex d> will be any set of simplexes such that if A is in the set then 
every face of A is also in the set. The finite simplexes of a complex 4> 
will form a sub-complex 4v of called the core of <!>. A complex $ will be 
complete provided every simplex A such that all its finite faces are in 4> 
is itself in <t>. Every complex will thus admit a completion <t>* consisting 
of all simplexes such that their finite faces are all in <J>. Obviously two 
complexes and ^ will have the same completion if, and only if, they have 
the same core. 

A simplex A of 4> will be said to be maximal if it is not a face of any 
simplex B of other than A itself. 

Theorem 3. If $ is a complete complex every simplex A of <t> is a face of 
at least one maximal simplex A *. 

The simplex A * can easily be constructed by the adjunction to A of a 
suitable finite or transfinite set of vertices. 

To every complex 4> there corresponds an associated topological space S, 
obtained as follows. Let <J>* be the completion of the complex 4>. Then, 
by definition, we shall call the maximal simplexes of the points of S. 
Now, each vertex x will determine a point set c x consisting of all points 
A * such that x is in A*. We shall complete the definition of the space S 
by saying that the point sets c x form a sub-basic set of 5. 

Theorem 4. The topological space S associated with a complex <f> is 
boundedly compact . 

This is a simple consequence of Theorem 1 formulated in terms of a sub- 
basic set a. From the equivalence 

x f A* *=* A* t c x 

and from the completeness of 3>* we readily show that every collection of 
sets Cx with the F. I. P. has a non-zero intersection. 

A trivial extension of Theorem 4 is sometimes desirable. It may 
happen that among the vertices x there are certain vertices y playing a 
preferred rdle. If so, the complex in conjunction with the preferred 
vertices y, also determines a boundedly compact space S y made up of the 
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same points as the space S but such that there is a sub-basic set of S y 
consisting merely of the sets c y determined by the preferred vertices y. 

As an application of the last theorem and its extension, consider any 
(partially) ordered set a made up of elements x, among which there may be 
certain preferred elements y. Then if we form the nerve <t> of the set <r, 4 
this complex <f>, in combination with the preferred elements y, will deter¬ 
mine a boundedly compact space S y in variant! vely associated with o. 
A case of particular interest is the one in which we start with a topological 
space T f denote by <r the set consisting of all points and of all CB-sets of T , 
and regard the CB-sets (but not the points) as the preferred elements of <r. 
Suppose we order the set a by writing a ^ b to denote that a is either a 
point or a subset of b . Then the space S y invariantively associated with <r 
will be a boundedly compact extension of the original space 7’. We can 
map the space T on its extension S y by identifying each point P of T 
with the point Q of S y (i.e., the maximal simplex Q of $*) consisting of P 
and of all CB-sets of T containing P. The mapping of T on S y will be 
continuous, and will be dense in S y . Finally, the closures in S y of a 
finite set of CB-sets of T will have a common point if, and only if, the sets 
themselves have a common point! The space S y will be completely deter¬ 
mined by the above specifications. It will have the same dimensionality 
as r. 6 

1 Cf. H. Wall man, "Lattices and Topological Spaces," Ann. Math 39, 112-120 
(1938). 

* "On the Concept of a Topological Space," these Pro at kdi nos 25, 52-54 (1939). On 
p. 52 of the note here referred to, line 10 of the text should be corrected to read: "(iii) 
The intersection of an arbitrary non-empty set," etc. At the suggestion of the local 
topologists, I shall hereafter discard the terms bicompact and .semi-bicompacl (loe, cit., 
p. 52, second paragraph and third footnote) in favor of compact and boundedly compact , 
respectively. 

* This is essentially a theorem of A. Tychonoff "Ueber die topologische Erweitertmg 
von Raumen," Math. Ann., 102, 544-561 (1930). 

4 As defined by AlexandrofT, "Diskrete Raume," Recucil MathSmatique 2, 501-519 
(1937). Each of the five complexes associated with an ordered set determines a bound¬ 
edly compact space associated with the set. 

* The above process is closely related to the one used by H. WaUman to compactify 
an arbitrary Ti-space of the classical type, loc. cit., first footnote. Lefschetz has re¬ 
cently shown that Wall man's process can be extended to an arbitrary classical space 
which need not satisfy any separation axiom. (Not yet published.) I have borrowed 
from Lefschetz the device used in the last paragraph of combining the points and CB- 
sets (in his case, closed sets) into a single system. 
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By C. H. Waddington 

W. G. Kkrckhoff Laboratories, California Institute of Technology 

Communicated April 2d, 

Many mutations are known which affect the structure of the wings in 
Drosophila , and that organ therefore appears favorable for investigations 
on the developmental effects of genes. 

Technique ,—Pupae were fixed in boiling water, which seems as satisfac¬ 
tory as any more refined fixative, owing to the impermeability of the pupal 
chitin. The wings were dissected off and stained in Delafield’s haema- 
toxylin, and examined both as whole mounts and sectioned at 7 \x. The 
series of normal wings were accurately timed at 25°C.; the others were not 
timed, but the developmental series were constructed by comparison with 
the normal stages. Timing of some of the mutant types will be under¬ 
taken in the near future. The great variability in developmental timing 
noted by Goldschmidt was not found in this material. 

The Normal Development .—In the mature larva and newly formed pupa, 
the wing is constituted by a fold in the epithelium of the dorsal mesotho- 
racic disc. The epithelium in this region is thick, with elongated cells, the 
nuclei of which lie mainly towards the outer surface, not, however, forming 
a single row. The wing fold breaks through the outer surface of the disc 
three or four hours after pupation, and soon becomes exposed on the sur¬ 
face of the body. In cross-sections, the thickness from exterior (eventually 
dorsal) to interior (ventral) is almost as great as the width from anterior to 
posterior. Even at tiffs stage, the two layers of the fold have come to¬ 
gether, nearly obliterating the cavity. The remnants of the cavity con¬ 
stitute the prepupal veins, which can be made out in whole mounts and 
more clearly in sections, as early as 0 hours after pupation. This venation 
is not altogether identical with that of the adult; there is a vein along each 
edge of the wing, in the angles of the fold; that along the anterior margin is 
somewhat small and intermittent, while the posterior one is larger. One 
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main vein runs down the center of the wing, dividing slightly distal to the 
middle into two branches, which correspond to those known in the adult 
as L3 and IA ; both these extend to the tip of the wing. Posterior to them, 
Lb takes a course similar to that which it follows in the adult, and joins 
the posterior marginal vein. No cross-veins have been made out with 
certainty. 

The wing very soon becomes flatter (broader and thinner) by the re¬ 
arrangement and multiplication of its cells; this must occur rather rapidly, 
since wings of the same age may be in different stages of the process, which 
may be complete at 6 V 4 hours. Except over the veins, the boundary be¬ 
tween the upper and lower surfaces of the wing seems to disappear entirely, 
and no central membrane, such as that described by Hundertmark in 
Tenebrio t for instance, can be seen. After about the eighth hour, the wing 
begins to swell by the accumulation of fluid between the two surfaces, 
which are gradually forced apart. During this process the external sur¬ 
faces consist of a thin cuboidai epithelium, in which lie the nuclei, while the 
basal parts of the cells are pulled out into thin filaments stretching across 
the wing from the dorsal to the central side. The process continues until 
the wing is a thin, tensely inflated*bag. It is at its height at about 17 hours, 
and at this time it is not clear, from the sections, whether the basal fila¬ 
ments which connect the two surfaces of the wing are still persisting, or 
whether they have all been broken. Undoubtedly most of them have dis¬ 
appeared, but the experimental evidence described later is difficult to un¬ 
derstand unless one can suppose that some have persisted. 

After the stage of maximum expansion, the wing begins to contract again 
to a flat plate. Elongated processes appear at the bases of the cells on both 
surfaces, and these come together so that the two surfaces are once more 
joined; at this time, a central membrane is clearly visible between the upper 
and lower surface. As the process proceeds, the veins appear, and the exact 
sequence of events is therefore of great importance for an understanding of 
the effects of genes on venation patterns. At present, the following de¬ 
tails seem fairly well established. The approximation of the two wing sur¬ 
faces begins peripherally along the margins, and progresses inwards. Be¬ 
fore it has affected the whole wing the hollow at the basal part of the wing 
begins to assume a definite form, and from it the coming together of the 
surfaces progresses forward; thus at one stage (about 20 hours) the veins 
may be present both in the tip and the base of the Ving, while the middle 
region and the extreme base are still hollow, with a considerable space be¬ 
tween the upper and lower surfaces; the hollow space in the middle of the 
wing will be called the central vesicle. 

The veins which appear during this approximation of the surfaces are at 
first quite broad and gradually become narrower. They are, essentially, 
those which were present in the prepupa, L3, LA and £ 5 . The prepupal 
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anterior and posterior marginal veins are at first absent. The posterior 
cross-vein can be regarded as the last vestige of the central vesicle; it is at 
first quite extensive and gradually becomes narrower as the vesicle disap¬ 
pears. The anterior cross-vein appears to be formed from an anastomosis 

of JL3 and JA , which develops into a definite vein as these two become nar- 

¥ 

rower. 

The approximation of the wing surfaces takes place quite rapidly, and at 
about 23 hours the wing, which at 17 hours was a bloated sac, has become a 
fairly thin blade. During the same period, there is a considerable contrac¬ 
tion in the area of the wing viewed from the dorsal side. In whole mounts 
the main part of the wing has a somewhat speckled texture, which is due to 
the presence of numerous small lacunae between the fibrous basal euds of 
the cells; only at the margins and on the veins themselves is the texture 
more continuous, and this is caused both by the absence of fibres running 
across the vein-lacunae and by a greater condensation of the superficial 
cells, which here form a thicker epithelium with more cylindrical cells. 
During the next 16 hours or so, the main changes consist in (1) a gradual 
expansion in area, (2) an extension of the thicker epithelium to cover the 
entire wing and (3) the formation of veins Ll and L2, LI appears as a 
narrow discontinuous tube within the thickness of the anterior margin; 
it gradually becomes wider and continuous. L2 can first be seen just after 
the disappearance of the central vesicle. At first it looks like a protrusion 
from the large hollow at the base of the wing, and it appears to elongate dis- 
tally until it meets the just-formed Ll. In sections it is seen to form by a 
fusion of the small lacunae, with a disappearance of the basal cell processes; 
at the same time, or perhaps even slightly earlier, its course is marked out 
by the thickening of the surface cells into the higher type of epithelium 
mentioned above. 

By about 40 hours the wing is fully formed, with all its veins. It con¬ 
sists of a flat plate, each surface of which is an epithelium, only one cell 
thick, with the nuclei lying near the surface. The basal processes of the 
cells are not very long and those from the two surfaces are apparently fused 
to form a well-marked central membrane. Each cell is beginning to form 
a hair. This will be called the definitive wing stage. 

Shortly after this stage, the wing begins to become folded. The folding 
is accompanied by a great increase in area and a certain inflation of the 
wing, which forces the surfaces apart, stretching the basal processes. The 
central membrane immediately disappears. At the time of emergence, 
the two surfaces of the wing are fairly widely separated, but strong fibres, 
developed from the basal processes, run from one surface to the other. 
During the expansion of the wing in the young imago, these fibres persist 
while the spaces between them become filled with fluid. After the final 
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contraction and drying out of the wing, the internal structures become 
completely obliterated. 

It is apparent from this description that the wing, during pupal develop¬ 
ment, passes through two cycles of expansion, inflation and contraction; 
in general outlines the process is rather similar to that described in 
Tenebrio by Hundertmark, 1 with the exception that in Drosophila the ap¬ 
pearance of a central membrane is ephemeral and perhaps deceptive. 

Determinationr An understanding of the mode of action of wing genes 
requires a knowledge not only of the changing appearances of the wing but 
also of the underlying processes which cause them. The first step in ac¬ 
quiring this knowledge is to discover the time at which the various develop¬ 
mental processes become determined. Only rather little information 
about this is yet available. 

We may first ask whether the appearance of the definitive venation from 
the inflated stage is dependent on the proper sequence of events during the 
contraction. Investigation of this point has been made by puncturing the 
inflated wing and expressing most of the contained fluid; wings treated in 
this way proceeded with their development and formed perfectly normal 
adult wings. It is clear that the question posed above must be answered 
in the negative. Probably the most plausible hypothesis is to suppose that 
even in the fully inflated stage the upper and lower surfaces are still con¬ 
nected by some fibres which control the way in which the approximation of 
the surfaces takes place. 

Defect experiments on earlier stages can be made by injuring the wing 
with a glass needle. If injuries are made to the imaginal disc immediately 
after pupation, the wing may completely fail to be everted; even so it de¬ 
velops a histologically normal structure, though one cannot make out when 
the structure is complete in the sense of containing all regions of the wing. 
In other specimens in which eversion has occurred, the final expansion of 
the wing from the folded stage may not take place, and again it is difficult 
to trace the complete structure. One can make out, however, that parts 
of the margin may be missing, and this can also be clearly seen in the few 
operated wings which have expanded normally. One must conclude that 
complete regulation to form a new wing margin does not normally occur 
when defects are made as early as the onset of pupation. 

Gene Effects.—Some twenty-four genes have been studied in sufficient 
detail to be mentioned here. The study relates only to the first apparent 
effects of these genes on the phenotype; it must be emphasized that the 
fundamental changes produced by the genes may occur a considerable time 
before they first become visible, and can only be revealed by studies on the 
determination of the developmental processes. The present data are to be 
regarded as indications of where it is profitable to look for the determina¬ 
tive effects of the genes. 
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The gene effects investigated can be classified in five groups: (1) effects 
on wing size and shape, (2) breakages of veins, (3) additions of veins, (4) 
productions of blisters, (5) curvature of the wings. 

Wing Size and Shape .—(la). The wings of flies homozygous for dusky 
(dy) and miniature (m) are smaller than normal, but unaltered in shape. 
Dobzhansky 2 has shown that the individual cells of the adult wing are 
smaller in area than normal but equally numerous. The area of the wing 
is found to be abnormally small throughout development, at least from the 
8-hour stage and probably earlier; the area of the cells has not yet been 
measured earlier than the definitive wing stage, but at that time they are 
already smaller than normal, both in area and in thickness. The small 
size of miniature and dusky wings is therefore not due, as might have been 
thought, to a lesser expansion of the cells during the latter part of pupal 
life, but is initiated at an earlier stage. 

(15). Broad {hr) and lanceolate-2 (IT) change the shape of the wings, 
which in the former are broader and in the latter longer and narrower than * 
normal; the total area is little affected. The characteristic shape of broad 
can be seen in the prepupal wing immediately after eversion, and persists 
throughout development; that of lanceolate-2 is visible in the early con¬ 
traction stages (c. 23 hours) but has not been detected with certainty 
earlier. 

(1 c). The dumpy {dp) wing is smaller than normal, and has a quite ab¬ 
normal shape, the whole tip of the wing being broad, forming a gentle 
curve concave distally. In development, the wing is smaller than normal 
from the time of eversion, but is normally shaped until the end of the in¬ 
flated stage. The characteristic shape is assumed during the contraction 
and approximation of the surfaces. In the adult the cells are smaller than 
normal in area. The mutant Blade in Drosophila pseudoobscura usually 
causes the wing to be narrower and considerably longer than normal, but 
occasionally wings of the dumpy type are found, and in some individuals 
the two wings belong to different types. The earliest stages of this mutant 
have not been examined, but the wing is quite normal in the inflated stage, 
and is apparently pulled out of shape in the contraction; it seems that the 
two types of wing represent two different ways in which the abnormal con¬ 
traction may occur. In the adult the cells of the dumpy type wings are 
smaller than those of the Blade type, even when wings of the same indi¬ 
vidual are compared. Possibly the cell area is affected by the type and 
amount of contraction, but the developmental phenomena relating to cell 
size have not been followed. 

(Id). Several mutants are known in which the wing appears quite nor¬ 
mal except that portions seem to have been cut off and removed. Gold¬ 
schmidt 8 has explained the phenomenon by the hypothesis that, after the 
wing is fully formed, a degenerative process occurs which removes the ap- 
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parently missing portions. Iiis evidence is based on whole mounts of pupal 
wings; he claims that in fairly mild cases the wing can be seen to be quite 
normal at an early stage and tp become progressively more abnormal, 
whereas if the gene produces a stronger effect the degenerative changes be¬ 
gin earlier and the wing is abnormal from the earliest stages. In Gold¬ 
schmidt's material, the developmental stage reached at a given age seems 
to have been very variable and the ages which he gives do not accurately 
identify the stages figured. An examination of his figures, however, shows 
that the earliest stages he used corresponded to what I have called the in¬ 
flated stage. Now at this time the wing is tensely blown out into a hollow 
sack, and minor irregularities in its outline may disappear owing to the in¬ 
ternal pressure. That this actually occurs can be seen in the stock Xasta, 
which has a deep notch at the tip of the wing; this notch is obviously 
present in the prepupal wing, but becomes less obvious in the fully inflated 
stage, only to appear again even more strongly during the contraction. 
The same remarks apply to Lyra (. Ly ) which produces a wing from which 
parts of the anterior and posterior margins seem to be missing. It ap¬ 
peared possible, therefore, that the appearance of a degeneration is illu¬ 
sory, and is simulated by the normal contraction occurring in a wing which 
already lacks certain portions. A careful examination was therefore made 
of the wings of cut-0 (ct-6), one of the most strongly affected cases which 
Goldschmidt claims to be normal in the "earliest” (i.e., inflated) stage. 
It is true that in the inflated stage and earlier, the wing outline is smoothly 
oval. But the inflated bag is somewhat narrower than normal, and the 
same is true for all stages back to the just-everted wing. The evidence for 
degeneration therefore falls to the ground, and one can conclude that the 
missing parts of the wing are already missing at the time of eversion. Since 
we have seen that the wing margin, at least, is already determined at this 
time, it is possible to entertain the hypothesis that the genes of this group 
act by altering the position of the wing fold relative to an already deter¬ 
mined pattern of wing veins on the surface of the iraaginal bud. 

The lack of convincing evidence for degeneration in the mutants just 
considered makes it unnecessary to assume that the altered shape of dumpy 
wings is due to a degeneration occurring inside the wing margin, as Gold¬ 
schmidt suggested. 

It should be noted that the temperature-effective period for the produc¬ 
tion of vestigial-like wings as phenocopies and for alterations of vestigial 
wings falls during the latter part of larval life, which is the time when the 
folding of the wing out of the imaginal disc is occurring. The effective 
period for alteration in normal wings is later, in early pupal life. The 
mechanisms of the two effects are probably quite different, and it may be 
possible to demonstrate this by investigation of the cell sizes in adult wings. 

Breakages of Veins .—The following genes were studied: Radius in - 
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completus ( ri ). This was studied in D. simulans . In the adult L2 is miss¬ 
ing from near the middle of the wing almost to the marginal vein; a small 
trace of it may occur distally attached to the marginal vein or this may be 
absent. During development, L2, which it will be remembered is formed 
by the fusion of lacunae after the appearance of the other veins, simply 
fails to extend, the lacunae becoming gradually filled up by the condensa¬ 
tion of the wing without ever fusing into a continuous channel. The distal 
piece, if present, is probably formed centripetally, starting from the mar¬ 
ginal vein and extending inwards. 

Tilt (tt) causes a gap in 2-3. This vein is normal in the prepupal stage. 
At the very earliest appearance of the definitive veins, the vein appears to 
extend through the gap, but it disappears there almost immediately, and 
the region acquires the mottled texture of the loosely porous submarginal 
cell lying anterior to it. At a slightly later stage, the looser texture of the 
submarginal cell has the appearance of spilling through the gap in 2-3 into 
the more condensed region between 2-3 and LA. It is possible that this 
gene has some similarities with balloon, which also seems to slow up the con¬ 
densation of the submarginal cell: Thus a tilt mutation in D. affinis often 
causes the appearance of extra veins in the submarginal cell. 

Veinlet (ve) causes a lack of the distal ends of 2-3, LA and Lb. The pre¬ 
pupal venation is normal, and 2-3 and LA extend to the tip of the wing in 
the earliest contraction stages {Lb has not been traced at this time). The 
ends of 2-3 and LA disappear fairly soon, probably by the formation of cell 
processes connecting the two surfaces of the wing. At about a 30-hour 
stage in normal wings, the surface epithelia are thicker, with more closely 
packed cells, immediately above the veins than in the intermediate regions. 
In ve the strands of thickened epithelium continue beyond the ends of the 
lumina in L3 and LA . 

It is possible that the parts which fail in ve are those normally formed 
centripetally, while the intact parts are those which form from the central 
vesicle, but this is not yet certain. 

In cubitus interruptus (a) IA is broken distal to the posterior cross-vein, 
and Lb proximal to it; in both cases short fragments of vein may be pres¬ 
ent. Here the effect can already be seen in the prepupal venation. In the 
7- or 8-hour stage only very vague traces of LA can be found, and somewhat 
more definite traces of 2-5; this was confirmed in sections. The pupal 
venation has its characteristic pattern from its earliest appearance during 
the contraction. In another allelomorph, ri w , the abnormality (total lack 
of LA distal to the cross-vein) can also be seen from the earliest contraction 
stages. The prepupal condition has not been investigated. 

Crossveinless (cv) causes the absence of both anterior and posterior cross¬ 
veins. In the cv ctS compound, something like the posterior cross-vein can 
be seen in early contraction stages, when it is still more or less part of the 
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central vesicle* It soon disappears. The anterior cross-vein is at first no 
more than an anastomosis of L3 and L4. In cv it disappears as these veins 
become narrower in about the 28-36 hour period. 

The Formation of Extra Veins— There appear to be two main mecha¬ 
nisms by which extra veins are formed: (1) a precocious and exaggerated 
condensation of the surface epithelium, to give a thicker, more closely 
packed layer, in which supernumerary luminae appear and over which 
extra ehitin is secreted; (2) a failure of condensation of the basal regions of 
the cells, which retain a porous texture, with many small luminae, right up 
to the stage at which the wing begins to fold, giving eventually thin chitini- 
zation with weak, straggly veins. The first process, exaggerated growth 
of the epithelium, occurs characteristically in the second posterior cell 
(i.e., posterior to L4, distal to the posterior cross-vein) and along the mar¬ 
gin particularly at the tips of L2, LZ and L4. The strongest example I 
have seen is in net {net), where the thickening of the anterior margin and 
the second posterior cell is so great as to give the cross-section the appear¬ 
ance of an elongated dumbbell. The condensed regions seem to exert a 
tension on the rest of the wing v since the comparatively uncondensed cell 
between LZ and L4 may be stretched in the middle region, so that the tips 
of LZ and L4 are bent towards one another. The formation of extra veins 
within the thickened regions reminds one strongly of the formation of Ll 
along the anterior margin in normal development, since this region is nor¬ 
mally somewhat thickened. Probably the position in which the lumen oc¬ 
curs is dependent on the thickness of the overlying tissue, since in the ex¬ 
aggerated thickenings along the margin and at the ends of L2, LZ and L4 
it occurs some distance in from the edge, giving “deltas," such as those 
found in the mutant of that name, which acts very similarly {DT was ex¬ 
amined). In plexus (px) and blistered 2 (bs 2 ) conditions are very similar 
to those in net, though less extreme, and there is some indication of a lack 
of condensation in the submarginal cell, which is more marked still in Z?/ 6 , 
in which the adult shows a markedly thickened L2. This lack of condensa¬ 
tion has been most strongly .seen in balloon (ha). It gives rise to a weak 
chitinization, though in other stocks a blister may be formed here, pre¬ 
sumably by a failure of the final unfolding and drying out of the wing. 
Balloon also shows some degree of thickening of the second posterior cell, 
and extra veins appear here; by comparison with net and plexus, the thick¬ 
ening hardly seems considerable enough to account for these, and some 
other mechanism may be involved. 

In all the above, the prepupal venation is normal. 

Formation of Blisters , etc. —In these cases the adult wings show more or 
less extensive blisters, which may remain filled with fluid or may eventually 
dry out; sometimes the whole wing is affected, in which case its expansion 
from the folded condition which it has in the late pupa may completely 
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fail. Some of the genes concerned seem to have no effect until the actual 
time of unfolding; examples are Wrinkled ( W ) and vesiculated (w). 
Probably they act by causing the breakage of some of the fibres which nor¬ 
mally hold the two surfaces of the wing together during the unfolding. 
The gene bloated (bio) produces a somewhat similar abnormality, but here 
the effect can clearly be seen in the definitive wing, though the prepupal 
wing is normal. The contraction from the inflated stage is very incom¬ 
pletely performed, and at the time the wing starts to fold it is still quite 
loose-textured and porous, and contains many extra pieces of vein, while 
the normal veins are wide and irregularly formed. There are also cysts de¬ 
rived from the surface epithelia, which form small hollow balls within the 
thickness of the wing; they eventually differentiate into spherical nodules 
of typical wing membrane, with the hairs pointing inwards. At the time 
of dissection it was noted that the bio pupae seemed to be particularly full 
of body fluid; it may be that all the abnormalities of the wings can be ex¬ 
plained by a greater internal pressure, which prevents the normal con¬ 
traction and may even cause the rupture of the wing surface, thus setting 
free the patches of tissue which form the cysts. 

The mutation blot (bit) causes a faulty unfolding of the wing, but this is 
only a secondary effect. It actually produces a partial twinning, portions 
of a second wing being formed in the region proximal and posterior to Lb 
(the third posterior cell). The twin is a mirror image of the normal wing, 
mirrored in the plane of Lb, but only rarely is it complete enough to in¬ 
clude any of the stiff bristles characteristic of the anterior margin. Its 
venation is irregular, and not yet fully made out. The alula does not ap¬ 
pear to be involved. The effect is highly variable, with a low penetrance. 

Wing Curvature .—Studies have been made of the definitive stages of 
Curly ( Cy ), in which the wing is usually bent upwards, and of curved (c) 
in which it is usually bent downwards. In both cases there is no trace of 
curvature in the definitive stage. Probably the genes affect only the dry¬ 
ing out of the young imaginal wing, though it is possible that studies on 
cell size will reveal earlier effects. 


1 Hundertmark, A., "Die Entwicklung der Pliigel des Mehlkafers Tencbrio Mollitor," 
Zeits. Morph . Oekel Tier 30* 60(5 (1936). 

* Dobzhansky, Th., "The Influence of the Quantity and Quality of Chromosomal 
Material on the Size of the Cells in Drosophila melanogaster," Arch. Entwmeck. 115, 
363 (1929). 

* Goldschmidt, R. # "Gen und Aussencbarakter. Ill," Biol . Zbl., 55, 635-664 (1936); 
"Gene and Character. IV," Univ. Cal . Pub. Zool. 41, 277-282 (1937). 
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HIGH MUTATION FREQUENCY INDUCED BY HYBRIDIZATION 

By A. H. Sturtevant 

W. G. Kerckhoff Laboratories, California Institute of Technology 

Communicated June 13, 1939 

The increase in variability that is a familiar result of the rearing of second 
generations from crosses between different races is certainly due chiefly 
to segregation and recombination of genes in which the parental races dif¬ 
fered. There is, however, a persistent feeling that perhaps interracial 
crossing also induces the production of new mutations. The first attempt 
to test this view experimentally with Drosophila led to negative results 
(Duncan 1915). Belgovsky (1937) reported an increased frequency of 
somatic mutations in the hybrids between Z>. melanogaster and D, simulans, 
in x-ray experiments. The differences reported were not very striking, 
and in any case have little bearing on questions concerning spontaneous 
frequencies. 

Casual observations have led me to suspect an increased mutation fre¬ 
quency in the hybrids between the two semi-cross-sterile races (A and B) of 
Drosophila pseudo oh scuta. The present note describes experiments planned 
to measure the rate quantitatively in such hybrids. 

Two different interracial crosses were carried out, using appropriate 
"marker” genes. Females of the scutellar scarlet (race B) stock were 
mated to males of the beaded (race A) stock. The F x females were mated 
to yellow compressed short (race A) males, and the daughters (first back- 
cross—1 BC) of this mating were tested individually by yellow compressed 
short males, to give the 2 BC generation. In the second experiment, yel¬ 
low compressed short {A) females were mated to pointed (B) males, and 
the Fi females were mated to scutellar scarlet ( B) males to give the tested 
1 BC females. In both cases females of the 2 BC generation were also 
tested for lethals, by mating to males of the strain to which their respective 
fathers belonged. The table shows the sex-linked lethals recovered (re¬ 
ferred to the generation to which the first detected heterozygous female be¬ 
longed), and the number of “visible” mutant types observed in the males 
(referred to the generation to which the males themselves belonged—in 
most cases presumably one generation later than that in which the actual 
mutation occurred). 

The totals (denominators) shown in the table represent, for lethals, twice 
the number of tested females. This is because 12 of the 31 recovered lethals 
were in paternal X-chromosomes, which had evidently undergone mutation 
soon after fertilization had introduced them to the hybrid zygote. For the 
visibles the total given is that of the males counted in the generation con¬ 
cerned* Each separate mutation is counted once, though several of them 
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appeared in several offspring of single mothers. These relations show that 
few, if any, of the mutations occurred at meiosis. They are, therefore, 
scarcely tp be referred to crossing-over or recombination. 

The “visible’’ types recovered were mostly previously known types. 
Thus, forked (or singed—probably both are present, but the tests are not 
yet completed) was found five times, beaded three times, scutellar twice 
and dusky, bobbed, ascute, slender and short each appeared once. In the 


TABLli 1 


KNU RATION 

1 BC 

2 BC 
8 BC 


Detected Mutations 


BACK.CROS8HH TO HACK A 
VI8JBLK8 

0/88 1*/124 

0/100 0/911 

5/2135 


BACKCROSSB8 TO RACK B 
LKTHAI.S V19IBLK8 

9/66 0/243 

16/152 10/1040 

.... 4/3796 


total (pkrckntagkk) 

LRTHAI.8 VIRIHI.liB 


8.7 0 


8.5 


0.56 
0.15 


* This was a somatic mutation—then* was a large patch of forked (or singed) bristles 
on the thorax. The mutation is not included in the totals, since it is not comparable 
to the other '‘visibles/' which presumably occurred in the mothers of the males recorded. 


4 BC generation (not shown in the table because the pedigrees were varied 
in order to carry out tests of suspected mutant types) there were found 
white, bobbed, miniature and another forked (or singed). 

The lethal frequencies given are to be taken as minimum values. As has 
been shown by Lancefield and others (see Sturlevant 1937a), the sex-ratio 
from A B hybrids is variable. For this reason all sex-linked lethals were 
tested, and none were entered in the table unless they resulted not only in a 
2:1 sex-ratio but also in typical lethal ratios for the sex-linked genes hetero¬ 
zygous in the culture. This requirement was met in at least two successive 
generations. From several probable lethals no satisfactory test was ob¬ 
tained in the following generation, and these have not been recorded, 
though the chromosomes concerned do appear in the totals. Incidentally, 
this test also showed that the loci of the lethals were scattered throughout 
the A'-chromosome. 

Owing to the complications just mentioned, and to the small number of 
cultures reared, it is not possible to judge whether there was an increased 
mutation frequency in the Fi generation. The point is of theoretical inter¬ 
est, in connection with the hypothesis outlined below, but will have to be 
studied in experiments especially designed for the purpose. 

In addition to the mutations shown in the table there were three domi¬ 
nants in the females of the 3 BC generation (Smoky, an extreme minute- 
bristle, and a sex-linked wing character). In the regular series no auto¬ 
somal recessives could have been detected, but in testing one of the early 
sex-linked recessives, hybrids were mated together, and among their off¬ 
spring was found the well-known second chromosome recessive, bithorax. 
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These experiments were carried out on a small scale, and no specific con¬ 
trol is available. Nevertheless, the mutation frequencies—about 9 per 
cent of lethals and one-half of 1 per cent sex-linked visibles—are so much 
higher than any other recorded spontaneous rates that their significance 
cannot be doubted. It may be added that I have detected only one sex- 
linked lethal in pseudoobscura in experiments not concerned with A-B hy¬ 
brids. 

The theoretical implications of the results just described may be deduced 
from the effects that natural selection should have on mutation rate. I 
have argued (Sturtevant 1937b) that natural selection must operate to 
keep the general mutation rate of a species at a minimum—a conclusion 
also reached by Shapiro (1938). I have suggested that different popula¬ 
tions may achieve this result by different genetic means, and that crossing 
such different races should, through recombination, lead to an increase in 
mutation frequency. The results here recorded constitute a verification of 
this prediction. The increase here is unexpectedly great, but it may be 
pointed out that the cross made is about as extreme a one as it is possible 
to study in later generations, 

St 

These results indicate that a species may escape the impasse toward 
which the automatic decrease in mutation frequency is constantly pushing 
it, by the occasional interbreeding of semi-isolated populations within the 
species. 

The general method of crossing may also be of use in the study of the 
nature of the mutation process, since there is no indication of an increase 
in major chromosome aberrations such as accompany x-ray treatment. 
Further study will be required to answer the question whether small re¬ 
arrangements (deficiencies, small inversions) occur more frequently. 

Summary .—The offspring of the baekcrosses from hybrids between the 

two races (A and B) of Drosophila pseudodbscura show a large increase in 

► 

mutation frequency. 

Belgovsky, M. h. $ Genetica, 10, 370-380 (1937). 

Duncan, F. N., Atner , Nat., 40, 575-682 (1915). % 

Shapiro, N, J., Zool. Jour., 17, 592 001 (1938). 

Sturtevant, A. H., these Proceedings, 23, 360-302 (1937a); Quart. Rev. Biol., 12, 
464-467 (1937b). 
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MICROGEOGRAPHIC VARIATION IN DROSOPHILA 

PSEUDO0BSCURA 

By Th. Dobzhansky 

W. G. Kerckroff Laboratories, California Institute of Technology 

Communicated June 13, 1939 

Studies of recent years have revealed a prodigious amount of variability 
in the gene arrangement in the chromosomes of several species of Dro¬ 
sophila. In natural populations of D> pseudoobscura the third chromosome 
is more variable than the rest; eighteen structural types, related to each 
other mostly as overlapping inversions, have been found in this chromosome 
alone. 1 Each type of the chromosome structure is restricted geographically 
to a part of the distribution area of the species, although in most localities 
several types coexist in the same population. Differences between popu¬ 
lations are either quantitative, i.e., involving only the relative frequencies 
of the different types, or qualitative, when certain types occur in some 
localities but not in others. If population samples from a chain of locali¬ 
ties sufficiently remote from each other are studied, the frequencies of the 
gene arrangements are commonly found to increase, or to decrease more or 
less regularly in a given geographical direction. Thus, the “Santa Cruz" 
arrangement is unknown in Washington and Oregon, is rare in the San 
Francisco Bay region, more common in southern California, especially on 
the islands off the coast, and very common in Mexico and in Guatemala. 1 * 2 
Such geographical gradients are familiar to students of geographical varia¬ 
tion both in animals and in plants. 

Differences between populations inhabiting neighboring localities seem 
to be of a somewhat different kind. Population samples were taken on 
eleven mountain ranges in the Death Valley region of California and 
Nevada. Only three^ranges yielded samples the differences between which 
were not significant statistically; the others were all different. No geo¬ 
graphical regularity is, however, observed in this variation, since adjacent 
ranges are no more likely to be similar than the remote ones, and vice versa. 
The elementary breeding unit in D. pseudoobscura is therefore not a popula¬ 
tion inhabiting a large territory; it is no greater than the population of a 
single mountain range.* Next, population samples were taken in six can¬ 
yons of one of the mountain ranges in the same region; these samples proved 
to be about as different from each other as those from separate mountain 
ranges. The breeding unit is, consequently, no greater than the population 
of a single canyon, 4 and it may be much smaller than that. Comparison 
of populations coming from localities even more closely adjacent than the 
above ones is clearly in order. 

A small, but very carefully labelled, collection of strains of D. pseudo - 
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obscura from Texas has been received from Professor J. T. Patterson, whose 
generosity the writer takes pleasure to acknowledge. Each strain repre¬ 
sented the offspring of a single fertilized female caught outdoors; with the 
exception of several cultures in which the wild progenitor has remained 
alive, all the rest contained the first generation offspring of the original 
flies. Two or three females and males were taken from every culture and 
inbred; the chromosomes were examined in the salivary glands of from ten 
to twelve larvae per culture. Since a fly has two chromosomes of each 
kind (except, of course, the X and F-chromosomes), the offspring of a pair 
of wild flies carries combinations of the four chromosomes present in the 
parents. In wild flies these chromosomes may be either alike or different 
in the gene arrangement. Examination of a sufficient number of F\ larvae 
permits, therefore, to determine the gene arrangement in four wild chromo¬ 
somes. The same result may be accomplished also by examining F% larvae, 
although in some instances one, or even two, of the four chromosomes may 
be already missing. Since our F\ cultures have descended from at least 
four F\ flies, such instances must be very rare, however. Nevertheless, the 
difficulty just stated does introduce some uncertainty in the data. 

The gene arrangement in the second, fourth and in the left limb of the 
X-chromosome was found to be constant in all strains. In the right limb of 
the X, the triple inversion characteristic of the “sex-ratio” condition was 
present in some cultures. 6 Six different gene arrangements were found in 
the third chromosome, namely, Pike's Peak, Arrowhead, Tree Line, 
Olympic, Standard and Estes Park; their descriptions have been pub¬ 
lished by Dobzhansky and Sturtevant, 1 and need not be repeated here. 
The number of the wild third chromosomes having each of the above gene 
arrangements found in the different samples is as follows: 


CHKOMO- 



puck's 

peak 

ARROW* 

HEAD. 

Tfc&K 

LINK 

OLYMPIC STANDARD 

R8TBB 

PARK 

BOMBS 

STUDIED 

Aldrich Place, near Austin 

33 

1 

1 * 

■ 1 

■ 4 

2 

36 

Carrizo Springs 

6 

4 

1 

4 

* * 

1 

16 

Catarina 

19 

1 

5 

3 

* ¥ 

* + 

28 

Herrington Orchard, near Dilley 

37 

12 

14 

* * 

1 

* t 

64 

Redus Orchard, near Dilley 

15 

2 

5 

2 

i * 

» 4 

24 

Forrest Orchard, near Dilley 

19 

2 

• * 

3 

• • 

• * 

24 

Three Rivers 

19 

1 

5 

3 

» * 

■ ft 

28 


The figures suggest that at least some of the samples compared are un¬ 
like in genetic composition. The question is now whether the observed 
dissimilarities are real, or are due to sampling errors. The validity of the 
suspected heterogeneity of the samples may be tested by calculating the x 2 
values for the common gene arrangements (Pike's Peak, Arrowhead, Tree 
Line and Olympic), using the Brandt and Snedecpr method.® The x* 
values are found to lie between 13.6525 (for Arrowhead) and 20.5730 (for 
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Pike’s Peak); for six degrees of freedom, the probability of such or greater 
heterogeneity being due to sampling is less than 5% (for Arrowhead). 

It must be noted, however, that the seven localities listed above fall into 
two geographical groups; Aldrich is at least 150 miles from the rest, while 
all others are relatively close. One may, then, disregard the Aldrich ma¬ 
terial, and test the heterogeneity in the remaining six samples. The x 2 
values turn out to vary from 7.77G5 (for Tree Line) to 11.5080 (for Olym¬ 
pic), which, for five degrees of freedom, have a probability between 5 and 
20% of occurring by chance. Finally, the three localities in the vicinity 
of the town of Dilley may be compared to each other. These three collect¬ 
ing grounds are indeed very close to each other: according to the informa¬ 
tion received from Professor J. T. Patterson, Herrington orchard lies l l / a 
miles west of Redus orchard, while Forrest orchard is only l / 2 of a mile 
north of Redus. Yet, no Olympic arrangement is detected among 64 wild 
third chromosomes studied from Herrington, and no Tree Line arrangement 
is found among 24 chromosomes from Forrest orchard. If the three locali¬ 
ties are compared, the x 2 values are 2.4313 for Arrowhead, 3.4403 for 
Pike’s Peak, 5.1229 for Olympic and 6.2542 for Tree Line. For two de¬ 
grees of freedom, an x 2 value of about 5.1 has a chance of accidental oc¬ 
currence between 5 and 10%, and a value 6.25 may occur due to sampling 
in from 2 to 5% of the trials. 

Although the material at hand is clearly inadequate for an exact deter¬ 
mination of the relative frequencies of the different gene arrangements in 
any one of the populations, and although the necessity of using F 2 instead 
of F\ larvae introduces an additional uncertainty, still the data obtained 
strongly suggest a significant heterogeneity among the samples examined. 
The lack of similarity between the three samples from Dilley is, of course, 
most remarkable in view of the proximity of these collecting localities. 
The observations quoted above on the genetic differentiation of the local 
colonies of D, pseudoobscura in the Death Valley region of California make 
the data reported in the present communication less surprising than they 
might have been otherwise. It may be pointed out, however, that the 
exceedingly rugged topography characteristic of the mountain ranges in 
Death Valley may offer a greater facility for the formation of isolated 
colonies of the fly than is likely to be the case on the relatively more uni¬ 
form terrain of southern Texas. On the other hand, Professor J. T. Pat¬ 
terson informs me that Z>. pseudoobscura is on the whole rare in Texas, the 
numbers of the trapped individuals of this species being much less than 
those of others; on the contrary, D. pseudoobscura in California mountains 
is by far the commonest species. A lower population density per unit area 
may, under certain conditions, favor a genetic differentiation of local colonies. 

Summary ,—Data are presented that suggest the existence of genetic , 
differences between colonies of D, pseudoobscura inhabiting close localities. 



314 


GENETICS: GOLDSCHMIDT , £74 L, 


Proc. N. A. S. 


1 Dobzhausky, Th., and Sturtevant, A, H., “Inversions in the Chromosomes of 
Drosophila pseudoobscura," Genetics, 23 (1938). 

2 Dobzhansky, Th,, “Genetics of Natural Populations. IV,” Ibid., 24 (1939). 

2 Dobzhansky, Th., and Queal, M, L.„ “Genetics of Natural Populations. I,” Ibid., 
23 (1938). 

4 Koller, P. C., "Genetics of Natural Populations. Ill,” Ibid., 24 (1939). 

6 Sturtevant, A. H., and Dobzhansky, Th., "Geographical Distribution and Cytology 
of \Sex Ratio* in Drosophila pseudobbscura and Related Species," Ibid., 21 (1930). 

B Mather, K., The Measurement of Linkage, Methuen, London (1938). 


A REMARKABLE GROUP OF POSITION-EFFECTS 
By Richard Goldschmidt, E. J. Gardner and M. Kodani 1 
Department of ZoOlogv, University of California 
Communicated May 22, 1939 

The term position-effect is used here in the generally accepted sense 
though it would be advisable to replace it by a more neutral term, like 
"pattern-effect'’ which does not imply the explanation in terms of position 
of genes, an interpretation which does not work in the majority of cases. 
The effects to be described are nearly related to Dubinin’s case of change 
of dominance of cubitus interrupts in the presence of a IV-Y translocation 
in Drosophila melanogaster . 

A ,—Years ago the senior author found in connection with very different 
work the following case: The dominant mutant Beaded (Bd) has been 
known, since Muller’s well-known work, to be enhanced in its action by 
the presence of an enhancer somehow combined with an inversion in the 
homologous chromosome. When Bd was separated in our work from all 
the other chromosomes of the Bd-line by replacing these with marked 
chromosomes, the ‘‘dominant" effect of Bd consisted only in the production 
of a small per cent of flies with slightly nicked wings (actually a smaller 
effect than the one produced by some standard "recessive” loci like px 
or 6s). The addition of the inversion (now called In(3R) C) again restored 
the high grade of specific scalloping called Bd and the percentage incidence 
up to 100%. It was then found that the action of this inversion could be 
replaced by some of the Payne-Inversions in the same chromosome, which 
were available at that time, thus showing that the presence of an inversion 
and not an enhancing gene was responsible for this effect. One of the 
junior authors (Gardner) has now reinvestigated this case. He finds that 
all inversions in the third chromosome which were tested, had the same 
enhancing effect, among them an inversion in the other end of the third 
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chromosome and the very small Dichaete-inversion, neither of which in¬ 
cludes the ita-locus. Very characteristic was the following fact observed 
in this connection. Oregon wild stock was generally used as a control. 
When, however, Florida wild stock was used, it frequently enhanced the 
iJd-effect like the inversions. A cytological study by one of the junior 
authors (Kodani) revealed the presence of a large inversion in the third 
chromosome of the Florida stock, resembling the inversion In(‘AR)P. 
These enhancing effects (which might also be described as increase in 
dominance, since Bd is homozygous lethal) which can be increased to the 
production of a wing approaching the vestigial-strap type in appearance 
are, then, so-called position-effects, though the variety of locations of the 
breaking points excludes an explanation of the effect in terms of position 
of genes. 

B. In the analysis of a chromosome-rearrangement at the right end of 
the second chromosome the so-called recessive gene blistered ( bs ) was 
frequently used by the senior author. 'Phis homozygous stock (as received 
from Pasadena) possessed as its only visible character a small extra vein, 
sometimes attached antler-like to the fifth vein (and this only in a certain 
percentage of individuals). The heterozygotes are similar except for the 
fact that a smaller percentage show the extra vein. In these crosses 
strange types of individuals appeared in a way which did not agree with 
other results. Finally the far-stock was inspected and genetical tests 
showed that many of the flies contained something in a heterozygous 
condition which was responsible for the odd results. An examination of 
the salivary gland chromosomes by one of the junior authors (Kodani) re¬ 
vealed the presence of a reciprocal translocation between the free end of 
the first chromosome and the right arm of the third chromosome. This 
translocation was shown to have an enhancing effect on bs, though without 
any visible effect when alone. A series of compounds involving the 55-locus 
has been made up, including: standard bs; a new condition at the 55-locus 
which might be termed here bs a , acting like a somewhat higher allele of bs; 
the deficiencies Px 1 , Px % and blond-deficiency, all of which involve, among 
other loci, the 55-locus. Without going into detailed description it should 
be mentioned that a series could be made up of multiple allelic nature 
beginning with a little extra vein, which is increased to a more and more 
broad antler-like structure; then follows an increasing series of extra 
venation in other parts of the wing, followed by more and more extreme 
blistering. Every single member of this series of compounds is enhanced 
by the translocation to a much higher grade. Most characteristic is the 
highest grade produced by the compound bs/DeFplus translocation. Here 
the wings are short balloons filled with liquid and carried at right angles 
to the body. If bred they produce a majority of their own type (the 
deficiencies are homozygous lethal) and a varying small number of a new 
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type with a broad sinus extending from the fifth vein to the edge of the 
wing and a blister on one of the wings. These are completely sterile in 
both sexes and probably represent the homozygous translocation plus the 
compound, (The hyperploid or deficient type has not been excluded yet.) 
Details will be given in a future paper. 

C. —In some earlier papers the senior author described the dominance¬ 
enhancing action of some additive modifying loci upon the vestigial /+ 
heterozygote. Further, certain loci were found which enhanced or de¬ 
creased the action of these so-called dominigenes. In following up this 
work one of the junior authors (Gardner) found that this dominance- 
increasing action is considerably enhanced in the presence of a number of 
deficiencies, inversions and translocations, none of which have anything to 
do with the vg- locus. The interesting details will be published in a special 
paper. Only one characteristic feature may be mentioned here. It was 
found that the dominance enhancers as well as the still more enhancing 
chromatin-rearrangements all increased the time of development, thus 
suggesting that the action in common to all is a change of rates of certain 
developmental processes. This agrees well with the senior author’s work 
on temperature action in producing the simile (phenocopy) of a pg-hetero- 
zygote plus dominigenes and other earlier work in the same line, including 
some recent experiments of the junior author (Gardner), using starvation 
to prolong the time of development. 

D. —The senior author has found in connection with other work that at 
least one inversion in the third chromosome and an echinus deficiency in 
the first chromosome enhance considerably the expression of plexus. 

Discussion .—A discussion of the details will be reserved for the full 
publication of the experiments. Here only two points may be touched. 
As a consequence of all recent developments in genetics it will become 
necessary (as realized both by the senior author and Muller) to decide 

A 

whether the effects of changes in chromosomal pattern are produced by a 
change of pattern of the whole chromosome or major parts of it or only 
by a pattern change within a small section, e.g., the achaete-scute section. 
Facts of the type reported here tend to show that both types of action 
exist and that their eventual interrelation will have to be investigated. 
A fuller discussion of just this point will soon be presented. The other 
point is this: It has been claimed that curly ( Cy ) can be separated from 
its inversion, though a Cy without the inversion could never be recovered 
(Bridges). It has further been claimed (Oliver) that a reversion of Plum 
to wild type has been produced by x-raying, without a change of the 
chromatin-rearrangement characterizing Plum. Some of the facts com¬ 
municated here suggest that in both cases something appeared which 
changed the dominance relations. It has been repeatedly observed by 
the senior author that in some complicated crosses (not yet analyzed) Cy 
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appeared like ski and even like wild type, but showed Cy again if outcrossed. 
The possibilities of dominance modification have therefore to be considered 
when a separation of the position-effect from a chromatin-rearrangement 
is being claimed. 

1 Services rendered by the personnel of Works Progress Administration Official 
Project No. 465-03-3-192 are hereby acknowledged. 


EXTRACTION OF AN EGG MEMBRANE-LYSIN FROM SPERM 
OF THE GIANT KEYHOLE LIMPET {MEGATHURA 

CRENULATA) 

By Albert Tyler 

William G. Kerckhoff Laboratories of the Biological Sciences, 

California Institute of Technology 

Communicated June 2, 1939 

Numerous investigators have attempted to extract from spermatozoa a 
substance capable of activating the unfertilized egg. The results have 
proved generally negative and where slight effects have been claimed these 
have not proved repeatable and have been attributed to faulty technique or 
errors of interpretation (see literature reviews of Loeb, 1 Lillie, 2 Sampson, 2 
Morgan, 4 Just 6 ). Since the search has generally been directed towards 
finding a substance of enzymatic nature in the sperm, and since all known 
enzymes are protein it seems hardly likely that such a substance would 
enter the egg even if it were present in the sperm extracts employed. 
What has generally been overlooked in such work is that in normal fertiliza¬ 
tion the spermatozoon first must enter or at least start to penetrate the 
egg before the latter is activated. That distinction may be made between 
penetration and activation of the egg is illustrated by the experiments of 
Tyler and Schultz 6 on “reversing” fertilization. In those experiments 
Urechis eggs were treated with acidified sea water within a short time (3 
minutes) after insemination. The initial developmental changes reverse as 
a result of the treatment but the spermatozoon continues its penetration 
into the egg. Development does not ensue even when the eggs are returned 
to ordinary sea water. The eggs can be inseminated again with fresh sperm 
in which case they develop as dispermic eggs. Or they can be activated by 
a parthenogenetic agent, in which case since a spermatozodn is present in 
each, they develop as normal monospermic eggs. The distinction between 
penetration and activation may also be illustrated by cases that have been 
reported of the entrance of spermatozoa of molluscs or annelids (Kupel- 
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wieser 7 ) or of nemerteans (Chambers 1 *) into echinoderin eggs. Here again 
the eggs are not activated. 

In the present work a substance (or substances) has been extracted from 
sperm which may help to explain the problem of penetration. This ma- 



FIGURK 1 

Dissolution of membrane* of egg of Me%athura crenulata by means of concentrated 
sperm. Photomicrographs taken at: a, 2 minutes; b, 3 minutes; c, 4 minutes; 
d, 10 minutes after insemination. Sperm washed off egg in d. See text for further 
details. 


terial causes the membrane of the limpet egg to dissolve. It is essentially a 
lytic agent. 

The eggs of the giant keyhole limpet, when they are shed, are somewhat 
irregular in shape and have a rather thick membrane closely adherent to the 
surface. Outside of the membrane there is a firm jelly layer which is ap- 







Vol. 25, 1939 ZOOLOGY: A . TYLER 319 

proximately equal in thickness to one-half of the diameter of the egg (155/*). 
As th€ unfertilized eggs stand in sea water they slowly become spherical in 
shape and the membrane separates from the surface. After about 20 to 30 
minutes in sea water the membrane is fully raised leaving a space equal to 
about one-tenth of the egg diameter between it and the surface of the egg. 
The jelly swells and softens in sea water and exceeds the diameter of the 
egg in thickness. 

When the eggs are placed in a concentrated sperm suspension, the mem¬ 
brane is observed to disappear. This effect is illustrated in figure 1. The 
spermatozoa penetrate the jelly rapidly and adhere to the membrane. 
When a sufficient number have accumulated the membrane begins to get 
thinner and lifts off further from the surface of the egg. It then buckles in, 
particularly in the region where there is the greatest accumulation of sperm 
(Fig. la). Presently it vanishes in that region while it continues to expand 
and thin out elsewhere (Fig. 15). Finally it disappears completely and the 
sperm accumulate around the egg (Fig. 1c). At first it was thought that 
the large number of spermatozoa around the egg simply obscured the mem¬ 
brane, but after carefully washing off the sperm no trace of the membrane 
is seen (Fig, Id). 

The rate at which this effect occurs depends on the concentration of 
sperm suspension employed. With very dilute sperm suspensions 
(<0.01% of dry sperm) there is no observable effect on the membrane no 
matter how long the eggs are kept. In a one per cent sperm suspension the 
membrane disappears after 4 to 5 minutes when fresh eggs are employed. 
Eggs that have stood for some time in sea water so that the jelly has soft¬ 
ened react faster, due very likely to the greater case with which the sperma¬ 
tozoa reach the membrane. 

That the membrane-dissolving agent is in the spermatozoa rather than 
in the medium was showti by centrifuging a concentrated sperm suspension 
and testing the supernatant fluid. The latter, even when containing some 
sperm, failed to cause dissolution of the membrane, while the original sperm 
suspension (2% of dry sperm) as well as the centrifuged sperm in fresh sea 
water gave the typical reaction. 

The lytic agent may be extracted from a suspension of spermatozoa in 
sea water simply by freezing it at — 80°C. for a few minutes and allowing 
it to thaw at room temperature. The treatment kills the sperm and they 
become clumped in a gelatinous mass leaving an opalescent solution, free 
of sperm. This sperm-free extract contains the lytic agent. Washing the 
sperm mass with sea water furnishes successively smaller amounts of the 
substance. The yield may be increased by grinding in the frozen state in 
a ball mill, but this has the objection that increasing amounts of inactive 
material are thereby likely to be extracted. 

Membrane dissolution by means of an extract prepared by simply freez- 
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ing and thawing is illustrated in figure 2. It proceeds in essentially the 
same manner as when living spermatozoa are employed. The membrane 
first increases in diameter, becomes thinner and collapses at the thinnest 
region (Fig. 2a). This continues (Fig. 2b) and rather suddenly the mem¬ 
brane disappears, first at the region of initial buckling (Fig. 2c) and then 



FIGURE 2 

Dissolution of membrane of egg of Megatkura crenulaia by means of extract of 
sperm. Photomicrographs taken at: a, 1 minute; b, 1*A minutes; c t 2 l /i min¬ 
utes; d t 37 4 minutes after addition of extract. See text for further details. 

completely (Fig. 2d). With an extract of a one per cent sperm suspension, 
membrane dissolution occurs in three minutes when freshly shed eggs are 
employed. 

The time for complete disappearance can be determined fairly accu¬ 
rately, the average deviation being about 5 per cent of the mean for the dif¬ 
ferent eggs in any test. As the extract is diluted the dissolution time in- 
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creases. The dissolution time can then be used for bio-assay. The jelly 
around the egg retards the reaction due undoubtedly to the time required 
for the substance to reach the membrane. Thus an extract that gives mem¬ 
brane dissolution in two and one-half minutes on eggs with jelly acts in 20 
seconds when the jelly is removed. Dilution of the extract increases the 
time of membrane lysis in an approximately linear manner with jellyless 
eggs, as the figures in table 1 show. 

TABLE 1 
Dilution Series 

TIMB FOR MKMHUANK DISSOLUTION 


CONCENTRATION 

BOOS WITH 

JBLLYLBSH 

OF EXTRACT 

fRLLY 

BOOS 

I 

218 sec. 

20 sec. 

Vi 

242 sec. 

39 sec. 

Vi 

309 sec. 

96 sec. 

Vs 

403 sec. 

171 sec. 


The lysin is readily inactivated by heat. Some of the heat inactivation 
data are presented in table 2. Even at as low a temperature as 44°C. most 
of the activity is .soon lost. A low inactivation temperature is characteris¬ 
tic of most lytic agents. That this is lower than generally obtained 

TABLE 2 

Heat Inactivation of Membrank-Lvsin 


FBI* CBNT TNACTIVATKD AT VARIOUS T&MFURATURBB 


KXFOSURB 

«9”C. 

52.5°C. 

49*C. 

44°C. 

1 min. 

99. (i 

76 

00 

35 

2 min. 

99.9 + 

99 

98.5 

75 

4 miu. 

99.9 + 

99.6 

99.1 

80 

8 min. 

ltK) 

99.9+ 

99.4 

85 


with hemolysins, for example, is perhaps related to the natural environ¬ 
ment (the sea) being at a lower temperature than the mammalian body 
temperature. The activity of the lysin falls off slowly with time at room 
temperature; but it may be kept for several weeks at least at 0°C. 

The lysin is non-dialyzable through collodion membranes. It can be 
completely precipitated with ammonium sulphate. The precipitate when 
washed free of ammonium sulphate on a membrane filter and redissolved 
in the original volume of sea water has practically the same activity as the 
original extract. 

The precipitated and dialyzed material gives positive Xanthoproteic, 
Millons and Biuret tests. The Hopkins-Cole test is apparently negative. 
The material gives a positive test for sulphur. The lytic agent is readily 
inactivated by crystalline trypsin and crystalline chymotrypsin. w It is 
fairly safe to conclude then that the lysin is a protein. 

Alcohol precipitates and at the same time inactivates the lysin. Also in 
distilled water the lytic action is soon irreversibly (?) lost. This will evi- 
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dently complicate attempts at further purification and crystallization. 

From the eggs of the giant keyhole limpet, fertilizin, a substance capable 
of causing sperm agglutination (Lillie 2 ), is obtained. The fertilizin reac¬ 
tion in the keyhole limpet will be described in a future publication. Frank 9 
has recently shown that sea-urchin sperm extracts, prepared by heating, 
will neutralize the sea-urchin fertilizin. The limpet sperm extract has like¬ 
wise this property, which was observed before Frank's article appeared. 
The limpet anti-fertilizin precipitates in saturated ammonium sulphate 
and is non-dialyzable. This, then, appears to differ in behavior from the 
sea-urchin anti-fertilizin since Frank reports that he was unable to obtain 
a precipitate with ammonium sulphate. Heating the limpet sperm extract 
to 00°C. for two minutes destroys the egg membrane lysin but leaves the 
anti-fertilizin practically unaltered. There appear then to be at least two 
distinct substances present in the sperm extract. It is of course possible 
that both substances are concerned in the lytic action, one of these in the 
manner of complement. Heating might then destroy the complement and 
leave the anti-fertilizin. 

Work on the purification of the lysin and on its relation to the fertiliza¬ 
tion process is in progress. Th£ lytic action is also exhibited by abalone 
{Haliotis cracherodii) eggs with extract of abalone sperm. Cross-lysis does 
not occur between the keyhole limpet and the abalone, nor does cross¬ 
fertilization. 

The lytic action of the sperm extract is, as far as the present evidence 
goes, confined to the egg membrane. The membrane of fertilized as well as 
unfertilized eggs may be dissolved. No particular effect has as yet been 
noticed on the development of fertilized eggs whose membranes have been 
dissolved. Freshly shed unfertilized eggs, in which the membrane has 
been lysed, fertilize as readily as untreated eggs. Unfertilized eggs that 
have stood some time in sea water so that the membrane is well separated 
from the surface fertilize more readily when the membrane is lysed. A 
rapid falling off of fertilizability after the eggs have been shed into water is 
characteristic of many other animals (e.g., fish and amphibia). It may be 
suggested that the effect is due to elevation of the vitelline membrane so 
that the spermatozoa are incapable of making immediate contact with the 
egg surface. It is, in fact, a generally accepted view that final incorpora¬ 
tion of the spermatozoon is effected by the egg entrance cone. 

Loeb 1 developed a theory of fertilization and parthenogenesis in which 
he postulated the existence of two substances; one, a specific cytolysin 
which if allowed to act unchecked leads to destruction of the egg; the other, 
a corrective agent which limits the destructive influence of the lysin. It 
should perhaps be emphasized that there is nothing in the present work to 
support Loeb’s view, particularly as his theory concerns the activation of 
the egg. The lytic agent demonstrated to be present in the limpet and 
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abalone sperm appears simply to be concerned in the penetration part of 
the fertilization process. 

Summary. —A lytic agent having the property of dissolving the egg mem¬ 
brane has been extracted from sperm of the giant keyhole limpet {Megathura 
crenulata). The Iysin is non-dialyzable and readily inactivated by heat. 
It precipitates upon saturation of the extract with ammonium sulphate. 
The precipitate gives the usual protein tests and pure proteinases inacti¬ 
vate the lytic agent. Abalone {Haliotis crackerodii ) sperm also yield a 
lysin which acts on the eggs of the same species. Cross-lysis between lim¬ 
pet and abalone does not occur; nor does cross-fertilization. Limpet sperm 
extracts also contain a substance (anti-fertilizin) capable of neutralizing 
the sperm agglutinin (fertilizin) obtained from eggs. Heat inactivation of 
the lysin leaves the anti-fertilizin unaffected. 


1 J. Loeb, “Artificial Parthenogenesis and Fertilization,” The University of Chicago 
Press (1913). 

2 F. R. Lillie, “Problems of Fertilization,” The University of Chicago Press (1919). 
* M. M. Sampson, Biol. Bull., 50, 301 (1920). 

4 T, H. Morgan, “Experimental Embryology,” Columbia University Press (1927). 

6 E. E. Just, Protoplasma , 10, 300 (1930). 

H A. Tyler and J. Schultz, Jour. Exp. ZooL, 63, f>09 (1932). 

7 H. Kupelwieser, Arch. Entw.meek., 27, 434 (1909); Arch. j. Zellforsch., 8, 352 
(1912). 

8 R, Chambers, Jour. Exp. Biot., 10, 130 (1933). 

■ J. A. Frank, Biol. Bull., 76, 190 (1939). 

The crystalline proteinases were very kindly supplied by Dr. J. H. Northrop. 


THE WOUND HORMONES OF PLANTS IT THE I SOLA T10N OF 

A CRYSTALLINE ACTIVE SUBSTANCE 

By James English, Jr., James Bonner and A. J. Haagen-vSmit 

Gates and Crkllin Laboratories op Chemistry and the William G. Kkrckhofp 
Laboratories of the Biological Sciences, California Institute of Technology 

Communicated June 2, 1939 

Introduction, —The existence of plant “wound hormones'* has been recog¬ 
nized since the formulation of the wound hormone concept by Wiesner 1 
and the demonstration by Haberlandt 2 of the diffusible nature of the active 
principles. It was shown by these early investigators that there are 
formed or liberated at injured surfaces of plant tissues water-soluble sub¬ 
stances which are capable of evoking renewed growth activity in mature 
uninjured cells or tissues. In the present paper the isolation from plant 
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material of a crystalline substance possessing typical “wound hormone” 
activity will be described. 

Materials and Methods .—Numerous methods for the demonstration of 
wound hormone activity have been suggested/ For the present work the 
parenchymatous mesocarp lining the seed chambers of the string bean pod 
has been used as the test material. It has been found by Wehnelt* that if 
drops containing the water extract of bean are placed on the uninjured 
cells of the mesocarp, a vigorous proliferation and elongation of the un¬ 
derlying cells results, whereas drops of pure water are without such an 
effect. A detailed description of the adaptation of this reaction to the 
quantitative estimation of wound hormone activity has been presented 
elsewhere. 6 Whereas others have attempted to utilize as a measure of 
wound hormone activity the frequency of cell divisions in the resulting in¬ 
tumescences, we have utilized the total volume of new tissue formed. This 
volume, as determined by the height of the intumescence, is not only line¬ 
arly proportional to the concentration of wound hormone solution applied, 
but is also easily determined and well adapted to large scale routine bio¬ 
assays. In brief, the method is as follows: Young pods of Kentucky 
Wonder string bean (Phaseolus "vulgaris) are slit longitudinally, the seeds 
removed, sections containing the seed chamber excised and arranged in 
Petri dishes, 30 sections per dish. Uniform drops (0.01 cc.) of each solution 
to be tested are placed on 20 sections from 20 individual beans. Each of 
the 20 individual beans is also treated with two concentrations of a 
standard bean extract. 0 This solution of standard activity is tested daily 
on every set of beans and activities of the unknowns referred to it. The 
test beans are then incubated for 48 hours at 25°C. At the end of this time 
cross-sections through the seed chamber and intumescence are cut and the 
total height of each intumescence measured under a low-power binocular 
equipped with an eyepiece micrometer. It has been found readily practi¬ 
cable to assay thus 30 solutions per day, each solution tested on 20 beans, 
together with the above-mentioned standard solutions. 

In following wound hormone activity through a series of fractionations 
of the initial crude material it has been found desirable in the present work 
to make use of an arbitrary “unit” of activity. A unit of wound hormone 
activity will be defined as that amount which when present in 1 cc. of 
solution will, when this solution is tested, give a reaction equal to that of 
the standard bean extract. 

During the course of the procedure outlined below for the isolation of a 
crystalline wound hormone it was found that there are one or more “co¬ 
factors, ” themselves inactive or essentially so, which have, however, the 
property of greatly increasing the potency of the more active fraction. 
This can be made clear by an example of the distribution of activities be¬ 
fore and after fractionation of concentrated extract with chloroform, as is 
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shown in table 1. Only a small amount of activity remained in the water 
layer after extraction with chloroform. The chloroform-extractable ma¬ 
terial contained, when tested, alone, only one-fourth of the total amount of 
activity present in the starting material. If, however, the two fractions 
were recombined the mixture was found to possess a total number of units 
of activity essentially equal to that of the starting material. This behavior 
would be in accordance with the view stated above that there remained in 
the chloroform-insoluble material a substance (or substances) inactive in 
itself but capable of enhancing the activity of the chloroform-soluble frac¬ 
tion. A similar behavior was noted at other stages of the fractionation, 
notably at steps 2 and 3 below. For this reason, in the experiments reported 
here the active material was invariably tested in the presence of a mixture of 
two of the discarded inactive fractions, including the acetone and ethyl 
acetate insoluble portions. 7 


TABI/K 1 


Distribution ok Activk Materials between CUCU and Water 



mg. 

unith/om. 

TOTAL UNITS 

Starting material 

201 

170 

34.2 

CHCla extract 

m 

500 

8.0 

(continuous extraction) 




Water layer 

185 

30 


Combination 

201 

150 

30.2 


Procedure , 1. One hundred pounds of fresh bean pods were ground and 
immediately extracted twice with water at 5O-60°C. for one-half hour. 
The suspension was filtered and the clear solution (about 100 liters) was 
evaporated at once under reduced pressure under nitrogen at a bath tem¬ 
perature of 60°C. The evaporation was continued until a thick syrup 
(S5% solids) was obtained. 

Yield—2750 gm. *48 units/gm. 132,000 units 

2. The syrup thus obtained was acidified with concentrated hydro¬ 
chloric acid to pH 2 and extracted repeatedly with acetone. The bulk of 
the activity was found in the acetone layer. 

a. Acetone layer 554 gm. 170 units/gm. 94,000 units 

b. Water layer 2200 gm. 0 unit/gm. 0 unit 

c. Combination 2750 gm. 48 units/gm. 132,000 units 

3. The acetone was evaporated off in nitrogen at 60°C. and the residue 
taken up in water (2000 cc.) and adjusted to pH 2. This solution was ex¬ 
haustively extracted with ethyl acetate. All tests were carried out in co¬ 
factor mixture. 
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a. Ethyl acetate layer 67.4 gra. 2000 units/gm. 135,000units 
5, Water layer 487 gm. 35 units/gm. 17,000 units 

4. The ethyl acetate was evaporated as before and the oily residue dis¬ 
solved in dilute sodium hydroxide, adjusted to pH 10-11 and extracted with 
chloroform. The water layer was then acidified to pH 2 and extracted 
again with chloroform. At this point an oil material separated which was 
insoluble in both chloroform and water. In view of its comparatively low 
activity this was set aside. All tests were carried out in co-factor mixture. 

a . Chloroform from alkaline solution, 4.0 gm.; 650 units/gm.; 2600 units 

b . Chloroform extract from acid solution, 7.3 gm.; 6800 units/gm.; 
50,000 units 

c. Oily material, 8.2 gm.; 1450 units/gm.; 12,000 units 

d. Water layer, 39 gm.; 0unit/gm.; 0 unit 

5. Fraction 4 b (which contains organic acids) was dissolved in 0.1 nor¬ 
mal sodium hydroxide after evaporation of the chloroform and a solution 
of barium chloride added. There resulted a dark, oily precipitate which was 
separated by centrifuging and washed with water. Both filtrate and pre¬ 
cipitate were treated with dilute hydrochloric acid and the acidified solu¬ 
tions exhaustively extracted with ethyl acetate. The regenerated pre¬ 
cipitate' was a very dark, oily material and the filtrate was a light brown 
viscous oil which partially crystallized on standing. 

a. Insoluble barium salts 4.2 gm. 2200 units/gm. 9000 units 
5. Soluble barium salts 3.1 gm. 2900 units/gm. 9000 units 

6. The crystals of 5b were separated by the addition of cold peroxide-free 
isopropyl ether and filtration of the thick syrup on a sintered glass filter. The 
crystalline mass thus obtained was pressed on a porous plate and then re¬ 
crystallized from absolute alcohol to constant melting-point and activity. 
In this way there were obtained 18 milligrams of crystalline material, m. p. 
165.5-166°. By petroleum ether extraction of the oily mother liquors, 
further active fractions were obtained including an additional small amount 
of this crystalline material with identical properties and activity. 

Analysis.* Found: % C, 63.37; % H, 9.01. Calculated for C«Hss0 4 : 
% C, 63.15; % H, 8.77. Calculated molecular weight, 228. Equivalent 
weight by titration, 118. 

Preparation of the Methyl Ester .—Fifteen milligrams of crystalline ma¬ 
terial, m. p. 163-164°, recovered from mother liquors of recrystallization 
were dissolved in ether and treated with an excess of an ethereal diazo¬ 
methane solution at 0°. After standing for an hour, the ether was distilled 
off and the residual oil distilled in vacuo . At 140°C. bath temperature a 
nearly colorless oil distilled which crystallized on cooiing. The crude ma- 
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terial (in. p. 29-31°) was recrystallized from a mixture of ether and petro¬ 
leum ether to a constant m. p. of 30-31°. 

Analysis . Found: % C, 05.21; % H, 9.18. Calculated for Ci 4 H M 0 4 : 
% C, 65.55; % H, 9.40. Calculated molecular weight, 256. * Molecular 
weight, by m. p. depression in camphor, 267. 

On hydrolysis in alcoholic KOH the acidic starting material was regen¬ 
erated, as judged by ni. p. and activity, 

Proof of Purity .—In order to ascertain whether the activity was due to 
the crystalline material itself or to small amounts of adsorbed impurities, 
15 mg. of the substance were subjected to chromatographic analysis on 
aluminum oxide from CHCh solution. No alterations in melting point or 
activity of the material could be effected in this way. 

Nine milligrams of crystalline material were sublimed in vacuo (0.1 mm. 
of Hg) at a bath temperature of 160°C. The sublimate possessed the same 
m. p. and activity as the starting material. 

Activity of the Pure Material. The pure crystalline material has been 
assayed for its activity 60 times in the bean test in the presence of the stand¬ 
ard co-factor mixture. The average activity has been found to be 4800 
units per gm. or about 100 times that of the starting material. In the 
absence of the co-factor mixture the activity of the crystalline substance 
varied greatly in successive daily tests, with a maximum of 4800 units/gm., 
a minimum of 0 unit/gm. (one test) and a mean activity of 2700 units/gm. 
The fluctuations in activity of the pure material when tested alone would 
be in accordance with the hypothesis that co-factors are to some extent 
present in the test beans themselves, but that their amount varies from day 
to day due to unidentified and uncontrolled variations in environmental 
circumstances. 

Numerous pure substances have been tested for co-factor activity in the 
presence of the crystalline factor. Attention was first given to sugars and 
amino acids since these were found to constitute a large portion of the ini¬ 
tial water extract and were also known to constitute a considerable part of 
the acetone and ethyl acetate insoluble fractions. When the crystalline 
factor is tested together with 0.5% sucrose (which is itself completely in¬ 
active) the activity is increased from 4800 to 6600 units/gm. Of the amino 
acids tested glutamic acid was found to exert a marked co-factor activity. 
Glutamic acid at high concentrations is itself slightly active in the standard 
bean test (approximately 100 units/gm.). At a concentration of 0.25%, 
however, the intumescence evoked by glutamic acid is sufficiently small to 
be disregarded. When the crystalline factor is tested in the presence of 
0.25% glutamic acid the activity of the former is enhanced to approximately 
45,000 units/gm., or almost ten times that obtained with the standard co¬ 
factor mixture. The crystalline factor at a concentration of 10 gamma per 
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cc. and in the presence of 0.25% glutamic acid can evoke intumescences 
even higher than those evoked by the standard bean extract. 

Discussion —The crystalline wound hormone possesses detectable activ¬ 
ity at a concentration of 10 mg. per liter in the presence of 0.25% glutamic 
acid. At this concentration, 0.1 gamma would be present in each of the 
0.01 cc. drops which are applied in the standard bean test. This substance 
is thus comparable in potency to other of the physiologically active 
substances. 

The substance isolated can account for at most 10% of the total wound 
hormone activity present in the initial extract. This may be attributable 
either to the presence of other as yet unrecognized co-factors in the initial 
extract, or to the presence iti this extract of still further highly active sub¬ 
stances. With relation to the first possibility, there is a highly labile co¬ 
factor, itself inactive, present in the water layer of step 4d. It has been im¬ 
practicable because of its instability to incorporate this co-factor in the 
standard co-factor mixture. Because of its high activity the discarded 
fraction (5a) from the barium salt separation could not be incorporated 
into the standard co-factor mixture. In these two fractions, then, there 
may well be inactive co-factors 'Capable of increasing still further the 
activity of the substance which has been isolated. 

With relation to the second possibility, that there may be still further 
highly active wound hormones present in the initial extract, it has been 
shown that glutamic acid possesses real although low activity. The non¬ 
crystalline material (traumatin) whose isolation has been previously re¬ 
ported 6 also appears to differ both in chemical properties and in activity 
from the crystalline substance reported here. The nature of other possible 
active materials will be the subject of future communications. 

It is of interest to know in how far the present crystalline material func¬ 
tions in the regulation of cell division. Preliminary histological investiga¬ 
tions have shown that under the influence of the pure substance, in the 
absence of added co-factors, both cell division and cell enlargement take 
place in the tissue of the bean mesocarp. 

Summary .—The isolation from fresh beans of a crystalline substance pos¬ 
sessing typical wound hormone activity has been described. The substance, 
a dibasic acid, the analysis of which corresponds to CuHjqO*, is capable of 
evoking renewed cell division and cell extension activity in the mature 
parenchymatous cells which compose the mesocarp of the string bean pod. 
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Work Project Number 9809. The authors are greatly indebted to Elvin 
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powder has been used over a period of 2 years without detectable loss of activity. 

7 The ethyl acetate insoluble fraction of step 36 possessed a small activity. This 
activity was completely removed by further extraction with ethyl acetate and the 
deactivated portion used as a component of the standard co-factor mixture. The water 
layer of step 26 and the water layer of step 36 were mixed in the proportions of 4,5 to 1 
and the resulting solution used in a final concentration of 1% as a diluting medium for 
the unknown solutions. 

8 Microanalyses by G, A, Swinehart. 


THE CHEMICAL INDUCTION OF GENETIC CHANGES IN FUNGI 

By Charles Tiiom and Robert A. Steinberg 
Bureau op Plant Industry, United States Department ok Agriculture 

Head before the Academy, April 25, 1939 

Biochemical and technical studies of Aspergilli began about the middle 
of the 19th century. By 1930, Tamiya and Morita cited 2424 numbers in 
their bibliography of the genus, and many have been added since. Of all 
the molds which have caught man’s fancy as experimental material the 
black Aspergilli—under the name A. niger van Tieghem—have had the 
greatest share of attention starting with the basic assumption that they 
were a single species, hence easy to identify. 

A few outstanding references to A. niger will show some of the reasons 
for our study. As far back as 1867, van Tieghem described the use of a 
black Aspergillus in fermenting tannins toward gallic acid. That factory 
process is still in use. In 1891 Wehmer showed that his strain produced 
oxalic acid from sugars. In 1916, Thom and Currie tested twenty such 
strains for oxalic acid production and found variations as great as ten to 
one in the amount of oxalic acid produced by different strains. Frjpn this 
series, Currie selected one as a citric acid fermenter and developed produc¬ 
tion upon a factory scale which is said to have reached half of the citric 
acid used in the United States. The basis of this fermentation at that time 
was granulated sugar and the agent was a black Aspergillus originally iso- 
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lated from a sample of moldy butter. We are vaguely informed that the 
same factory now uses a more efficient black Aspergillus to do the same 
amount of work with less and cheaper material. Another group is making 
gluconic acid by a similar process with one of the same organisms. 

There is not time here to discuss other uses of A . niger or the technical 
applications of other molds. For our purpose, certain items are impor¬ 
tant. Variants from van Tieghem J s original description of A. niger have 
been found occasionally in nature. Collectors have accumulated a con¬ 
siderable number of them in half a century. Strains are found with big 
or little fruiting heads, with spores twice or three times the size in the type 
description, with long stalks or short stalks, with sclerotia or producing 
striking color differences. Mosseray working wth Biourge’s collection of 
03 strains, described forty species which appeared to him to show stable 
differences warranting separation. 

Under rigidly standardized culture conditions as handled by Biourge, 
the differences in those forty species are tangible, but these variants fall 
automatically into several very closely related series. An offer to find 
500 more to test the taxonomist's scheme of classification was not ac¬ 
cepted. How are we to interpret these variations ? How are we to identify 
the organisms important to us? For the most part, we have been com¬ 
pelled to obtain a valuable organism by quantitative testing of the strains 
available, and to keep that strain in pure culture because if once lost, 
there is no routine means of picking it again from a host of strains differing 
little in appearance. 

The sporadic occurrence of striking variations among black Aspergitli 
in nature raises the question whether they arise from internal or external 
causes. Most of the differences seen are minor and quantitative (more, 
or less, of this or that characteristic), but recently some very striking 
mutants have been discovered.. The Yuills have described one of them 
as the new genus Cladocera. Another appeared in a factory in which it 
was carefully isolated and sent to us, with inquiry as to its nature and its 
menace, if any, to operation. 

In another group of Aspergilli and without technical significance ap¬ 
parently, a similar series of variants has appeared which bridges the gap 
from Aspergillus sydowi to Penidllium restrictum. Thus what we thought 
were generic lines seem to have disappeared in this one case. Among 
hundreds of strains which appear in the routine operation of a laboratory 
dealing with decomposing organic materials, such variants are not numer¬ 
ous at any time but have added appreciable numbers to our collection in 
thirty-five years. 

The possibility that such changes, few under field conditions, could be 
induced to increase in frequency by chemical treatment after the manner 
used by our phanerogamic neighbors who apply colchicine or some other 
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agent, was alluring. The selection of a basic strain for experiment became 
necessary. We specified (1) an organism whose history had been known 
for a considerable time, (2) it should be as free as possible from spontane¬ 
ous variation, (3) it should be readily grown under laboratory conditions. 

Many years ago, Schiemann had produced three mutants of Aspergillus 
niger by chemical means. Two of them are still in our culture collection, 
unchanged after twenty-five years, but they differ from type only by 
differences in the quantity of color produced. Other contrasts were not 
found. Currie had maintained his citric acid organism with a 50% yield 
of citric acid from sugar consumed, for twenty years, but while we had the 
original, we did not have the organism as at present in culture at the 
factory. On the other hand, Steinberg s strain meticulously studied in 
1917 to 1919 was still in our possession and had proved stable in mor¬ 
phology. It had been retested for reactions carefully established twenty 
years before and found essentially unchanged. This organism was selected 
for primary experiments. For checking purposes, the two organisms se¬ 
lected were (1) a strain (No. 120) of Aspergillus amstelodami Man gin which 
had proved stable in our cultures for thirty years, and (2) Penicillium casei - 
colum , apparently the type strain from the Bainier collection which had 
been under observation here for twenty years against strains of the same 
species in our possession for thirty-five years. It was believed that these 
species might yield results of interest. 

It should be noted at the outset that in experiments with Aspergillus 
niger or Penicillium ca$eicolum f we are not dealing with a sex problem. 
No so-called perfect form has been found for either aggregate. Aspergillus 
amstelodami in contrast, regularly and quickly produces aseospores. 

A survey of possible methods of work was necessary. The molds present 
two possibilities for attack; (1) The spores or propagative cells may be 
treated, then inoculated into favorable substrata. This expedient was 
tried with Aspergillus niger by transferring masses of spores to test solu¬ 
tions from which transfers were made to culture substrata. In one ex¬ 
periment covering a period of sixteen weeks with tests at frequent inter¬ 
vals, only the usual type of growth was obtained. The spores retained 
their vitality but showed no variant tendencies which could be called 
mutation, (2) The alternative was to put the test substance in solution 
into the culture substratum and grow new mold colonies with the vegeta¬ 
tive mycelium in contact with the stimulant. From such colonies either 
spores or vegetative mycelia could be transferred to normal substrata. 
If variation or mutation had taken place, the changes would appear in 
the new colony and could be carried through subsequent generations. 
The findings reported here were obtained by such manipulation. Large 
scale platings of the Aspergillus niger used in most of the work disclosed 
no contaminating species. 
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•A total of 37 dyes and biological stains were tested in culture in agar 
slants and petri dishes, and with solution, using Aspergillus nigtr , Asper¬ 
gillus amstelodami and Penicillium caseicolum under various conditions. 
Variants were obtained with A . niger on agar slants using aniline blue, 
acridine yellow, methylene blue and methylene violet. These strains 
were vigorous growers with mycelia of bright yellow color and retarded 
sporulation. The results could not be duplicated at will, either because 
the inciting cause if evident was overlooked, or because such sporadic 
variations arise for causes internal to the organism but not measurable by 
the operator. 

Acridone, a compound formed from salicylanilide by heat, appeared to 
be responsible for a non-perithecial form of A . amstelodami . 

Iodine produced striking changes in the colony developed but the few 
spores produced grew into typical A. niger colonies. Such changes were 
toxic effects on the single vegetative generation. 

Tests with A. niger in solution cultures with aniline blue, methylene 
blue, methylene violet, acridine yellow, colchicine and acenaphthene gave 
negative results even with highly toxic concentrations (2%). Plates 
saturated with these materials gave negative results also. 

A total of thirty-one miscellaneous compounds including colchicine and 
acenaphthene were tested under the same conditions. No formation of 
variants attributable to treatment was observed. 

A total of eighty-five phenanthrene derivatives were tested with nu¬ 
trient solution, but without result with A . niger . 

Consistent results, readily duplicated were obtained with a mannitol- 
nitrite solution of the following composition: 


Water (distilled in Pyrex still). 1000.0 gm. 

d-Mannitol.. 50.0 gm. 

NaNOa.‘. 2.0 gm. 

K a HP0 4 . 0.35 gm. 

MgS0 4 .7H»0. 0.25 gm. 

PeS0 4 .7H*0. 0.001 gm. 

ZnS0 4 .7H*0. 0.00088 gm. 

CuS 0 4 ,5H*0. 0.00020 gm. 

MnS0 4 .4H s O. 0.00012 gin. 

NaMo0 4 .2H,0... 0,00005 gm. 

HjvSOi to pH 4 


This solution has been used by Steinberg in his studies of the relation 
of nitrogen to the trace elements. It is referred to commonly as the 
“dibasic optimum” solution in which mahnitol has been substituted for 
sucrose, sodium nitrite for ammonium nitrate and sulphuric acid added to 
produce any desired acidity. In routine studies the trace elements can 
probably be ignored. 
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Inoculations into three of four 200 cc. flasks each containing 50 cc. of 
this solution were massive, and the cultures were permitted to grow for a 
minimum of one month. Transfers from selected portions of these cultures 
were made to Czapek slants at intervals. While active growth usually 
ceases in four weeks, new growing areas sometimes develop in old cultures. 
Transfers from such regions usually produce variants. Concentrations of 
nitrite and acidity need to be adjusted to the specific organism for best 
results probably. 

Three series of tests were performed with the mannitol-nitrate solution. 

Series 1. With A . niger, produced yellow woolly variant colonies. 

Series 2. With A . niger, reproduced the same variants as Series 1. 

With A . amstelodami , produced masses of mycelium, abundant 
green heads but reduced perithecia to very few. 

With Penicillium caseicolum , produced no variants. 

Series 3. With A. niger , continued the production of the same types of 
variants. 

With A . amstelodami , produced no variants determinable thus 
far. 

With P. caseicolum , produced no variants. 

Series 3 was made with a concentration of nitrite great enough to stop 
the production of variants in A . amslelodami t and reduce its development. 
In contrast, A. niger produced variation to a greater degree with the in¬ 
creased nitrite. 

Differences between the original A. niger or A . amstelodami strain and 
the variants produced were readily discerned with the naked eye. De¬ 
tailed examination with high magnification produced confirmatory evi¬ 
dence to a surprising degree. It has been possible in this way to find in 
the variants from Steinberg's strain structures figured in detail in Mos- 
seray’s monographic study of Biourge's black Aspergilli. Biourge's collec¬ 
tion of Aspergilli included 63 strains selected over many years from the 
miscellaneous material reaching him from the Belgian colonies, especially 
in Africa, and from correspondents. 

The group of experiments may be summarized as follows: 

(1) Under nitrite stimulation, the Steinberg Aspergillus produced cer¬ 
tain of the same types of variants in successive experiments, each beginning 
with the unchanged stock culture. 

(2) The changes in morphology observed include increased vegetative 
mycelium, increased production of yellow to orange color in the hyphae, 
reduction in conidia producing apparatus in the form of diminutive stalks, 
reduced size of head, elimination or reduction of the primary sterigmata, 
great reduction in the numbers of spore producing cells and the produc¬ 
tion of comparatively few spores. 



334 


BOTANY: THOM AND STEINBERG 


Proc. N. A. S. 


(3) Conidia or spores when present have been indistinguishable from 
the type, and viable in these experiments- 

(4) Variants produced under controlled conditions have essentially 
duplicated others discovered sporadically in nature. It appears that this 
strain of black Aspergillus tends to vary in fairly definite directions. 

A similar scries of organisms from the field showing reduction from the 
typical Aspergillus head as seen in A . sydom t to a form indistinguishable 
from or identical with Penicillium restrictum Gilman and Abbott, has been 
brought together within the last two years. 

In a later series of experiments our strain No. 126 of Aspergillus amstelo- 
darni was included. This organism produces perithecia and ascospores 
abundantly with a moderate quantity of green heads bearing asexual spores 
or conidia. The colony picture had remained fairly dependable in stock 
transfers over a period of thirty years. Consistently with the A. niger 
experiments the nitrite solution caused reduction of certain phases and ac* 
centuation of others. Summarized the changes observed were: 

(1) The number of perithecia dropped from excessively abundant to 
very few and differently placed; the accessory or green conidial phase is 
increased along with increase of the vegetative mycelium. In other words, 
reduction began with the complex form of fruiting and accentuated the 
simpler form. 

(2) Ascospores and conidia when present show the marks character¬ 
istic of the species. 

(3) Penicillium caseicolum has refused to respond to stimulants thus far 
applied. 

This report is only a beginning. No cytological studies have been made. 
Only one strain of black Aspergillus out of many hundreds has been tested. 
Only one active stimulant has been found. It is probable that other 
agents might turn the tendency to vary into other directions morpho¬ 
logically or physiologically. It is perhaps significant that after trying 
to accomplish this purpose through the use of complex organic compounds, 
the substance found to be most effective was an inorganic and simple one 
which is reported as present in green plants as well as fungi. Interference 
in the normal reduction of nitrate through the presence of toxic substances 
might therefore possibly lead to an accumulation of sufficient nitrite to 
induce similar genetic variations. The quantity of nitrite required is 
quite small and equivalent to not over half the nitrogen required for 
maximum growth. Future investigations should disclose also whether 
these results are of general application and have a larger significance than 
as merely an aid in the artificial production of variants. The type of steril¬ 
ity produced in many of these variants appears to disclose a loss of power 
to differentiate, which is perhaps equivalent to a continuance of embryonic 
conditions, represented in the molds by purely vegetative growth. As an 
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hypothesis in explanation, the effect of nitrite upon these fungi is appar¬ 
ently due to a reduction in free amino nitrogen in some protein of the mold. 

These experiments seem to give a clue to the origin of groups of strains 
stable enough to remain taxonomically separable for long periods in stand¬ 
ard culture substrata, but in which spore characters are practically identi¬ 
cal. It would appear that further experimental work upon similar lines 
might furnish means of interpreting other groups, and means of producing 
variations showing useful biochemical activity. 

1 Currie, J. N., Jour. Biol . Chem. t 31, 15 (1917). 
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POLY SO MATY IN CUCUMIS MELO 
By Clyde D. Ervin 

Department of Botany, University of Wisconsin 
Communicated May 22, 1939 

The term polysomaty was applied by Langlet in 1927 to the condition of 
those cells (or of their nuclei) in the somatic tissues of a plant which con¬ 
tain multiples of the typical chromosome number. Those nuclei with the 
typical (commonly diploid) number are monosontaUc; those with multiples 
of this number are disomatic, tetrasomatic , etc. The occurrence of poly- 
somatic, especially of disomatic, cells in root tips has long been known. 
Their appearance can be induced by various agencies which check nuclear 
or cell division. Disomaty has been reported to be caused by nuclear fu¬ 
sion. Disomaty occurs also “spontaneously/ 1 that is, from unknown 
causes. 

Disomatic and tetrasomatic cells have been reported as occurring fre¬ 
quently and regularly in the root tips of various members of the Chenopo- 
dfaceae, They are observed chiefly in the periblem in the older part of 
the meristematic region. Spinacia oleracea is the species most studied in 
this connection. One species of a distinct family, Cannabis saliva, shows 
the same condition. In equatorial plates in these polysomatie cells the 
chromosomes are often conspicuously paired; in others some chromo- 
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semes are paired; in still others the individual chromosomes are as much 
separated as in ordinary monosomatic plates. Lorz 1 and Wulff 2 have 
summarized the earlier work in this field. 

The somatic chromosome number (2«) in Cucumis Melo L. is reported 
as 24 by Kozhukhow 3 and Whitaker. 4 I have found the same number in 
Honey Dew, Honey Rock, Bender’s Surprise and Hearts of Gold varieties 
of this species. 

Kozhukhow 3 * 5 observed occasional disomatic cells in root tips of Cucumis 
sativus , C. Melo, Cucurbita Pepo and CiiruUus vulgaris . He figures diso¬ 
matic equatorial plates in each of these species except Cucumis Melo t and 
concludes that the Cucurbitaceae in general are inclined to form disomatic 
nuclei. He finds, however, that in C. sativus disomatic nuclei seldom oc¬ 
cur, and then only in the periblem near the region of growth. The chromo¬ 
somes of disomatic nuclei were found to be paired only in cells of the oldest 
part of the meristem. 

Differently from Kozhukhow, the writer finds polysomaty to be not 
merely occasional but of regular occurrence in the periblem of root tips of 
each of the four previously mentioned varieties of Cucumis Melo . The 
conditions here thus closely ^resemble those already described in various 
Chenopodiaceae. 

In cross sections of the primary root as far back as mitotic figures are 
to be found, the disomatic cells are fairly abundant throughout the peri¬ 
blem. No localized polysomatic sectors*have been observed; it is perhaps 
for this reason that the roots maintain a regularly cylindrical shape. Poly¬ 
somaty is of rare occurrence in the plerome; only four cases have been ob¬ 
served in this part of the root. 

Division figures are first observed in typical primary roots at a distance 
of approximately 144/* from the extreme tip. These are monosomatic 
(Fig. 1). The first disomatic figures (Figs. 2, 3) appear approximately 
288/* from the tip; their frequency increases rapidly toward the older part 
of the root. A few tetrasomatic equatorial plates (with 96 chromosomes; 
Fig. 4) have been found in the oldest portion of the meristematic region. 

Disomaty and tetrasomaty have been observed in secondary roots, but 
less frequently than in the primary root. Polysomatic prophases and 
equatorial plates, both with partial and with complete pairing of the 
chromosomes, have been seen, although not frequently, in the epidermis 
and hypodermis of the stem tip (Fig. 5) and of leaf primordia. 

Di- and tetrasomatic nuclei are consistently much larger than mono¬ 
somatic nuclei. Disomatic periblem cells near the root tips, and the rare 
plerome cells which contain disomatic nuclei, are not highly vacuolated, as 
are those in the periblem of the posterior meristematic region containing a 
greater proportion of disomatic cells. 

The chromosomes of C. Melo, while small, differ sufficiently in length for 
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certain ones to be recognizable. In nionosomatic equatorial plates (Fig. 1) 
there is no conspicuous tendency for homologous chromosomes to pair. 
In disomatic plates all degrees of pairing are observed. In some cases one 
or a few pairs are evident (Fig. 3), all the other chromosomes being more 
or less scattered; at the other extreme are plates in which all the chrotno- 



EXPLANATION OP PLATE 

Figures 1-4. Somatic equatorial plates from the periblem in primary roots of 
Cucuntis Melo variety Honey Dew: 1, monosomatic equatorial plate with 24 chromo¬ 
somes and nucleolus; 2, disomatic equatorial plate with 48 chromosomes arranged in 
24 pairs; 3, disomatic equatorial plate with 48 chromosomes more or less scattered; 4, 
tetrasomatic equatorial plate with 96 chromosomes arranged in 48 pairs, reconstructed 
from two serial sections. Figure 5. Disomatic equatorial plate with nucleolus and 48 
partially paired chromosomes from hypodermis of the stem tip. All figures X 3650. 


somes are closely paired (Fig. 2). The members of each pair are in all 
cases similar in size. The same conditions as to pairing are observable in 
median and late prophases of disomatic nuclei. 

A di~ or tetrasomatic nucleus contains either a single large nucleolus, often 
lobed, or two or three smaller nucleoli. A monosomatic nucleus has con¬ 
sistently one nucleolus. The chromosomes attached to the nucleolus 
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(probably satellite chromosomes) remain so connected, in many cases, un¬ 
til the equatorial-plate stage* In a lateral view of the equatorial plate, 
the nucleolus appears as a pyriform structure. In some cases it seems to 
be attached to the chromosomes at one side of the plate, but looped over 
so that the greater part of it lies on the opposite side. In lateral views 
of certain anaphases there appears at one end of the cell a chromatic body, 
evidently the nucleolus, surrounded by a hyaline region. 

A few apparently binucleate cells were observed in the periblem and 
dermatogen both in longitudinal and in cross sections. The origin of 
polysomaty is held by some workers to be due to the fusion of nuclei in bi- 
nucleate cells; others contend that these binucleate cells are too rare to 
account for polysomaty, and that the fusion of resting nuclei cannot 
account for the closely paired arrangement of the chromosomes. 

Summary .—Polysomaty is a regular occurrence in the periblem of pri¬ 
mary and secondary roots in four varieties of Cucumis Melo . It is rare in 
the plerome. Disoxnaty is the more frequent condition, but some tetra- 
somatic cells appear. 

There is an increase in frequency of polysomatic nuclei from the younger 
toward the older portion of the meristematic region. 

In some polysomatic nuclei all the chromosomes are paired; in some, 
pairing is incomplete; in others there is no pairing. 

Polysomaty occurs in the stem tip and in leaf primordia. 

1 A. Lor z, Cytologic,, 8,241-276 (1937). 

5 H. D.Wulff, Planla, 26, 276-290 (1937). 

* Z. A. Kozhukhow, Bull. Appl. Bot . PI. Breeding, 14, 89-96 (1925). 

4 T. W. Whitaker, Amer. Jour. Bot. , 17, 1033-1040 (1930). 

6 Z. A. Kozhukhow, Angew. Bot., 10, 140-148 (1928). 


PRODUCTION OF ATOMIC RAYS AND OF COSMIC RAYS IN 

SUPERNOVAE 

Bv F. Zwicky 

Norman Bridge Laboratory of Physics, California Institute of Technology 

Communicated June 10, 1039 

A . Supernovae, - Several years ago, Baade and I made the following 
suggestions: 1 

(1) A class of very rare temporary stars exists, some of whose major 
physical properties are similar to those of common novae, but in a superla¬ 
tive degree. We proposed that the new stars might appropriately be called 
supemovae. 
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(2) Supernovae are an origin of the cosmic rays. 

Our first problem obviously was to locate as many active supernovae as 
possible in order to prove the correctness of assertion (1). Through the 
discpyery of nine supernovae 2 with the Schmidt Telescope on Palomar 
Mountain, the solution of this problem has now reached a stage of com¬ 
pleteness which is .sufficient to allow us to turn our attention to assertion 
(2). We therefore proceed to outline some of the general processes which 
presumably take place in supernovae and which are capable of producing 
cosmic rays as well as atomic rays of high energy. 

B. Atomic Rays Ejected in a Supernova Outburst. —We may assume that, 
similar to the well-known phenomena which take place in common novae, 
gaseous clouds of considerable mass are ejected from supernovae. An 
atom of the mass m will have the kinetic energy 

e* =» mv 1 /2 = kmc 2 (1) 

where v is the average velocity of the ejected gas clouds, and c is the 
velocity of light. 

Since it has not yet been possible to interpret the spectra of supernovae, 
we do not know the exact numerical values which the constant k assumes 
for individual supernovae. A number of reasons may be advanced, how¬ 
ever, which indicate that k for a supernova is at least a hundred times 
larger than for a common nova. For instance, it was found by Minkowski 8 
that the permanent features in the spectra of four recent bright supernovae 
were subject to a general progressive red-shift, a shift which over the period 
of one year corresponds to a relative change in wave-length X of about 

AX/X 9*0.05. (2) 

This red-shift, so far, leaves us with the choice of two interpretations. 
If real, it may indicate 

(a) A progressive change in Doppler displacement, corresponding to a 
change of the actual velocities of the ejected atoms. 

(i b ) A progressive gravitational red-shift caused by the continuous 
contraction of the stellar remnant of a supernova into a highly collapsed 
star. 4 

In case (a) we conclude from (2) that, in the early stages of a supernova, 
the velocity of ejection v must be 

v ^ 0.05c - 15000 km/sz c. (3) 

with a resulting value ki of k, 

ki ^ 1.3 X 10~*. (4) 

In case (ft) we conclude from (2) that the gravitational potential on the 
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surface of the stellar remnant of a supernova, about one year after maxi¬ 
mum, is 

« -r%AA /X = —0.05c 2 . (5) 

The average potential energy tp of a particle of mass m in the stellar rem¬ 
nant therefore is 

€ P < -0.05 mcK (6) 

Consequently, during the contraction of the stellar remnant, whose mass 
is M, the total gravitational energy 

> 0.05 Me 2 (7) 

has been liberated in form of radiation, kinetic energy of the ejected gas 
clouds, etc. I have recently shown 4 that the total energy E vis liberated 
in form of visible light (in case (ft)) constitutes but a small fraction of 
A major part of & is available to endow every ejected particle of mass m 
with a kinetic energy of the order 

e*£*0.05 wc 2 (8) 

* 

which corresponds to a value k* of k, where 

k% S£ 5 X 10~ 2 . (9) 

Finally, from simple considerations* regarding the light pressure on the 
ejected gas clouds, an approximate relation may be derived connecting 
the luminosity of a nova at maximum brightness with the average velocity 
of expansion v of the ejected gas clouds. If we denote with fj0 ma * the 
absolute magnitude of the nova at maximum, this relation is 

log w v + Mi. (10) 

The constant fUi may assume somewhat different values for different novae 
inasmuch as it contains a term log where is the radius of the original 
star. I have shown 6 that the relation (10) satisfactorily represents the data 
which are available at the present for ordinary novae. Extrapolating (10) 
to stipemovae, it follows that for these stars 

10 4 ktn/stc < v < 10 6 Aw/sec, (11) 

From all of these considerations it becomes therefore highly probable 
that for an average supernova 

e k } 1-S X 10-*mc 2 . (12) 

This means, for instance, that the kinetic energy of an iron atom ejected 
from a supernova presumably lies in the range 

10 s el. volts < **(F«) < 10* el. v 


(13) 
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Intergalactic and interstellar space are hence through supernovae con 
tinually supplied with atomic rays which are made up of high speed atoms 
and ions the kinetic energy of which is proportional to their atomic weight 
Some of the phenomena which atomic rays may cause on their journey 
tifflMgh various stellar systems I have discussed previously 6 

In the search for an interpretation of the spectra of supemovae it will 
be well to keep in mind that velocities of the order contemplated in the 
preceding considerations will tend to displace and to widen absorption 
lines and emission lines to a degree not so far encountered in the spectra 
of any of the familiar celestial objects 

C Cosmic Rays Generated during the Breakdown of the Electric Fields 
Which A re Built up through the Violent Fission of a Star —Several proe 
esses which presumably take place in a supernova outburst would seem 
to be capable of producing cosmic rays Some of these processes depend 
strongly on the radiatu n density and the relative concentrations of various 
stages of ionization of the ejected gas atoms Since we do not have at 
our disposal sufficient data on the required physical characteristics of a 
supernova to discuss these modes of generation of cosmic rays m detail 
we shall describe them m the second part of this paper in a general fashion 
only 

There is however imaginable one process capable of generating cosmic 
rays the existence of which in supernovae appears extremely probable on 
the basis of available data on supernovae This process is related to the 
creation of large differences in electric potential because of random separa 
tion of elementary particles of positive and negative charge 8 If we dis 
regard the systematic segregation of positive and negative ions which 
is to be discussed in the second part of this paper electnc potential differ 
ences of the order 8 


^ 10 9 volts (14) 

can be built up through the violent random segregation of positive and 
negative charges during the fission in a supernova Since I ha\e dis 
cussed this process in another place 8 we proceed to consider briefly those 
processes which tend to systematically segregate electnc charges of differ 
ent signs 

D Generation of Large Differences in Electric Potential Because of the 
Selective Action of the Light Pressure on Various Particles —The kinetic 
energies which atoms and ions electrons and protons acquire in a di 
reeled flow of radiation depend on the character of the particle considered 
as well as on the spectral distribution of this radiation 1 he ultimate value 
of the kmetic energy is essentially determined by the following processes 
(1) As long as the density of the ejected gas clouds is large enough to 
suppress any selective acquisition of energy the final velocity v of atl 
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particles will be the same. This case of the atomic rays was discussed in 
vSection B . 

(2) When the density, because of the expansion of the gas clouds, be¬ 
comes so low that collisions do not any more seriously interfere with the 
accelerating action of the radiation, selective acceleration will take place. 
For instance, electrons will be accelerated more than protons; and atoms 
and ions, through the photoelectric effect and particularly through the 
efficient action of light pressure in strong resonance absorption lines, may 
acquire considerable kinetic energies. The problems involved here are of 
great interest, but cannot as yet be treated in detail in the case of super¬ 
novae because of lack of knowledge regarding the determining physical 
conditions in the neighborhood of a supernova. 

(3) In both of the stages (1) and (2) of the expanding gas clouds, the 
selective action of the light pressure tends to segregate positive and 
negative charges. This segregation will result in the systematic building 
up of differences in electric potentials. We have no detailed knowledge 
regarding the total amount of the charges carried away, nor do we know 
what the ultimate distances of separation of these charges are. We know, 
however, that the light pressure in supernovae is sufficient to produce 
charges and separations such that the total potential energy i p due to 
these charges is of the order of the total energy emitted in the form of 
radiation, where & r is equal or greater than the energy as 1() 48 ergs 7 
carried away by the radiation in the visible spectrum. This permits us 
to estimate the possible limits of the differences in electric potential which 
may be built up temporarily because of the selective action of the radiation 
in a supernova outburst. 

Suppose that the segregating action of the light pressure has created a 
space charge a e. s, u./cm. ? in a volume V — L z surrounding the stellar 
remnant of a supernova. The total electric potential energy then is 

t 

ip = E*L*/ftir *= aMc 2 (15) 

where JE 2 is the averaged square of the field strength and a may be of the 
order a = 10" 4 . Therefore, 

(E*) Vt - (SiraMc^/L*) 1 '*. (10) 

We obtain the maximum potential difference if the space charge is 
essentially of one sign, say negative on the stellar remnant and positive on 
the ejected gas clouds. We may then have 

s £(i»)‘ A * (B*aMc*/Ly'\ {17) 

If we put M ~ ftM 0 and L Dr 0 we obtain 

- S X 10 e. s. u., (18) 
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with a radial field component of the average order 

E « <!> raax //> 0 (19) 

a8d a total space charge 2 of the order 

2 - EL* S (8t aMc'L) 1 ''. (20) 

The value of D , about one hundred days after maximum, according to the 
considerations of section B may be of the order D — 10 fl which, with /x = 1 
would result in 


and 




E & 300 vo Its/cm. 

2 S* 5 X 10” e. s. u. 



JE. Breakdown of the Electric Fields Surrounding the Stellar Remnant .— 
The space charges and the electric fields in the ejected gaseous masses 
will break down when the radiation from the stellar remnant decreases to 
a point where it is not any more able to support these space charges. 
At that stage the mean free paths of the individual corpuscles will also 
have become very large because of the exceedingly rapidly decreasing density 
of the expanding gas clouds. Breakdown of the enormous electric poten¬ 
tials will cause the production of elementary corpuscles whose kinetic 
energies are well within and above the range of those observed in cosmic 
rays. Supernovae thus may well be regarded as a powerful source of cos¬ 
mic rays. 

Baade and I have shown previously 1 that on the picture just discussed, 
combined with results, now available, of the frequency of supernovae, it 
is also possible to account for the total intensity of the cosmic radiation 
observed on the earth. 

Finally, attention should be drawn to the fact that particles of different 
charge and mass will emerge with different kinetic energies from the col¬ 
lapse of the electric fields. In the first place, the energy of particles of 
equal sign will be the largest for the lightest particles. In the second 
place the kinetic energy will be larger for the particles which are located 
in initially large electric fields. The operation of these two effects may 
lead to a satisfactory understanding of the asymmetry in cosmic rays which 
causes the east-west effect. 

The considerations sketched in this paper will be discussed in more detail 
in another place. 

1 W. Baade and F. Zwicky, these Proceedings, 20, 254 (1934); and 20, 259 (1934). 

* F. 5£wieky, Publ. Astr . Soc. Pacific, 50, 215 (1938); and 51, 3(> (1939). 
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8 R, Minkowski, Astropkys. Jour., 89, 156 (1939). 

4 F. Zwicky, Pkys. Rev., 55, 726 (1939). 

4 F. Zwicky, these Proceedings, 22, 457 (1936). 

« F. Zwicky, Ibid., 22, 266 (1936). 

7 W. Baade and F. Zwicky, Astropkys. Jour., 88, 411 (1938). 
* P. Zwicky, Pkys. Rev., 55, 986 (1939). 


AN EXPERIMENT IN HUMAN VITAMIN A-DEFICIENCY 

By George Wald and David Steven 1 
Biological Laboratories, Harvard University 
Communicated June 14, 1939 

The first observable symptom of vitamin A-deficieney in man and other 
mammals is a rise of visual threshold known as night-blindness. This re¬ 
sponse is based at least in part on the direct participation of vitamin A in 
a retinal cycle with the photosensitive pigment of the rods, rhodopsin. 2 
With other conditions held constant, the sensitivity of the rods to light de¬ 
pends upon their rhodopsin content. As the level of vitamin A falls on a 
deficient diet, the concentrations of all components of the retinal cycle, 
including rhodopsin, decrease and the visual threshold reciprocally rises. 
Measurements of the rise and reversal of night-blindness therefore yield 
important information concerning the utilization of vitamin A in vivo . One 
set of such measurements upon a human subject has already been reported 
from this laboratory. 8 The present paper describes the results of a second 
experiment in which identical observational methods were employed. 

The subject D. S. is 22 years of age, 5 feet and lO 1 /* inches in height and 
weighs 155 pounds. Throughout the course of the research he remained in 
excellent physical condition, ate very well and exercised regularly. 

A standardized procedure was employed in all the measurements. Fol¬ 
lowing 4 minutes’ exposure to an intense light-adapting screen (4200 milli- 
lamberts), the absolute threshold of vision was measured periodically on 
alternate eyes during about 40 minutes in darkness. The test field for the 
threshold determinations is circular and subtends a visual angle of 2.1°. 
It is fixated 11.7° above the fovea, and is exposed by the subject for flashes 
of approximately l /w second. 

The experiment was begun with a period of vitamin A saturation, lasting 
18 days, during which the normal diet was supplemented with 51,000 
International Units of vitamin A daily, or from 10 to 25 times the accepted 
maintenance level. 4 Dark adaptation measurements during this period are 
shown as closed circles in figure L They are of characteristic form. The 
threshold falls rapidly to a first plateau, maintained until about the 11th 
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minute, then falls again to a second plateau, maintained thereafter. It has 
long been appreciated that the first segment is due to the dark adaptation of 
the cones, the second to that of the rods. The first plateau therefore repre¬ 
sents the threshold of the completely dark adapted cones, the second that 
of the rods. The plateau intensities afford convenient indices for describ¬ 
ing the course of the experiment. They are plotted separately in figure 2. 

Following the saturation period the subject abruptly eliminated all dairy 
products, colored vegetables, liver, kidney and other selected foods from the 
diet, reducing its vitamin A content to 100-200 units per day. 4 Simulta¬ 
neously the diet was supplemented with optimal amounts of vitamins Bi, B 2 , 



minutQS in dQrK 

FIGURE 1 


Dark adaptation during a period of vitamin A saturation (closed circles; 

7 experiments), and at various intervals during vitamin A-deficiency (open 
circles). Each point represents a single determination of the absolute 
threshold of the right eye to white light. Threshold intensities in milli- 
microlamberts « 10" • millilamberts. 

C, D, calcium phosphate and ferrous sulphate. 5 Under these circumstances 
the diet probably is deficient in vitamin A alone. 

On this diet the thresholds of both cones and rods rose regularly. The ef¬ 
fects on the form of the dark adaptation function are shown in figure 1, and 
the changes in the plateaus in figure 2. The rise of log threshold is greater in 
the rods than in the cones, and greater in the plateaus than in the descend¬ 
ing portions of either segment. The plateaus remain inside their normal 
ranges for the first 3 or 4 days on the deficient diet. Thereafter the log 
thresholds rise linearly in both cones and rods. It is an important fact that 
the lines which best fit the complete data for both rods and cones originate 




346 


PH YSIOLOG Y: WA LD A ND STE VEN 


Proc. N. A. S. 


on the first day of the deficiency. Apparently, following even a period of 
vitamin A saturation, the ascent into night-blindness on a deficient diet 
begins at once. 

On the 34th day of the deficiency the cone plateau had risen 3.4 times, 
the rod plateau 9.1 times above their average normal levels. This mild 
state of night-blindness was completely reversed with a single administra¬ 
tion of carotene. The course of the reversal experiment is shown in fig¬ 
ure 3. A preliminary standard light and dark adaptation showed the subject 



Days 


1UOUKK % 

Thresholds of the completely dark adapted cones and rods (cone and rod 
“plateaus”), during 34 days on a vitamin A-low diet, and during previous 
and subsequent normal periods. The normal ranges of variation for cones 
and rods are enclosed within broken lines. The depression of thresholds on 
the 35th to 41st days of the experiment is due to a slight break in the diet on 
the 35th day. On the 34th day of the deficiency the night-blindness was 
reversed with carotene; the details of this experiment are shown in figure 3. 

to be night-blind. Had he been normal the cone plateau would have lain 
within the upper pair of broken lines in figure 3, the rod plateau within the 
lower pair. After dark adaptation was complete, the subject was given 2 
gelatine capsules of carotene in cottonseed oil (Smaco; about 20,000 units) 
orally with water. For 12 to 14 minutes the threshold remained constant. 
This is the “latent period" noted previously,* and presumably associated 
with the dissolution of the capsules and passage of the oil to the gut. Then 
the rod threshold fell rapidly, entered the normal range within about 90 
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minutes after the oil had been taken and became stable within about 100 
minutes. Immediate repetition of the standard light and dark adaptation 
procedure showed both cone and rod plateaus to have entered their normal 
ranges. 

The results of this research differ from our previous experiment 3 only 
in time relations. The rise in log threshold per day of the deficiency - the 
slopes of the lines in figure 2 - is in the present experiment 0.012 in the cones 
and 0.025 in the rods. Corresponding values for the previous subject had 
been about twice as great: 0.022 in the cones and 0.054 in the rods. In 
the present instance the “latent period" following ingestion of carotene is 
about half as long, and the subsequent descent of the night-blind threshold 
to normal about twice as rapid as in the previous subject. 



Reversal of night-blindness with carotene. Following a standard light adaptation, 
the measurement of dark adaptation shows both cone and rod plateaus to lie above 
their normal ranges (shown by broken lines). After dark adaptation is complete, 
20,000 units of carotene are administered in gelatine capsules orally. For a “latent 
period*’ of 12-14 minutes the rod threshold remains constant. Then it falls rapidly 
to normal. Immediate repetition of the standard adaptation procedure shows both 
cone and rod plateaus to have entered their normal ranges. 

The speed of rise of night-blindness in this type of experiment may vary 
much more widely than these two researches indicate. Our more recent 
work has shown that on an identical regime and within comparable periods 
about half of our subjects develop no night-blindness at all. The basis for 
this sharp variation in response is still unknown. It seems to have little 
to do with the vitamin A reserve since all our subjects have been “satu¬ 
rated" with vitamin A before beginning the deficient diet. 

The parallelism in response of cones and rods to vitamin A-deficiency 
has been noted previously. 3 * •* 7 One obvious inference to be drawn from it 
is that vitamin A is the precursor of cone photopigments in addition to 
rhodopsin. But this is not the only plausible possibility, and in default of 
direct chemical information the significance of the cone changes remains 
uncertain. 
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The linearity of rise of log threshold during the deficiency appears to 
possess the following significance, Hecht 1 * * 4 * * 7 8 9 has shown that the photo- 
decomposition of rhodopsin is first-order, and is governed by an equation of 
the form, — dr/dt = klr, in which k is a constant, and r, t and I are respec¬ 
tively the rhodopsin concentration, time and light intensity. If it be as¬ 
sumed that at the threshold the flash of constant duration, dt, decomposes 
a constant quantity of rhodopsin, dr , the expression reduces to It = con¬ 
stant. That is, the threshold intensity is inversely proportional to rhodopsin 
concentration. A linear rise of log threshold therefore corresponds to a 
simple logarithmic decrease in the concentration of rhodopsin, and this 
in turn to a logarithmic decrease in the available vitamin A, with 
which rhodopsin is in retinal equilibrium. This is almost the simplest re¬ 
sult that could have been anticipated. It means that each day of the de¬ 
ficient diet a constant fraction of what rhodopsin and vitamin A remain is 
lost. 

In human vitamin A-deficiency experiments recently reported by Hecht 
and Mandelbaum, 7 though the rise of night-blindness was much as we have 
described it, its reversal on vitamin A administration occupied about two 
months. This is in striking disagreement, not only with our own results, 
but with clinical reports that severe night-blindness is reversed within 
periods of 24 to 48 hours. 8 The basic deficiency diets which all of us have 
employed are almost certainly low in other dietary essentials than vita¬ 
min A. Hecht and Mandelbaum's procedure differed significantly from ours 
in omitting supplements of these factors. It may be that in this case con¬ 
ditions other than simple lack of vitamin A contribute to the rise of night- 
blindness, and produce effects which are only slowly reversed by vitamin A 
administration and the return to a normal diet. 

1 Henry Fellow. 

» Wald, G„ Jour. Gen. Physiol ., 19, 351, *781 (1935-1936). 

* Wald, G., Jeghers, H., and Arrainio, J., Am. Jour. Physiol 123, 732 (1938). 

4 Booher, L. E., Jour. Am. Med. Assn., 110, 1920 (1938), Also Eddy, W. H., and 
Dalldorf, G., Avitaminoses, Williams and Wilkins Company, Baltimore, 1938; the 
vitamin A contents of foods were computed from the tables on pp. 316-321 of this book. 

4 Daily supplements were taken of about 280 International Units of vitamin Bi 
and 160 Sherman Units of B» in brewer's yeast tablets, 50 mgm. ascorbic acid, about 
1700 International Units of vitamin D, 2 grams dicalcium phosphate and 9 grains ferrous 
sulphate. We are much indebted to the Abbott Laboratories of North Chicago, Ill., for 
supplying these materials and the halibut liver oil used as the source of vitamin A. 

* Haig, C , Hecht, S., and Patek, A. J., Jr., Science, 87, 634 (1938). 

7 Hecht, and Mandelbaum, J., Jour. Am. Med. Assn., 112, 1010 (1939). 

* Hecht, S., Jour, Gen . Physiol., 6, 731 (1923-1924). 

9 Aykroyd, W. R., Lancet, 1 , 824 (1930); Mori, personal communication, cited in 
the Medical Research Council Report on Vitamins (1932). Note also the report of 
partial reversal of a mild experimental night-blindness within 2 hours by Jeghers (Jour. 
Am. Med. Assn., 109, 756 (1937)). Edmund and Clemmesen (Ada Med. Scand., 89, 
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69 (1936)) have reported complete cures of night-blindness within 7 to 10 minutes follow¬ 
ing intramuscular injection of vitamin A concentrates; but this work requires con¬ 
firmation with more accurate procedures (cf. Groth-Petersen, E., Acta Med. Scand., 95, 
110 (1938)). 


TI1E STEADY POTENTIAL OF THE HUMAN EYE IN SUBJECTS 

WITH UNILATERAL ENUCLEATION* 

Bv Walter R. Miles 

Laboratory of Physiological Psychology, Yale Univkrsity 
Read before the Academy, April 24, 1939 

In some previous communications 1,2 a method was described for the 
direct study of the polarity potential in the human eye in situ, and the 
reliability of the measurements, typical results and individual differences 
were reported. The subjects in these former studies were all normal people 
in the respect that each had a pair of functioning eyes free from obvious 
pathology and exhibiting conjugate motility. By different electrode leads 
the eyes were measured separately and in combination when rotated 
laterally 30° to either side of the primary line of regard; and the relation¬ 
ships between the potentials found for these different leads were examined. 
Since each eyeball appears to constitute a separate and independent source 
of biological potential and the distance between their centers is ordinarily 
about 62 mm., it seems probable that the area of electrification that ex* 
tends from each eye partially overlaps that of the other, 'the potential of 
one eye therefore cannot be measured independent of some influence from 
its mate. The desirability of investigating eye potentials in some people 
who each possess only one active eye naturally suggested itself. 

The present study concerns data secured on a group of subjects each of 
whom has suffered unilateral enucleation and in consequence wears one 
artificial eye. Eye potential measurements were taken in the standard 
manner on a total of thirteen people with enucleation who cooperated in 
this investigation; but because of complicating pathologic conditions in 
the active eye the records for four cases could not be used in the final com* 
parison. Results are therefore limited to five cases of right-eye and four 
cases of left-eye enucleation, a total of nine cases. 

All subjects, whether belonging to the enucleation group or to the nor¬ 
mal comparison group, fulfilled the same measurement routine, at least 90 
far as they were able. This routine included certain physiological tests 
such as pulse rate, blood pressure and several visual tests as well as some 
physical measurements and queries about health and physiological state. 
Pour small metal foil electrodes (as illustrated in a previous communica- 



350 


P YSCHOLOG Y: W. R. MILES 


Proc. N. A. S. 


tion 2 ) were placed about each eye, the artificial eye as well as the active one. 
None of the subjects complained or gave evidence of any discomfiture from 
these electrodes. As might be expected, all of the enucleates were at first 
a little fearful of the examination. Especially was this true of the two 
youngest, Nos. 62 and 61, and this condition militated against securing 
as much data for them as would have been desirable. 

The results previously reported, 12 whether for individuals or as group 
means, have in all instances represented averages for 30° rotations (lead- 
off angles) to the right and to the left inclusive. This method of exhibiting 
the measured potential has masked a certain well defined tendency in the 
data which will now be considered. As a standard against which to com¬ 
pare the enucleation groups data for fifteen normal subjects are presented 
in table 1.** The leads and the electrode placements about the eyes are 
indicated in the heading of the table. All of the values expressed in milli¬ 
volts in the table, with the exception of those in the two columns under 
Lead 4, are of plus sign; the values under Lead 4 are of minus sign. The 
means for Leads 1 and 2, respectively, show a rather clear tendency toward 
a difference in measured potential according as the eye is turned 30° right 
or 30° left. When a given eye is turned temporalward, the registered po¬ 
tential tends to be appreciably higher than when it is turned nasalward. 
This difference may arise from the fact that the two lateral electrodes for 
each eye cannot occupy positions in the same coronal plane. The nasal 
electrode is anterior to the temporal electrode by about 17 mm. and is 
about 6 mm. farther from the center of the bulbus. The temporal elec¬ 
trode is about 12 mm. posterior to the apex of the cornea and therefore 
relatively near to the meridian of the eyball while the nasal electrode is 4 
mm. anterior to the plane of the cornea. Furthermore the two nasal elec¬ 
trodes are separated by a distance scarcely greater than 24 mm. and there¬ 
for lead from areas of electrification which though of opposite sign are so 
near as definitely to influence each other. These considerations do not 
wholly dominate the measured phenomena since there are some exceptions 
to the rule: Nos. 2, 80 and 123 are exceptions in the case of both eyes, while 
Nos. 1 and 111 deviate from the rule with one eye each. At present these 
discrepancies cannot be explained. 

The difference for right and left seems negligible when the two electrodes 
are on the temples (Lead 3) and also when the two nasal electrodes are used 
(Lead 4). No difference of the character mentioned appears when the two 
eyes are connected in parallel for registration as in Lead 5. When the 
potential is measured by means of the electrodes placed above and below the 
eye it appears that the two directions of movement, each covering visual 
angles of 30°, usually give potentials that do differ. The averages are 
larger when the eye is directed upward than when directed downward. De 
viations from this tendency occur particularly in younger subjects.! It 
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t Four other cases of unilateral enucleation were examined and records were taken, but because of complicating conditions such as blind¬ 
ness in the active eye they have not been included in the present comparison. 

* No measurable deflection; counted zero potential. 

** Indefinite because of winks, poor fixation, etc. 
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seems obvious, moreover, that individuals vary more widely in the con¬ 
formation of the tissues above and below the eye where electrodes may be 
located than in those for lateral locations. This fact of individual ana¬ 
tomical difference with age operates against the comparability of eye po¬ 
tentials taken from vertical leads and in favor of those from lateral leads 
as the more standard measurement. 

With normal data before us we may now turn to the consideration of 
results gotten on the nine subjects with unilateral enucleation. Their re¬ 
sults are presented in table 2, tabulated as far as possible in the same ar¬ 
rangement as has been used for the normal group. The five right-eye 
enucleates are listed at the top of the table and have been averaged sepa¬ 
rately as have the four left-eye enucleates in the lower part of the table. 
For Leads 1, 2 and 3, but rarely in other leads, a second test was usually 
made. This does not mean a second visit of the subject to the laboratory, 
but in each instance the retest was in the same experimental session but 
separated from the first test by fifteen minutes or more. The striking 
thing about the retests (second horizontal line of values for each subject) is 
that they are as a rule lower than the first tests. This is a further demon¬ 
stration of a phenomenon previously mentioned, 2 that is, an elevation of the 
potential through the psychological factor of apprehension associated with 
the measurement situation. When the subjects found that they experi¬ 
enced no hurt or discomfort and that it was not difficult to do what was 
asked of them, they felt more at ease in the situation and concomitantly 
with this it is seen that the potential was lower. In one or two instances 
this was not the case, as in No. 83, Leads 2, 3 and 7. 

The most striking thing in table 2 is the great discrepancy between the 
millivolt values as shown for the active eye and thqse for the artificial 
eye as represented in Leads 1 and 2. The active eye for each group of 
enucleates demonstrates bioelectrical values for right and left rotation 
which correspond substantially with results found on the normal subjects. 
As a rule the laterality differential is also found for the enucleates: the 
active eye, when looking temporalward, demonstrates a higher potential 
than when looking nasalward. 

Measurements on Lead 3, the bitemporal electrode placement, differ 

widely between the enucleates and the normals. In the latter there is 

practically no difference between left and right movements, but with the 

enucleates, since one temporal electrode is approximately 70 mm. from the 

active eye, there is a distinct difference according to which way this eye 

turns. When the left eye (active) is rotated temporalward, the average is 

+0.50, which is half the value found for the normals; but when the rota- 

* 

tion is nasalward, the average is only +0.39 mv. The complement of these 
results is found for the right eye (active). 

The nasal electrodes for the enucleates are both on the same side of the 
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active eye. They show less laterality differential for the two directions of 
movement; and the average potential falls definitely below the value 
secured on normal two-eyed people, but is not reduced proportionately 
so much as in the case of the bitemporal leads. The parallel arrangement, 
Lead 5, which for the normals gave an average of the values found for the 
two eyes measured separately, in the enucleates gave a result dose to one- 
half that found for the single active eye measured separately . 

TABLE 3 


Summary of Combined Data on Ocular Polarity-Potentials for 30° Rotations 
for 5 Casks of Right Eye and 4 Cases of Left-Kyk Enucleation 



(Values in millivolts) 



IU.KCTKOtm PLACBMKNT 

ACR(ms ACTIVK KVK 

ACROSS ARTIFICIAL ICY It 

FIXATION DJMKCTJON 

TMMrORALWARO 

NAHALWARO 

TEMPORAL WARD 

NASALWAKO 

N (observations) 

10 

10 

13 

14 

Mn 

4*0.73 

4-0.07 

—0.05 

-0.02 

S. D. 

0. 18 

0.15 

0.05 

0.07 

P. E.in 

0.032 

0.027 

0.009 

0.013 

KLKCTRODK PLACUMBN'l 
FIXATION D1 RUCTION OF 

BITUMFUKAL 

(ld. 3) 

BINASAL (l. 

d, 4) 

ACTIVK KVK 

TRMFUKALWARD 

NASAL WARD 

1 KMPORALWAKD 

NASALWAKD 

N (observations) 

10 

10 

8 

9 

Mn 

4*0.49 

4*0.38 

-0.28 

—0.27 

S. D. 

0.13 

0.10 

0.05 

0.00 

P. B. TO 

0.023 

0.018 

0.013 

0,014 


LATERAL PARALLRL 

CONNECTION 



RLUCTRODB FLACK MU NT 

Of BOTH KYK* (LD, 6) 

ABOVE AND UULOW 

ACTIVE KVIC 

PIXATION OIRBCTION OF 





ACTIVK BY If 

TEMPORAL WARD 

NASAL WARD 

UP 

DOWN 

N (observations) 

7 

7 

11 

11 

Mn 

4-0.38 

4"0.30 

4-0.05 

4*0.61 

S. D. 

0.13 

0.11 

0.25 

0.20 

P. E. m 

0.030 

0.030 

0.054 

0,050 


ABOVE AND BKLUW 

ARTIFICIAL 

VUKTICA1. I’AHAM.II. 

CONNBCTION 

KLBCTRODK FLACK MUNI 

If YU 


OF MOTH RYKS (l.U. 8) 

FIXATION DIRECTION OF 





ACTIVE EVE 

UP 

DOWN 

u* 

DOWN 

N (observations) 

8 

8 

« 

0 

Mn 

+0 . 12 

4*0.12 

+0.07 

4*0.30 

S. P. 

0.08 

0.08 

0.18 

0.12 

P. K.nt 

0.019 

0.019 

0.054 

0.030 


Measurements for vertical rotations of the single active eye in enucleates 
show results which correspond fairly well with those obtained on the com¬ 
parison group. Both groups demonstrate larger potentials when the eye 
is rotated upward than when rotated downward, and the results for 30° of 
upward rotation correspond fairly well with those for 30° of lateral rota¬ 
tion. The series arrangement with vertical rotation, Lead 8, for the nor- 
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mals gave what amounts to a mean value for the two eyes, but in the 
enucleates approached half the value obtained for the single active eye. 

A combined summary of the data procured on the two groups of enucle¬ 
ates is given in table 3. The averaged results found for the active eye are 
set in comparison with those obtained from similar regions around the 
artificial eye, and in each instance rotations have been classified as temporal- 
ward or nasalward, up or down. The signs of the potentials have been 
entered and statistical constants are given. 

In figure 1 comparable sets of measurements for 30° lateral eye positions, 
taken from tables 1 and 2, are given on a standard diagram which is drawn 
to scale and in horizontal section represents the positions of the electrodes 
relative to the eyeballs. In A and A', respectively, it will be noted that 
the bitemporal lead gives a value which corresponds closely to the sum of 
the single-eye potentials minus the binasal-lead potential. This relation¬ 
ship would be expected on theoretical grounds and has been previously 
considered. 1, a . The group of enucleates, B and B' and C and C' # on the 
same grounds should show bitemporal-lead values which equal the value 
for the single active eye minu\the binasal-lead potential and the potential 
found around the artificial eye (vacant orbit). Reference to the four dia¬ 
grams mentioned will show that in each the expected result is substantially 
borne out although not quite so closely as in the averages for the normal 
comparison group. 

The data gathered on the group of unilateral enucleates indicate that the 
region immediately surrounding the artificial eye is electrified from the 
active eye as source with polarization characteristics and values of poten¬ 
tial according to the rotation direction of the active eye and approximately 
proportional to the distance from it. In some subjects no measurable 
potential was found around the artificial eye associated with lateral rota¬ 
tions of the active eye. In most instances a small potential, usually of 
reversed polarity, was demonstrable, With vertical rotations the electri¬ 
fied areas above and below the artificial eye have respectively the same signs 
and in most instances show potentials which amount to a fourth or more of 
the value found for the active eye. Nos. 77 and 83 are exceptional in 
showing no measurable potentials about the artificial eye associated with 
vertical rotation. Individual differences in the spread of electrification 
from the eyeballs to adjoining tissues appear to be quite marked.ft 

Conclusions, —1. Eye-potential measurements taken in the standard 
manner on nine people with unilateral enucleations, including both males 
and females of widely varying ages, demonstrated values for the single 
active eye which correspond closely with the comparable values found for 
normal two-eyed people. 

2. The individual eye when turned 30° right or left from the primary 
line of regard registers an average potential of about 0.7 mv, When turned 



Vol. 25, 1039 


PSYCHOLOGY: W. R. MILES 


357 


temporalward the value tends to be higher than when the eye is turned 
nasalwaM. This lateral differential appears to be related to the neces¬ 
sarily asymmetrical placement of the electrodes on the two sides of the eye, 

3. The enucleates agree with the normals in showing larger potentials 
when the eyes are directed upward than when directed downward by an 
equal amount. This difference, characteristic in adults, is reversed in 
children (girls 10-12 yrs.); therefore lateral deviations of the eyes are to be 
preferred as a standard comparable measure, 

4. In most instances the region about the artificial eye of an enucleate 
shows quite small potentials which have the same sign as the potential 
registered from the active eye when it is deviated vertically, but which are 
of opposite sign when the active eye is turned laterally. 

5. The bitemporal lead for the enucleates gives a result strikingly dif¬ 
ferent from that for the two-eyed group: right and left deviations do not 
equal each other in potential and the registered value is much less than for 
the one active eye, whereas for normals Lead 3 exceeds Leads 1 or 2. 

6. The normal relationship, Lead 1 plus Lead 2 minus Lead 4 equals 
Lead 3, in the results of the enucleates changes to: active-eye lead minus 
artificial-eye lead and Lead 4 equals Lead 3. 

7. Individual differences in the spread of electrification to adjoining 
tissues from the active eye of enucleates or from each of a pair of eyes ap¬ 
pear to be quite marked. 

8. Repeated measurements within the same experimental session 
showed a tendency toward lower potentials in the enucleates. This is 
interpreted as being due in part to a decrease of fear and apprehension 
when the subjects found that the test was free from hurt, or discomfort. 


• The expenses of this investigation were met in part by a grant from the Knight 
Fund of Yale University School of Medicine. The writer wishes also to express his 
appreciation to Dr. Arthur M. Yudkin for assistance in securing the cooperation of 
subjects used in the study, 

** No. 52 has been used here in place of No. 122 in table 1 of the earlier communi¬ 
cation. 1 

1 Data on 20 Girl Scouts 10 to 12 years of age confirm this generalization. 

Further confirmation of this is found in other data on a group of 47 subjects 
normal and pathologic (all having two active eyes). In examining these subjects an 
extra pair of electrodes was placed on the forehead parallel to the temporal electrodes 
and 6 cm. above them. The electrodes on the forehead were therefore approximately 
as far away from the eyes as the eyes are separated from each other. Right and left 
lateral deviations of 30° were recorded in terms of the bitemporal lead and also from 
the forehead lead. On half the cases, 23, there was no measurable potential from the 
forehead electrodes. Of course this does not mean that potential was wholly absent. 
The other 24 subjects showed averages for the bitemporal and forehead leads, respec¬ 
tively, as follows: 


Mn + 1.04, S. D. 0.29, P. E,« 


o.04i: 


Mn + 0.14, S. D. 0.06, P. E.« 0.008. 
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1 W. R. Miles, “The Steady Polarity Potential of the Human Eye,*' Proc. Nat . Acad. 
Set., 25, 25-30 (1939). 

4 W. R. Miles, “Reliability of Measurements of the Steady Polarity Potential of the 
Eye;’ Ibid., 25, 128-130 (1939). 


TEAM TESTS FOR GENERALS AND SPECIFICS 
By Edwin B. Wilson and Jane Worcester 
Harvard School op Public Health 
Communicated June 0, 1939 

The resolution of six tests into three generals and six specifics in two dif¬ 
ferent ways 1 raises some interesting questions about the determinability 
of the generals and specifics in the two solutions and about the relations of 
the generals in the two solutions , 3 The team tests for either generals or 
specifics are unit vectors along the projections of those vectors upon the 
space of the tests and the squares of those projections give the variances of 
the known parts of the generals ®r specifics. The team tests for the specifics 
are the same in the two solutions , 8 but those for the generals are different. 
The projection of a vector upon a space may be obtained from the 
formula 

proj. of / - (/./ x )/x + (/./*)/, + /./,)/, + ... ( 1 ) 

where/i, /,, / 8f ... are any orthogonal set of unit vectors in that space and 
such a set may be obtained directly in succession from the tests xu * 2 , *,,... 
by taking /i - x u ft * b(xt - a/ 0,/3 = e(* 3 — eft - d/0, ..by express¬ 
ing the conditions for orthogonality which will determine a, or c and d t etc., 
and by so determining b t e, ... as to make successive /’s unit vectors. The 
set of /’s determined and used was 4 

/1 * x u ft - -0.6759*! + 1.2070tfj, 

/, = —0.0715*1 - 0.1644*i + 1.0224* 8 , 

fi * —0.2139*! - 0.7629*8 - 0.0570** + 1.354(5* 4 , 

/, « 0.0658*! - 0.6779^ + 0.0326*, + 0.0601* 4 + 1.1668*,, 

/, * -0.4336*! - 1.3708* # - 0.0888*, - 0.5206*, + 0.0317*, + 2.2777*,. 

Next, applying ( 1 ) to I, II, III and I', II', III' as determined by their 
factor loadings, we find the projections 

lo - O. 8 OOO /1 + 0.3042/j + 0.0322/, + 0.0963/, - 0.0295/, + 0.1951/, 

« 0.4850*i + 0.0410*8 + 0.0091*, + 0.0270* 4 - 0.0282*, + 0.4444*, 
Ho * 0/, + 0.7242/, + 0.0036/, + 0.0784 / 4 + 0.2039/, + 0.1351/, 

* - 0.5431*1 + 0.5177*, - 0.0044*, +• 0.0586* 4 + 0.2416*, + 0.2621*, 
IIIo * 0/i + 0/, - 0.1022/, - 0.2652/ 4 + 0.4514/, - 0.3298/, 

** 0.2367*1 + 0.3653*, - 0.0454*, - 0.1604*, + 0.5163*, - 0.7513*,. 
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The variances are Io ! = 0.7818,1 In 2 *= 0.5855, IIIo 4 — 0.3934 and the team 
tests may be had by scaling up Io, Ho, III# by dividing by the square roots 
of the variances. The coefficients of correlation between the pairs of team 
tests and the angles between them are 

r,,„, = 0.3612 ( 68 °. 8 ), r,„ 1Ul - -0.1920(101°.l), r n , III# - 0.0686(86*. 1). 

It will be observed that the projections of the orthogonal vectors I, II, III 
are far from orthogonal. 

For the second solution we have 

In' = 0.6524/, + 0.5951/* + 0.0629/, + 0.1883/* - 0.0577/, + 0.3817/, 

= 0.0361*, + 0.0801** -f 0.0178*, + 0.0529** - 0.0552*, + 0.8095*, 
IV = 0 /, + 0.4910/* - 0.0933/, - 0.2142/* + 0.2840/, - 0.4703/, 

= -0.0543*, + 1.2313** - 0.0316*, - 0.0251** + 0.3170*, - 
1.0848*, 

III/ - 0 /, + 0/a + 0.0527/, + 0.0329/* - 0.1752/, - 0.4413/, 

= 0.1690*, + 0.6899*4 + 0.0855*, + 0.2038** - 0.2184*, - 
1.0051*,. 

The variances are V 4 = 0.9682, II 0 ' 4 = 0.6035, III 0 ' 4 = 0.2293. The corre¬ 
lation coefficients and angles are 

r w iw = 0.0625(86°.4), r,.,,,,., = -0.3159(108®.4), r IUW m 0.3988(66«.5). 

The angles again are not right angles. 

In respect to the specifics we shall tabulate the coefficients of the *’s for 
the unit team tests, and state the variances for the two solutions. 


VAH1ANCC, 



XI 

XI 

x, 

Xi 

» 

Xi 

PIKST HKCONO 

Si 

1.3038 

—0.0098 

-0.0156 

-0.0401 

0.0481 

-0.7574 

0.6120 0.9765 

St 

-0.0434 

2.0987 

-0.0119 

-0.1718 

-0.3976 

-1.4877 

0.6(507 0.4303 

Si 

-0.0197 

-0.0242 

1.0284 

— 0.0283 

0.0343 

-0.1968 

0.9941 0.9904 

Si 

-0.0414 

-0.2482 

-0.0200 

1.4525 

0.0369 

-0.8164 

0.9283 0.9558 

St 

0.0638 

—0.7149 

0.0302 

0.0459 

1.1672 

0.0019 

0.6812 0.835(1 

St 

-0.4336 

-1.3708 

-0.0888 

-0.5206 

0.0317 

2.2777 

0.3(532 0.0104 


4.2394 4.1990 


The sum of the variances of the known parts of the generals 1.760(1 1.8010 

0.0000 6.0000 

We have therefore two complete variance analyses of the six tests with total 
variance of 6, of which the greater part is in the six specifics. The sums 
of the communalities* in the two respective solutions were 3.5400 and 
3.3230. 

The solutions Io, Ho, IXIo end Io', IV and IIV being sets of conjugate radii 
in two ellipsoids may be rotated into the axes of their respective ellipsoids.* 
The results are 
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SOLUTION 

/i 

/• 

/. 

fi 

/. 

/• 

VARIANCE 

First 

0.6665 

0.6434 

0.0416 

0.1650 

0.0282 

0.2662 

0.9558 

First 

-0.2837 

0.3956 

-0.0728 

-0.1454 

0.4345 

-0.1954 

0.4904 

First 

0.3395 

-0.2157 

-0.0668 

-0.2008 

0.2381 

-0.2260 

0.3144 

Second 

0.6408 

0.6097 

0.0476 

0.1681 

-0.0106 

0.4302 

0.9980 

Second 

0.0069 

0.4705 

-0.0704 

-0.1898 

0.2114 

-0.5900 

0.6551 

Second 

0.1221 

-0.0466 

0.0907 

0.1347 

-0.2050 

-0.1849 

0.1478 


It thus appears that in the first set a general may be found which has a 
total known variance of 0.9558 whereas there is a general with a known 
variance of as little as 0.3144; and in the second set a general may be found 
with a known variance as high as 0.9980 whereas one 7 may also be found 
with a variance as little known as 0.1478. 

It is clear in the above solutions that the first (largest) vectors of the two 
solutions are more or less parallel, though of different length, whereas the 
other pairs of v ctors seem far from parallel. One may ask the question; 
How near together in direction may two generals, one from the first solution 
and the other from the second, be~~or, per contra, how far divergent may 
they be? We cannot answer this for the generals themselves, which are 
unknown, but only for the team tests. The answer after a considerable 
amount of straightforward arithmetic is that the two generals whose team 
tests are nearest collinear 8 are separated by an angle of only 0°.8, whereas 
those whose team tests are most divergent include an angle of 80°,5, being 
thus nearly perpendicular. The two generals of that pair which is most 
nearly collinear are, however, not equally well known, the known variance 
of that which belongs to the first set of communalities is 0.9200 and of that 
which belongs to the second set of communalities is 0.8917. 

Psychologists appear to determine the meaning of their generals, and thus 
to assign names to them by studying, the loading coefficients of the respec¬ 
tive tests for the different generals, i.e., the projections of the tests upon 
the generals, and by comparing these with the psychological content of 
the tests.® They do not appear ordinarily to go on to the point of finding 
how well determined the factors are as judged by their known variances. 
Spearman did, to be sure, lay considerable stress on how well g was known 
and presumably was interested in enlarging his hierarchical system chiefly 
to get better determined estimates of g. It is easy to calculate from Thur- 
stone’s tables 7 and 3 (loc. cit.,® pp. 98 and 96, resp.) the variances of the 
known parts of his nine primary abilities, 10 viz., 

S(spatial), 0.61; P(perceptual) 0.62; N(number), 0.82; 

V(verbal), 0.66; M(memory), 0.43; W(fluency), 0.44; 

I(induction), 0.40; R(reasoning), 0.60; D(deduction), 0.52. 

It is dear that considerable progress has still to be made before ratings on 
these primary abilities can be assigned to the individuals tested with a 
high degree of assurance. 
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1 Wilson, E. B,, and Worcester,' J„ these Proceedings, 25, 73-77 (1939). If one 
may “count constants/’ there is a certain amount of generalization of the result which 
is indicated. Let M be the minimum number of communalities which may occur in a 
determinant of order k 4* 1. Then for n tests and k factors there is the important 
relation M « 2k + 2 — n, with the understanding that M 0 means that some deter¬ 
minant of order k + 1 does not contain any communality (gives a relation between the 
correlation coefficients which must hold if the resolution is to be possible) and that there 
are determinants which contain only one communality (and can be used for its determi¬ 
nation). For M ? 0 we must have » ^ %k + 2. The case n ** 2fe *M gives M ■■ 1 
and will lead to a single analytical solution, although this will have no psychological 
significance unless all the communalities are positive proper fractions. We note that 
T » l /t»(» — 1) — nk + l /»k(k — 1), which gives the number of independent condi¬ 
tions in the correlation coefficients for the resolution of n tests into k generals, has the 
value */ik(k — 1) and indicates relations between the coefficients in all cases except 
k «■ 1 (three tests and one general). For M 2 we have n »» 2k and T » x /%k{k — 3) 
and this indicates conditions on the correlation coefficients except when k 3 (which 
appears to be the minimum value of k which has any interest and is indeed that of 
n ** 6 now under discussion). However, there are indicated a whole series of cases 
k « 4, » « 8 , ... for which there would be two quadratic equations in a pair of com- 
munalities with two analytic solutions and which would therefore probably lead to 
conclusions similar to that for k « 3, « *> 6, namely, a pair of analytically distinct 
solutions, and cases of not too dissimilar matrices of correlation coefficients for which 
there would be two, one or no solutions with all communalities positive proper fractions. 

So, too, with M « 3 we should have » « 2k — 1, T - 7*(£ # — 56 + 2). If k m 4, 
n » 7 and T *» — 1 the solution involves an arbitrary parameter as well as being ana¬ 
lytically double. The first interesting case would seem to be k =■ 5, n ** 9, T = 1 which 
involves but a single relation between the correlation coefficients. To determine the 
communalities we have then M 3 simultaneous cubic equations in three of the com¬ 
munalities. There is, however, only a single cubic term and that is common to the 
three equations, so that by subtraction the system of three equations in three unknowns 
becomes one cubic and two quadratics which should have 12 solutions; but the type of 
the equations is such that 6 of these solutions are “at infinity/’ To illustrate we may 
consider the matrix 


hi 

0.3750 

0.1875 

0.3760 

0.8760 

0.3760 

0.1875 

0.1875 

0.0000 

0.3760 

hi 

-0.2600 

— 0.1250 

0.0626 

-0.1250 

0,1250 

-0.0625 

-0.5625 

0.1876 

—0.3600 

hi 

0.1876 

0.0626 

0.7600 

-0.6000 

0.1875 

0.1875 

0.3760 

-0.1260 

0.1876 

*! 

0.3125 

0.2500 

0.1875 

0.5000 

0.1875 

0.3760 

0.0625 

0,0625 

0.3125 

hi 

0.1875 

0.1250 

-0.3125 

0.2600 

0.3750 

-0.1250 

0.7500 

0.2500 

0.1875 

hi 

-0,0625 

0.3125 

0.4875 

0.1875 

0,1260 

-0.6000 

0.1876 

0.1250 

-0.0625 

hi 

0.3125 

0.4375 

0.1876 

-0.0626 

0.1875 

0.5000 

-0.3126 

0.3125 

0.3125 

hi 

0.1260 

0.0000 

-0,6626 

0.1875 

0.1875 

0.2500 

0.4375 

0.4375 

0.1250 

hi 


This matrix 1$ resoluble into 5 generals and 9 specifics. For the three communalities 
h*, h\, hi one finds the six sets of values 

hi - 0.3125, 0.3799, 0.5300, 1.9681, 0.0092 *= 0.0489>/~l, 

- 0.6875, 0.9945, 0.3777, -2.6503, -0.0371 * 0.1143V-1, 

hi m 0.8750, 0.2358, 0.9109, 1.3895, 0.4928 - 0.0845V-1. 

Of these the last two, being complex, are useless and the fourth, lying outside the range 
of positive proper fractions, is equally useless; the first Is in fact usable because all the 
other communalities turn out to be possible values; the other two solutions have not 
been examined to ascertain whether the remaining communalities are or are not possible 
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values. The principle is what we desire to illustrate, namely, that there are six analytical 
solutions. It is not impossible therefore that a 9 X 9 matrix could be found which was 
analyzable in any number of ways from 0 to 6 inclusive into 5 generals plus specifics, 
and, further, that it might be possible to find 7 matrices which did not markedly differ 
and which were respectively so analyzable in 0, 1, ..5, 6 distinct ways; and finally 
such possibilities would appear to be involved in any complete discussion of the resolu¬ 
tion of 2k — 1 tests into k factors, 

Kelley, T. I,., Crossroads in the Mind of Man , p. 104, analyzes n « 9 tests into k ** 0 
factors. Here the value of T is —3 so that the resolution involves 3 parameters, and 
M » 5 so that the problem of determining the communalities would involve simul¬ 
taneous quintic equations in five unknowns and while it might lead to only a single 3- 
parametered solution, might apparently lead to a considerable number of such solu¬ 
tions—or to none because none would come out real (as Kelley’s fails to do). Again, 
on p. 122, Kelley has the problem of the resolution of n 13 tests into k * 7 factors. 
Here T ** 3 and for a strict mathematical solution 8 independent conditions must be 
satisfied between the correlation coefficients. Assuming these satisfied, M ** 3 and 
there is the possibility of any number of distinct solutions from 0 to 0 inclusive. (We 
are aware of the fact that Kelley has abandoned this type of multiple factor analysts 
and adopted the Hotelling type—see hi9 Essential Traits of Mental Life.) Thurslone 
seems to deal only with cases in which n is so much larger than k (to the degree of ap¬ 
proximation to which he pushes Jiis analysis) that M is negative and the question of 
multiple solutions does not arise. This is as though in the analysis of 6 tests we had 
been content with getting out two factors in which case the whole work would have 
been approximate, but to what degree one could hardly tell a priori. 

* The authors are indebted to the Carnegie Corporation for a grant to cover the cost 
of the calculations involved. 

* Wilson, K. B., these Proceedings, 20, 193-196 (1934). 

4 The calculations had to tie carried to a good many places in order to keep the arith¬ 
metical work checking fairly satisfactorily but in giving the results the numbers are 
cut down in order to save space. We are keeping to the notation of the previous paper, 1 
From some points of view it might have been better to determine the set of orthogonal 
unit vectors that would constitute a Hotelling analysis of the six tests, but the method 
used seemed in other ways simpler. 

* Thomson, G, H., Brit. J. Educ. Psychol. , 8, 25^ 264 (1938), and The Factorial 
Analysis of Human Activity t Chap, viii (1939), emphasizes the maximization of the 
specifics by Thurstone’s analysis. In view of our findings here we feel somewhat doubt¬ 
ful as to the precise meaning to be attributed to this statement of Thomson's. 

4 The coefficients are orthogonal, it is really the vectors I, II, III which are rotated. 

1 Note that the three axes of the ellipsoids correspond to a possible set of three generals, 
i.e., there are three generals which remain perpendicular in their projections. If we 
adopt Thurstone's point of view that none of the generals which may be found means 
anything psychologically except as it is proved to mean something, and the further 
implied assumption that some set of generals does mean something psychologically, we 
may not assume that this particular set of generals whose team tests are uncorrelated 
does mean anything; to have meaningful generals it may be necessary that the team 
tests be correlated. Thurstone's assumption deserves a comment. When in a mathe¬ 
matical system we find parameters available (as in the rotation of a set of orthogonal 
generals) we may proceed, as he does, by specification to state that there is meaning 
only for certain values of the parameters, or we may say that there is meaning for any 
set of the parameters (but with different meanings for different sets), or finally we may 
proceed by abstraction to say that there is meaning only in the total group. In the 
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first sense only some particular set of three generals, in so far as defined by three con- 
jugate radii of an ellipsoid in the 6 -space of the tests, has meaning; in the second any 
such set has meaning; in the third it is only the unit sphere in the (unknown) space of 
the generals, or in so far as can be known from the given tests, the ellipsoid defined by 
the projection of this sphere which has meaning—i.e., there are no meaningful factors 
but only a meaningful factor complex. 

8 The team tests are respectively 

t m 0.6808/! 4 0.5929/* 4 0.0686/, 4 0.2208/, - 0.1059/, -f 0.3469/., 

t' ~ O. 68 O 6/1 4* 0.5935/, 4 0.0800/, 4 0.2141/, - 0.1045/, 4 0.3480/,. 

* See, e.g., Thurstone, L. L., Primary Mental Abilities, Chap. V. 

10 We obtained the table of values from tables 7 and 3 as stated; whether the result 
is a fair estimate of the determination of the abilities we cannot state with certainty. 
The path pursued by Thurstone was devious. He started with 57 tests and performed 
a factor analysis (of his approximate type) upon them, proceeding to the extent of ex¬ 
tracting 12 factors; the total space in which one is working theoretically is of 217 (?) 
dimensions (there being 218 (?) subjects or somewhere between 218 and 240). In this 
space lie the 57 unit test vectors which are ideally to be resolved into a certain number 
of generals and 57 specifics. Unless there are relations between the correlation coeffi¬ 
cients the number of generals would be in the neighborhood of 47 (for which T —2 
and denotes 2 parametric degrees of freedom) so that there would be involved for the 
57 specifics and the 47 generals a space of 104 dimensions included in that of 217. The 
12 factors isolated taken with the 57 specifics constitute a space of 69 dimensions which 
is not a subspace of that 104 just mentioned but is (we take it) supposed to be nearly 
a subspace thereof. All that can be known of the 12 generals is their projections on 
the 57-dimensional space of the tests, and these projections are supposed (apparently) 
to be nearly congruent with those of the true 12 factors of highest (or nearly highest) 
variance that would be extracted from the 57 tests by a complete and accurate analysis. 
However, these 12 factors are meaningless psychologically until they have been rotated 
(in their own space of 12 dimensions) and Thurstone thus rotates them (using his prin¬ 
ciple of simple structure as a guide). It may be noted at this point that had the analysis 
been pushed to 15 or 20 factors, these 15 or 20 would have been rotated in their space, 
the rotation would not have been in the subspace of 12 dimensions defined by the original 
12 factors and it appears not to have been proved that the results would have been 
essentially the same for any 12 factors (though with the vast experience Thurstone has 
had with his analysis he may have the feeling and may be right in having the feeling 
that such would be the case). Returning to the 12 factors isolated, Thurstone picks 
out certain combinations of tests, using in all only 18 of the original 57, which are to 
define anew at least approximately his 9 primary abilities directly and without any new 
factorial analysis or rotations and he computes his table 3 (p. 96) of the intercorrelations 
of these not from their definitions in terms of the new test-combinations but from the 
resolutions of these tests along the 12 aforc-determined factors. (These intercorrela¬ 
tions appear to be much the same as those that would have been obtained directly— 
the most notable exception being the value 0.20 obtained for the correlation of C$ with 
Cj> which computed directly would seem to be 0.29.) If the whole complicated or, as 
we have said, devious procedure is to be regarded merely as a heuristic aid in arriving 
at the group of 9 test-combinations and if the justification for the existence of the 9 
primary abilities is to inhere in the a posteriori discussion and examination of them, as 
thus finally found, in relation to individual characteristics of the persons tested and in 
relation to the importance of these characteristics in the mental constitution of the 
individuals; if in short the psychological work has but begun when the 9 test-combi¬ 
nations have been found, then there can be no exception taken to the procedure, however 
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complicated or devious it may appear—no more than one could take exception to the 
apparently more direct procedure of Thorndike in dcfinining intelligence by his CAVD. 
What seems, however, to be implied by the emphasis upon the complicated procedure 
as a basis for determining primary abilities is that there is something inherently sound 
in it which by that soundness leads to a definition of the abilities. In view of the ap¬ 
proximative nature of the whole process we should apparently need from a logical point 
of view some mathematical theorems in approximations which have not yet been demon¬ 
strated to prove that the results obtained do not differ too greatly from those that 
would be obtained by other similar procedures applied to other groups by other persons 
looking toward the same general psychological ends. Concerning this matter we have 
no judgment ; what we have tried to do in this and previous papers is to throw some 
light on the mathematical implications of the conceptual set-up of factor analysis itself 
as a methodology. 


INDEPENDENT GENERA TORS OF THE SUBGROUPS OF AN 

ABELIAN GROUP 

By G. A. Miller 
* 

Department of Mathematics, University of Iilunois 
Communicated May 27, 1939 

The subgroups of an abelian group are known to be the direct products of 
their Sylow subgroups whenever their orders are not powers of a prime 
number. Hence we shall confine our attention in the present article to 
abelian groups whose orders are of the form p m , p being a prime number. 
The orders of the subgroups under consideration are therefore also of this 
form. The simplest case is the one in which all the invariants of such a 
group, G, are equal to each other. Let p mi represent such an invariant and 
hence mfm\ is an integer which will be represented by k . Since all the 
operators of highest order in an abelian group are conjugate under its group 
of isomorphisms we can select any operator of highest order contained in G 
as an operator of one of its sets of independent generators. The number of 
ways of choosing the first operator of such a set is therefore p km — 

After the first operator of this set has been chosen the second operator 
thereof can be selected arbitrarily from the operators of highest order in G 
which do not generate the same subgroup of order p as is generated by the 
selected independent generator. The number of the operators of order 
p m in G whose power is the same operator of order p is since 

it is the product of one such operator into all the operators of G whose 
orders divide p m ~ *. The number of ways of selecting a second operator of 
a set of independent generators of G is therefore 

pkm ^ pkm __ + l 



Vol. 26 , 1939 


MATHEMATICS; G. A. MILLER 


365 


When k > 2 we may choose for a third operator in the given set of inde¬ 
pendent generators of G any one of the operators of order p m contained in 
G except those which generate one of the p 2 — 1 operators of order p in the 
group generated by the two independent generators of G which have al¬ 
ready been selected. Such a third operator in a set of independent genera¬ 
tors of G can therefore be chosen in p km — p k(m ' ” l) + 2 ways. As similar 
remarks apply to the selection of the other independent generators, the/feth 
operator of the given set of independent generators of G can be chosen in 
p mi — p k( ' tni ~' X) + *“ 1 ways whenever k St ki. The number of ways of 
selecting all the operators of a set of independent generators of G is equal 
to the order of the group of isomorphisms of G. 

If a subgroup of G has X invariants all of which are equal to p u but has 
no other invariants it appears in the subgroup of G which is composed of all 
the operators of G whose orders divide p a . This subgroup has k invariants 
which are separately equal to p* and it has no other invariants. A set of 
its independent generators can therefore be selected from the operators of 
Gin (p ka - p k{a ^ l) ){p k€t - p k(a ~ l) + *). . . . (p ka - p k <*~ l) + x “ l ) ways. The 
number of these subgroups contained in G is the quotient of the two prod¬ 
ucts noted in this paragraph. By dividing each term of the former of these 
products by and each term of the latter by p x(a ~ x) there results the 

quotient 

( P k - Dip" ~ />)..■■ (P * - p'~') 

(P* - i )& - />)...• (*> x - 

which is known to represent the number of subgroups having X invariants 
contained in the abelian group of type l\ 

From the formulas developed in the preceding paragraph the following 
theorem can be deduced: If an abelian group of order p m , p being a prime 
number has all its invariants equal to each other and the number of these in¬ 
variants is k then the number of its subgroups which also have all their invari¬ 
ants equal to each other and have X such invariants which are equal to p a is equal 
to the product of the number of the subgroups of type l x in the group of type l k , 
and p x <k-x)(*-i\ This theorem reduces the determination of the number 
of the subgroups which have equal invariants and appear in a group which 
has equal invariants to the determination of the number of the subgroups of 
the group of type 1* which have a given number of invariants. As the lat¬ 
ter problem has been completely solved the former is also solved. 

If an abelian group of order p m has different invariants it is the direct 
product of subgroups such that all the invariants of each of these sub¬ 
groups are equal to each other. It should be emphasized that the given 
formula to determine the number of the subgroups which have all their 
invariants equal to each other and appear in a group which has a similar 
property was noted above on account of its simplicity. Theoretically the 
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problem of determining the number of the subgroups of a given type which 
appear in a general abelian group has been solved since it is only necessary 
to divide the number of ways in which a set of independent generators of 
such a subgroup can be selected from the operators of the group by the 
number of ways in which such a set can be selected from the operators of 
the given subgroup. The general formula for determining this quotient is, 
however, complex and hence its explit form may not be of much interest. 

In special cases the corresponding formula becomes quite simple. For 
instance, to determine the number of the subgroups of an abelian group of 
order p m which have for their invariants the orders of all the operators of 
largest order contained in a set of independent generators of the group it is 
only necessary to observe that each operator of a set of independent genera¬ 
tors of such a subgroup can be selected from the operators of the group in 
a number of ways which is equal to the number of ways in which it can be 
selected from the operators of the subgroup multiplied by the product of 
the orders of all the operators of lower orders which appear in the given 
set of independent generators of the group. This may be expressed in the 
form of a theorem as follows: The number of the subgroups of a group of 
order p m , p being a prime number , which separately have for their invariants 
the orders of all the operators of highest order in a set of independent generators 
of the group is equal to the product of all the orders of the operators which are 
not of largest order in the given set of independent generators of the group raised 
to a power which is equal to the number of operators of largest order in the given 
set of independent generators of the group. 

This theorem can be generalized by noting that the invariants of the 
subgroups in question need not be confined to the orders of the largest 
operators in a set of independent generators of a group but may include the 
orders of all the operators of highest order, next to the highest order, etc. 
The number of such subgroups is then equal to the product of all the orders 
of the remaining operators in the given set of independent generators of 
the group raised to a power whose index is equal to the sum of the number 
of the operators of the largest order, of the next largest order, etc. For 
instance, if a given group has a set of independent generators which in¬ 
volves five operators of highest order, three operators of next to the highest 
order, four operators of the next order, and if the product of the orders of 
the remaining operators in the given set of independent generators is 16, 
then the number of its subgroups which separately have five invariants 
which are equal to these operators of highest order, three invariants which 
are equal separately to the operators of next to the highest order in the given 
set of independent generators and four invariants which are separately 
equal to the next orders is 10 ls . 

Suppose that a subgroup of G has for its invariants the orders of all the 
operators of lowest order in a set of independent generators of G. The 
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number of such subgroups is clearly the same as the number of the sub¬ 
groups having the same invariants in the subgroup of G composed of all of 
its operators whose orders do not exceed this invariant. Hence the number 
of these subgroups is the number of the subgroups having equal invariants 
contained in a group whose invariants are all equal to each other and results 
from the first italicized theorem of the present article. To determine 
the number of the subgroups of G t when G has unequal invariants, which 
have for their invariants the orders of the operators of the two lowest orders 
in a set of independent generators of G it may be noted that the operators 
of the larger order in a set of independent generators of such a subgroup 
may first be selected from the operator of the group and then from the 
operators of the subgroup, as if the operators of the smaller order did not 
appear, since they do not affect the quotient which determines the number 
of these subgroups. 

After the independent generators of the larger order have been chosen, 
those of the smaller order can again be selected as in the case when all the 
invariants of a group are equal to each other and all the invariants of the 
subgroups in question have the same property. Similar remarks apply to 
all cases in which the subgroups in question have for their invariants all 
the orders of the operators in a set of independent generators of G which do 
not exceed a given number. Hence the determination of the number of 
such subgroups is also reduced to the first italicized theorem of the present 
article, 


GROUPS HA VING A SMALL NUMBER OF SUBGROUPS 

By G. A. Millbr 

Department op Mathematics, University of Illinois 
Communicated June 7, 1939 

The term subgroup is used in the present article in a restricted sense, 
excluding both the identity and the group itself. Such a subgroup has 
sometimes been called a proper subgroup and this term will be used here 
occasionally for the sake of emphasis. It is well known that the group ol 
order p t where p is any prime number, is the only group which does not 
contain a proper subgroup and that every cyclic group of order p m has 
exactly m — 1 subgroups for every value of the prime number p, when¬ 
ever m > 1. Hence there is always an infinite number of distinct groups 
which separately have the property that each of them contains an arbi¬ 
trarily given number of proper subgroups if two groups of different nu¬ 
merical orders are regarded as necessarily distinct. 
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When a group has one and only one proper subgroup it must belong to 
this infinite system of prime power cyclic groups. On the other hand, if a 
group has two and only two proper subgroups it is either the cyclic group 
of order p * or the cyclic group whose order is the product of two distinct 
prime numbers. Hence it belongs to cither of two infinite systems of well- 
known cyclic groups and it is an arbitrary one from either of these two 
systems. If a group has three and only three proper subgroups it may be 
the well-known four group and hence it is not necessarily cyclic. It is, 
however, still necessarily abelian since a non-abelian group in which every 
subgroup is invariant is known to be Hamiltonian and hence it is the 
direct product of the quaternion group and an abelian group. It therefore 
involves at least four proper subgroups. If a group contains a non¬ 
invariant subgroup it will be seen that it contains at least four proper sub¬ 
groups. 

It should be noted that if a group G has exactly n proper subgroups 
these cannot be transformed under G according to a substitution group which 
involves a substitution of degree n. In particular, they cannot be trans¬ 
formed transitively under G . If the non-abelian group G had exactly three 
proper subgroups two of them would be conjugate according to this theo¬ 
rem and they would be transformed according to the group of order 2 and 
of degree 2. They would necessarily correspond to the identity of this 
group and they would be of prime order. Their product would be of the 
same order since they are commutative and of the same prime order. 
As this is impossible it results that a non-abelian group contains at least 
four proper subgroups and if an abelian group contains exactly three proper 
subgroups it is either the four group or the cyclic group of order p 4 . The lat¬ 
ter part of this theorem results directly from the fact that such an abelian 
group could not involve more than one Sylow subgroup. 

The dihedral group of order 2 p contains exactly p + 1 proper subgroups. 
Hence there are at least two non-abelian groups which separately involve 
exactly four proper subgroups, viz., the quaternion group and the sym¬ 
metric group of degree 3, It is easy to prove that these are the only non- 
abelian groups which have this common property. For if a Hamiltonian 
group is not the quaternion group it contains at least ten proper subgroups 
and if G is non-abelian and contains exactly four proper subgroups these 
subgroups cannot be transformed under G according to a group of degree 
4 since each of these groups involves a substitution of degree 4, Hence 
at least one of these four subgroups is invariant under G . If three are 
conjugate, G is the symmetric group of order 6 since it cannot be the tetra¬ 
hedral group. If two of the four subgroups would be invariant all would 
be invariant and G would be the quaternion group because the product of 
two would be invariant. 

If G is abelian and contains exactly four proper subgroups its order is 
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not divisible by more than two prime numbers and if its order is divisible 
by two such numbers it is of the form pxp^t pi and pt being prime numbers 
and the Sylow subgroup of order is cyclic; if its order is the power of a 
prime number it is cyclic and of order p b or the noncyclic group of order 9. 
This completes a proof of the following theorem: There are two and only 
two non-abelian groups which separately contain as few as four proper sub¬ 
groups, One of these is the quaternion group and the other is the symmetric 
group of order (>. If an abelian group contains four proper subgroups it is 
the non-cyclic group of order 9 or a cyclic group whose order is either p & or 
PiPa 2 , pi and p* being prime numbers . 

If an abelian group has exactly five proper subgroups its order cannot be 
divisible by as many as three distinct prime numbers since the number of 
these prime numbers increased by the number of their pairs is at least 0* 
It cannot be divisible by two distinct primes since the Sylow subgroups 
would be cyclic. Hence it results that the only abelian group which has 
exactly five proper subgroups is of order p i] and belongs to the system 
noted in the first paragraph of this article. In fact, this is the only group 
which has exactly five proper subgroups since it will be proved in what 
follows that no non-abelian group whatever has this property. 

Suppose that the non-abelian group G contains five subgroups. If 
these were transformed according to a group of degree 5 it would be intran¬ 
sitive and of order 6, As this case is impossible G would involve at least 
one invariant subgroup. The other four subgroups could not be conju¬ 
gate or appear in two sets of two conjugates and hence this case is also 
impossible. Since G could not contain as many as two invariant sub¬ 
groups it results that no non-cyclic group can contain exactly five proper sub¬ 
groups and if a cyclic group contains exactly five proper subgroups it is of 
order p* ( p being a prime number . 

An abelian group which contains exactly six proper subgroups and has 
an order which is divisible by three distinct prime numbers is cyclic and its 
order is not divisible by the square of a prime number. If its order is 
divisible by two distinct prime numbers it must be the form p\p** } pi and 
pp being prime numbers, and the group is cyclic. Finally, when it is a 
prime power group it is one of the following three groups : The group of 
order 8 and of type 2, 1, the non-cyclic group of order 25, the cyclic group 
of order p 7 . Hence there are five abelian groups which separately involve 
six proper subgroups. Three of these consist of infinite systems and are 
cyclic, while the other two are individual groups. We proceed to deter¬ 
mine the non-abelian groups which separately involve exactly six proper 
subgroups. 

It was noted above that the dihedral group of order 2 p, p being a prime 
number, contains p + 1 proper subgroups and hence it contains six such 
subgroups when p *» 5, and it is obvious that when G contains six proper 
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subgroups such that as many as five of these are conjugate under G then 
it must be this dihedral group. When G contains exactly six proper sub¬ 
groups they cannot appear in two sets of conjugates involving four and 
two subgroups, respectively, since the corresponding intransitive group of 
degree 6 would involve a substitution of degree 6. For a similar reason G 
could not have two sets of conjugates each being composed of three sub¬ 
groups. If G contained three sets of conjugates each set being composed 
of two subgroups it would transform these subgroups according to the in¬ 
transitive group of order 4 and of degree 6 which is composed of positive 
substitutions and hence it would involve an invariant subgroup corre¬ 
sponding to the identity of this intransitive group and involving at most 
two proper subgroups. As such a group would involve at least one in¬ 
variant subgroup, this is impossible. 

From the preceding paragraph it results that if G involves exactly six 
proper subgroups at least one of them is invariant, and if only one of them 
is invariant the rest cannot be transformed transitively unless G is the di¬ 
hedral group of order 10. If the rest were transformed according to an 
intransitive group whose transitive constituents are of degree 3 and 2, 
respectively, this intransitive gfoup could not be of order 12 since G in¬ 
volves only 6 subgroups. Hence it would be of order 6. It could not be 
the cyclic group of this order since the subgroup of G corresponding to the 
identity of this cyclic group would involve at most two proper subgroups. 
This is impossible because these subgroups would be invariant. For simi¬ 
lar reason the corresponding intransitive subgroup could not be non- 
cyclic. If three of the subgroups of G are invariant while the other 
three are conjugate then G is the dicyclic group of order 12 since the 
three conjugate subgroups could not be transformed according to the 
group of order 3. 

If G would involve two sets of two conjugate subgroups they could not 
be transformed according to the intransitive group either of order 4 or of 
order 2. Similarly it may be seen that G could not involve four invariant 
subgroups and one set of two conjugate subgroups. Hence there results 
the following theorem: If a non-abelian group contains exactly six proper 
subgroups it is either the dihedral group of order 10 or the dicyclic group of 
order 12. If an abelian group contains exactly six proper subgroups it is 
one of the following five groups: The group of order 8 and of type 2.1, the 
non-cyclic group of order 25, the cyclic group whose order is divisible by three 
distinct prime numbers but not by the square of a prime number , the cyclic 
group of order p,p* s , p t and p* being distinct prime numbers , the cyclic group 
of order p 7 . 

If an abelian group contains exactly seven subgroups its order cannot be 
divisible by three distinct prime numbers and if it is divisible by two 
prime numbers it is the cyclic group of order px*ptKp\ and fo being distinct 
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prime numbers. If its order is a power of a single prime it is the cyclic 
group of order p 8 . Hence it results that if an abelian group involves ex¬ 
actly seven proper subgroups it is an arbitrary one of two infinite systems 
of such groups. To prove that a non-cyclic group does not contain ex¬ 
actly seven subgroups it may first be noted that it could not transform 
these subgroups according to a group of degree 7 because it would in¬ 
volve at least one invariant subgroup. It could also not transform them 
according to a group of degree 6 since it could not involve just one in¬ 
variant subgroup. As it could not transform its non-invariant subgroups 
according to a group of degree 5 it would have to involve at least three 
invariant subgroups. 

Suppose that G contains exactly three invariant subgroups. The four 
non-invariant subgroups would then be transformed according to a group 
of degree 4. 'Phis could not be the four group since G is supposed to contain 
only three invariant subgroups. It could not be the cyclic group of order 
4 since G could not be of order 36. It could not be of order 2 since G could 
not involve a subgroup of index 2 which would be either abelian or Hamil¬ 
tonian . If G contained three non-invariant subgroups they would be trans¬ 
formed transitively under G. As this is impossible and as G could not con¬ 
tain exactly two non-invariant subgroups it results that there is no non- 
cyclic group which has exactly 7 proper subgroups, and the cyclic groups of 
order p 8 and of order pi^a 2 , pi and p 2 being prime numbers, are the only 
cyclic groups which have this property , 


ON CHAIN-MAPPINGS CARRIED BY CELL-MAPPINGS 

By A. W. Tucker 

Department of Mathematics, Princeton University 
Communicated May 25, 1939 

An abstract complex, 1 X, is characterized by an additive set-function, C, 
called closure and a linear chain-function, F, called boundary . C assigns 
to each cell x of X a set of cells Cx of X such that x e Cx and CCx = Cx. 
F assigns to each (oriented) cell x of X a chain Fx of dimension p — 1 (p =» 
dim x) such that Fx lies on Cx and FFx - o. For simplicity we shall use 
chains with integral coefficients and assume that our complexes are finite. 
By a cell-mapping S of X in a complex X ' we mean an additive set-function 
which assigns to each cell x of X a set Sx ot cells of X f such that 

CSx » CSCx. (1) 

By a chain-mapping T carried by S we mean a linear chain-function which 
assigns to each cell x of X a £-chain Tx of CSx such that 
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FTx « TFx. (2) 

Let S carry a second chain-mapping I\. Then we say that T\ is equiva¬ 
lent to T (I\ ^ T) over S if there is a linear chain-function D which assigns 
to each cell x of X a p + 1-chain Dx of CSx such that 

FDx - Tx - T x x - DFx. (3) 

The point of this equivalence is that under (3) T and 7\ map any cycle c 
of X into cycles which are homologous on C5|c|, where |c| is the set of 
cells carrying c. Of course if Sx does not raise dimensions, i.e., if no Sx 
contains cells of dimensions greater than p = dim x, then the equivalence 
T x ~ T over 5 implies 7\ « T. Let Y be a closed subcomplex of X. 
Then replacing “to each cell x of X ” by “to each cell x of Y" in the two 
chain-mapping definitions given above, we have the slightly more general 
notions of (a) T carried by S defined on Y and (b) 7\ ~ T over S relative 
to Y. 

We notice that (2) lends itself to an inductive definition of T as dim x — 
p ascends. Assuming TFx known and FT(Fx) = TF(Fx) t Tx can be de¬ 
fined as a chain bounded by TF$. Due to (1) TFx must lie on CSx. So 
it is sufficient for a step of the induction to know that each pA -cycle on 
CSx bounds on CSx. In the same way (3) lends itself to an inductive, defi¬ 
nition of D. Assuming DFx known and FD(Fx) = T(Fx) — T\(Fx) — 
DF(Fx) t Dx can be defined as a chain bounded by Tx — J\x — DFx. 
Due to (1) the latter must lie on CSx. So it is sufficient for a step in the 
induction to know that each p- cycle (if any) on CSx bounds on CSx. To 
start either induction we must assume knowledge of 7" or D (and (2) or (3) 
of course) on some closed subcomplex F. We accordingly have the fol¬ 
lowing two theroems. 

Theorem 1 . If S is suck that for x e X-Y each p-[-cycle of CSx bounds 
on CSx, and if S carries T defined on. Y, then the definition of T can be ex¬ 
tended to all of X with S as carrier. 

Theorem 2. If S is such that for x e X-Y each p -cycle of CSx bounds on 
CSx and if S carries T and Tj so that T ^ IT over S relative to Y, then T ^ Tj 
over S for all of X* 

The extension of T established in Theorem 1 is not necessarily unique 
since TFx may bound more than one chain of CSx t but if Theorem 2 also 
holds the extension is unique within homology. Hence the following 
theorem. 

Theorem 3. If S is such that for x « X-Y each p-1 and p -cycle of CSx 
bound on CSx, and if S carries T defined on Y, then T can be extended to all 
of X with S as carrier , and this extension is unique within homology, (If S 
does not raise dimensions t the extension is unique.) 
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Let X f contain X and let x e CSx for each x of X . Then S carries the 
identical chain-mapping lx * x> So, applying Theorem 2, we have: 

Theorem 4. If S is such that x t CSx and such that for x e X-Y each p- 
cycle of CSx bounds on CSx, and if S carries T such that T ^ I over S relative 
to Y, then T — I over S for all of X. 

Let 5 be a cell-mapping of X in X* and let S' be a cell-mapping of X' in 
X". Then S'S is a cell-mapping of J in -Y" since CS'Sx — CS'CSx = 
CS'CSCx » CS'SCx. Let S carry T and let S' carry T\ Then S'S 
carries T'T since FT'Tx - T'FTx « TTFx and rTx is a chain of 
CS'CSx - C5'Sx. If X ' contains X and S'S and LT satisfy the require¬ 
ments of Theorem 4 we have that T'T ~ /. The point of the latter is that 
it shows that the homology groups of X are (simply) isomorphic to sub¬ 
groups of the corresponding homology groups of X'. 

The inverse S ’ 1 of a cell-mapping S of X in X' does not necessarily 
satisfy the requirements for a cell-mapping of X' in X. However, when S 
is one-many and maps X onX' (i.e., the mapping covers all of X') t then S ~ l 
is a cell-mapping defined on X' if and only if CSx = SCx. This leads to a 
definition 2 of subdivision for general abstract complexes and to the theorem 
which follows. 

Definition. We say that a mapping S subdivides X into X' if 5 is a 
one-many mapping of X on X' such that CSx = SCx t and if S and S 1 
carry chain-mappings T and T* such that T'T » 1 and TT' ~ / over SS~K 

Theorem 5. If S is a one-many mapping of X on X' such that CSx = 
SCx and such that for x c X-Y each cycle of Cx and CSx bounds on Cx and 
CSx, and if S subdivides Y into Y' = SY, then S subdivides X into X'. 

If the mapping S which subdivides X into X' is one-to-one then TT' ~ 
I and so S~~ [ subdivides X' into X. In this case we can regard X' as a 
copy of X with cells reoriented by T. 

Applications. —A simple application of the preceding theory occurs 
when the closed subcomplexes Y and CSY are single cells. Then, subject 
to the requisite conditions regarding cycles of CSx bounding on CSx t a 
chain-mapping T carried by S is determined within homology by its defini¬ 
tion on the single cell Y. If x e CSx then any chain-mapping T carried by 
5 is equivalent to I over S provided T = I for the single cell F. And so on. 

Let K be a simplicial complex, or a complex composed of convex cells, 
which is"‘dosed” in the sense that if any cell belongs to K so do all its faces. 
(Or, more generally, K may be any abstract complex possessing 4 ‘closure 
uniformity/’ 1 ) Then it is possible to adjoin to K an ideal cell i of dimen¬ 
sion — 1 so that X « K + i is a complex in which Fx = i for each 0-cell x 
of K . If x is a cell (p* i) of X then any cycle of Cx bounds on Cx. This 
provides an excellent opportunity to apply our theorems using X * K + i 
and Y « i. We notice in particular that any T carried by a single-valued 
cell-mapping S of X *» K + i in X f I' + i' is fully determined by its 
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definition on the single cell t. Simpliciai mappings illustrate this property. 

Let K have added to it an “open fringe” 1 Jsuch that K + / is a complex 
in which any cycle of the closure in K + J of a cell of J bounds on that 
closure. Now we cannot augment K + J by i so as to have a complex. 
But by first taking X = K + i and Y ~ i, and then in a second step taking 
X — K + / and Y = K, it is possible under suitable conditions to charac¬ 
terize a chain-mapping T by means of a cell-mapping S which carries it. 

Graphs and Products .—Let X* denote the dual complex 1 of an 
abstract complex A, and let A* X X 1 denote the product complex of A* and 
X'. Then a cell-mapping of X in X' has a graph G in X* X X' consisting 
of the set of all product-cells x* X x f such that x f « CSx . G is a closed sub¬ 
complex of X* X X f if and only if S satisfies (1). 

A chain-mapping T carried by S is represented on G by a chain which is 
a cycle 1 if and only if T satisfies (2). If T% is a second chain-mapping car 
ried by S, then T ™ 7\ over 5 if and only if T and 7\ are represented by 
cycles homologous on G. 

The dual graph G* of S in the product X X A r/ * is an open subcomplex 
of X X A*'*. The mapping Si of X on G* which assigns to each x of X the 
seta: X {CSx)* of cells of G* is one-many and satisfies the condition CS\X = 
S\Cx. Hence under suitable conditions Si may subdivide X into G* 
In particular, let A = K and A' « K f (where K and K f are as mentioned 
above) and let 5 be a single-valued mapping of A in A'. Then S% subdi¬ 
vides A into G *. Hence there is a chain-mapping T f carried by 5 l““ x which 
is unique within homology. The definition of T f can be formally extended 
throughout A X X'* by the convention that T = 0 on the closed comple¬ 
ment of G*. Then T'(x X x'*) is a chain of A in which the coefficient of 
any cell y is necessarily zero unless x t Cy and x' e CSy . Hence T f yields a 
product theory depending only on S. For the special case A" = A and 
S = / this product reduces to the “cap product" of Whitney.* 

The considerations of the last paragraph extend with suitable modifica¬ 
tions to complexes K + J as mentioned above. 

1 Cf. Tucker, Ann. Math., 34, 191-243 (1933). 

8 Tucker, Rec. math . Moscou, 1 , 773-774 (1936). 

8 Whitney, Ann . Math., 39, 397-432 (1938). 
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THE ANALYTIC PROLONGATION OF A MINIMAL SURFACE 

A CROSS A STRAIGHT LINE 

By Jesse Douglas 
Institute for Advanced Study 
Communicated June 6, 1939 

1. In a recent paper 1 (referred to hereafter as (I)) we proved a result 
which may be stated in the following form. 

Theorem. Let M denote a minimal surface contiguous 2 to a straight line 
l. If M be rotated about l through 180°, thus giving a minimal surface M', 
then = M + M 'forms a single analytic minimal surface, regular where it 
traverses the line L 

The purpose of this note is to present a shorter and more perspicuous 
proof of this theorem. Also, our assumption as to the relation of M to / 
is somewhat less restrictive than in (I). 8 

As stated in (I), the point of our theorem is that l is not assumed to be 
interior to M, but only to form part of its boundary. If l is interior to M, 
the theorem becomes a well-known one of Schwarz which states the sym¬ 
metrical nature of a minimal surface with respect to any straight line which 
it may contain. 

2. We take the line / in the position of the axis of z, which occasions no 
loss of generality since all our conditions are invariant under rigid motion. 

The minimal surface M may be represented analytically in the form 

x * y * 9J/a(w), z = 9?/ 8 (w), (1) 

fx n {w) +ft'*(w) + / 8 ' 2 (w) - 0, (2) 

where w = u -f iv ranges over the upper half-plane v > 0. The relation 
oiMtol is expressed by the following condition: any fixed point 

of a certain interval a < u < b of the u- axis, 

x * 9f/i(w) —► 0, y * SR/i(w) —* 0. (3) 

This means that as u, the distance from l of the corresponding point 
P(w) of M tends to zero, which does not of itself imply that P(w) tends to 
any particular point of l. This behavior, not postulated for P(w) t will re¬ 
sult, however, from our proof, since the functions (1) defined in (u > 0) will 
be proved to be part of the functions (13) defined and regular in a domain 
S that includes ab . To this slight extent the result of this note is more 
general than that of (I), where the functions (1) were postulated to remain 
one-valued and continuous on ab. 

Let S denote the slit-plane 4 (v > 0) + ab + (v < 0), Our problem is to 
prove the existence of functions <p*(w), **(w) defined and analytic 
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throughout 5 and coinciding in (r > 0) with/i(w),/a(^),/«(w), respectively. 
The relation 

+ <p% n {w) + w 2 ( w ) — 0 ( 4 ) 

throughout S will then be an immediate consequence of the fact that (2) 
holds in (v > 0). 

3. From (3) it follows by the Schwarz symmetry principle that the 
functions have analytic prolongations <p\(w) f <pt(w) defined in S t 

which obey the relations 

<p\{w) * -~^](w), <Pt(w) « (S) 


where the bar denotes the conjugate complex quantity. 

If w « u{a < u < b), it results from (5) that (pi(u), («) are pure 

imaginary. Hence <p/(u) are pure imaginary, as we see by perform¬ 

ing the differentiation in the direction of the real axis. As w —> u from (v > 
0), we have then by (2) 

-*'•(«) - n'Hu) - p % ((>) 

where p is a non-negative real number. 

Keeping in mind that + \/p t — y/p are real, we observe the inequalities 

l3//(w)| * 13 \ft(w) + Vp\ | £ W(w) + y/p\, 

I9//WI = 13 I/s 'O) - y/p\ I £ |/*'(») - y/p\, 

whence, by multiplication and the taking of the positive square root, 

l3/s'(w) I S 4Vl//*<w) - p\. (7) 

It follows by (fi) that 

3/»'(w) o (K) 

i 

as to —* tt from (r > 0). 

Accordingly, by Schwarzian symmetry again, /*'(w) is part of a function 
defined and analytic throughout S, which obeys the relation 

(9) 

We may now define throughout S 

/*w 

esO) */i(w n ) + / <pt'(w)dw, (10) 

J Wo 

w# denoting any fixed point in (i> > 0). Since <fi»'(w) ssf,'(w) lor w in 
(v > 0), we have m f,(w) in (t; > 0). In other words, <pt(w) is the 
analytic prolongation of ft(w) over the region S. 
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Writing 

Hw) ~ - Vt&) ( 11 ) 

(an analytic function of w)> we have by (9) that ss 0. Therefore 

yf/{w) s« constant, and by allowing w to be real in (11), we see that this con¬ 
stant must be pure imaginary: 

ipt(w) = <ps(w) + iC. 

Hence 


9{^>i(w) = 9?y*(w) * 9fy>*(u>). (12) 


The equations 

x = di<pi(w) t y * 9?^j(te), z = 3fy a (w) (13) 

define the required minimal surface 9K coinciding with M for v > 0. We 
see by (5) and (12) that the law of prolongation of M is 

x(u, -v) « -x{u t v), y(u t — r) ** r), z(u , ~v) - z(w, r) (14) 

which represents a symmetry in the line /, as stated in our theorem. 

1 “The Analytic Prolongation of a Minimal Surface over a Rectilinear Segment of 
Its Boundary/’ Duke Math. Jour., 5, 21-29 (March, 1939). 

We may take this occasion to observe that in the statement, loe. cit., p. 24, lines 12- 
16, the difference quotient must be interpreted as a simultaneous difference quotient: 
\f(u + h) — f(u + k)}/(h — k), whose limit must be taken as h, k 0 together. The 
proof given of the existence of z u on ah is easily adjusted to this interpretation. 

3 The exact meaning of this is discussed in the paragraph following formula (3). 

3 See the reference in footnote 2. 

4 The slit is along the u-axis from h (inclusive) to + ® and from a (inclusive) to — ». 


THE A UTOMA TIC SYNTHESIS OF SPEECH 

By Homer Dudley 
Bell Telephone Laboratories 
Read before the Academy/April 24, 1939 

The synthesis of speech has long appealed to the mind of man. There 
is a detailed report by Von Kempeleu 1 of his experiments with mechanical 
models of speaking machines around 1780, Since then many famous 
names including Wheatstone and Helmholtz have been associated with 
some form of speech synthesis. The automatic synthesis* of speech de¬ 
scribed in the present paper has been made possible by the powerful tech- 
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niques associated with the developments in communication circuits and 
apparatus in recent years. 

This automatic synthesis of speech is carried out in two steps, the re¬ 
making of the speech by an electrical synthesizing circuit being preceded 
by an electrical analysis of the speech it is desired to remake. The over¬ 
all process thus uses electrical circuits to copy a man repeating speech as 
he hears it. By analogy the analyzer serves for an artificial ear and the 
synthesizer for an artificial vocal system. Actually the synthesizer was 
designed to be a somewhat simplified equivalent of the human vocal sys¬ 
tem in the essential steps of speech production whereas the analyzer was 
designed on the basis of working satisfactorily with the synthesizer rather 
than as an artificial equivalent of the ear. In view of this line of develop¬ 
ment the broad features of the synthesizer will be touched upon before 
giving a more detailed discussion of the analyzing method used. 

The synthesizer fashions its synthetic speech out of two basic sound 
streams, namely, a buzzer-like tone from a relaxation oscillator which for 
brevity will hereafter be referred to as a buzz and a noise from random 
vibrations in the electrical current in a gas tube which will hereafter be 
referred to as a hiss from the nature of its sound. The speech sounds in 
general can be fairly well simulated with one or the other of these basic 
streams of sound as the raw material. The buzz consists of a fundamental 
frequency and its harmonics and is employed for making the voiced 
sounds, while the hiss has a random nature corresponding to the presence 
of components at all vibration rates in the audible range used here and is 
employed for the unvoiced sounds. In fashioning the synthetic speech 
sounds from these sound streams, two modulating or control processes 
are applied. The fundamental frequency of the buzz is varied to simu¬ 
late the pitch of voiced speech with its inflection while the spectral varia¬ 
tion of amplitude with frequency for the various speech sounds, whether 
voiced or unvoiced, is simulated by controlling the relative amounts of 
power transmitted in fixed frequency bands. With this general procedure 
for constructing synthetic speech as a background the more important 
details of the analyzing and synthesizing operation will be filled in. 

The Speech Analyzer .—Figure 1 shows the overall circuit for remaking 
speech with the analyzer at the left and the synthesizer at the right. 
Electrical speech waves from the microphone are analyzed for pitch by the 
top channel and for spectrum by a group of channels at the bottom. 

In the pitch analysis the fundamental frequency, which for simplicity 
will be called the pitch, is measured by a circuit containing a frequency 
discriminating network for obtaining the fundamental frequency in 
reasonably pure form, a frequency meter for counting by more or less 
uniform pulses the current reversals therein and a filter for eliminating 
the actual speech frequencies but retaining a slowly changing current 
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that is a direct measure of the pitch. Unvoiced sounds, whether in 
whispering or the unvoiced sounds of normal speech, have insufficient 
power to operate the frequency meter. The output current of the pitch 
channel is then a pitch-defining signal with its current approximately 
proportional to the pitch of the voiced sounds and equal to zero for the un¬ 
voiced sounds. 

The analysis for spectrum is made easier by inserting the indicated 
predistorting equalizer having the loss characteristic given in figure 2 to 
obtain a fairly uniform amount of power in the various channels. While 



FIGURE 1 

Schematic circuit for the automatic synthesis of speech. 


this equalizer results in a better working of the spectrum circuits it produces 
no net distortion in the speech characteristic because its effect is annulled 
by the restoring equalizer at the end of the synthesizer. There are 10 
spectrum-analyzing channels, the first one handling the frequency range 
0-250 cycles and the other nine, the bands, 300 cycles wide, extending from 
250 cycles to 2950 cycles, the top frequency being chosen as representative 
of commercial telephone circuits. Each spectrum-analyzing channel con¬ 
tains the proper band filter followed by a rectifier for measuring the 
power therein and a 25-cyde low-pass filter for retaining the current indica¬ 
tive of this power but eliminating any of the original speech frequencies. 

The operation of the analyzer is illustrated in figure 3 by a group of os¬ 
cillograms taken in analyzing the sentence “She saw Mary/’ To insure 
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that the same speech was analyzed in obtaining the various oscillograms, 
the sentence was recorded on a high quality magnetic tape recorder and 
reproductions therefrom used for the oscillograph tracings. The speech 
wave input to the analyzer after passing the predistorting equalizer is 
shown in the line next to the bottom while the output is shown in 
the other oscillogram traces, the pitch-defining signal being below the 
speech wave and the 10 spectrum-defining signals above it. For con¬ 
venient reference the oscillograms are lined up together whereas in the 
actual circuit the speech-defining signals lag about 17 milliseconds behind 
the speech input wave. While the inaudible speech-defining output sig¬ 
nals contain all the essential speech information of the input wave, it is 
noted that they are slow-changing, in this way corresponding to lip or 



Loss characteristics of the equalizers in the circuit of figure 1. 


tongue motions, as contrasted with the rapid-changing speech wave itself 
composed of the much higher audible vibration rates. The dropping of 
the pitch to zero for the unvoiced sounds “sh” and “s” is also readily seen. 

The Speech Synthesizer .—Figure 3 shows the effect of the synthesizing 
process as well as of the analyzing process. In the analyzer the speech 
wave is the input and the 11 speech-defining signals are the output while 
in the synthesizer the 11 speech-defining signals are the input and the 
speech wave the output as well as can be indicated on such a condensed 
scale. 

The steps in speech synthesis mentioned previously can be followed 
readily in the synthesizer circuit shown at the right of figure 3. The re¬ 
laxation oscillator is the source of the buzz and the random noise circuit 
the source of the hiss. The hiss is connected in circuit for unvoiced sounds 
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Oscillogram of the speech wave <0-3000 cycles) and the speech-defining signals (0-25 cycles) for the sentence “She saw Mary. 
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and for quiet intervals. (In the latter case the zero sound output from the 
synthesizer results from the zero currents in the spectrum channels.) 
When a voiced sound is analyzed a pitch current other than zero is re¬ 
ceived from the analyzer with the result that the buzz is set for the cor¬ 
rect pitch by the ‘"pitch control” on the relaxation oscillator and at the 
same time the relay marked “energy source switch” operates switching 
from the hiss source to the buzz source. 

The outputs from the spectrum-analyzing channels are fed to the 
proper synthesizing spectrum controls with the band filters lined up to cor¬ 
respond. The power from the synthesizer energy sources in these various 
bands is then passed through modulators under the control of the spectrum¬ 
defining currents so that the power output in each filtered band from the 
synthesizer is proportional to that measured by the analyzer in the original 
speech. After the restoring equalizer there is, then, synthetic speech 
having approximately the same pitch and the same spectrum as the origi¬ 
nal speech. The synthetic speech lags the original speech by about 17 
milliseconds due to the inherent delay in electrical circuits of the types 
used. 

Application —It may be expected that this device will prove useful 
in making speech studies, especially those of a type in which the ear is the 
ultimate judge. With the speech-defining signals now made available 
as independent variables, they are put under the control of the experi¬ 
menter. Thus speech can not only be reproduced but literally remade to 
new specifications. Observations may be made on the transformation of 
voiced speech to whispered speech, on the independent contributions of 
voiced and unvoiced sounds, and on the separate parts played by spectrum 
and inflection. The association of intelligibility with spectrum and emo¬ 
tional content with pitch change can be made strikingly apparent. The 
voice pitch may be greatly decreased or greatly increased; its range may 
be augmented, diminished or held ta a perfect monotone; its inflections 
may be inverted. Radical speech changes are possible such as splitting 
the analyzing equipment to obtain hybrid voices formed with the pitch 
of one talker and the spectrum of another. 

As to the engineering possibilities which may grow out of the applica¬ 
tion of the principles employed in this device, it is hard to predict at the 
present time. The speech-defining currents do have features of simplicity 
and inaudibility which may open the way to new types of privacy or to a 
reduction in the frequency range required for the transmission of intelligible 
telephonic speech. 

1 Mechanismus dcr menschUchen Sprache nebst der Beschreibung seiner sprechenden 
Masckine, 1791. 

* The synthesizing apparatus in its earlier stages of development was demonstrated 
during an address by Dr. Frank B. Jewett at the Harvard Tercentenary Conference of 
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Arts and Sciences, September 11, 1936, on "The Social Implications of Scientific Re¬ 
search in Electrical Communication,” Bell Telephone Quarterly, 15, 205-218 (1936), 
and Scientific Monthly , 43, 466—476 (1936). A description of this demonstration is given 
in a brief article on "Synthesizing Speech,” by H. Dudley in the Bell Laboratories 
Record, 15, 98-102 (1936). 

* When this paper was presented at the 1939 Spring meeting, phonograph records 
were used to illustrate some of these possibilities as well as to show the important steps 
in the automatic synthesis of speech, 


THE PHOTOGRAPHY OF INTERATOMIC DISTANCE VECTORS 

AND OF CRYSTAL PA T TER NS 


By M. J. Buerger 

Minkralogical Laboratory, Massachusetts Institute of Technology 

Communicated June 7, 1939 


1. Introduction .—In a recent note, 1 W. L. Bragg has described a 
method of optically accomplishing the two-dimensional Fourier summa¬ 
tion 
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which gives the electron density, p, of all points, x, z, of a crystal structure, 
projected on (010). In Bragg’s method, a complete zero-layer reciprocal 
lattice level is laid out on a thin brass plate, and at each lattice point, a 
hole is drilled having an area proportional to F hol . This perforated plate 
is placed between a pair of lenses and illuminated by a monochromatic 
point source placed at the focus of the first lens. The wavelets diffracted 
from the holes in the brass plate have the correct amplitudes and spacings 
to give diffraction equivalent to the above Fourier summation, so that the 
second lens gives an image of the electron density projected on (010), 
i.e., a picture of the crystal structure itself. The arrangement provides a 
practical method of rapidly synthesizing crystal structures from x-ray dif¬ 
fraction data in the cases of crystals, all of whose diffraction spectra have 
the same phase, i.e., a * 0 i = 0. This situation obtains in cases of crystals 
having a center of symmetry in the plane of the projected pattern, and 
having sufficiently heavy atoms at these symmetry centers. 

In the present note, suggestions are made for (<z) extension of the method 
to cases where a is either 0 or r, i.e., to any crystal having a projected 
center of symmetry, (ft) extension of the method to Patterson and Harker 
summations for determining interatomic distance vectors and (c) reduc¬ 
tion of many of the steps involved to purely photographic processes, so 
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that it can fairly be said that it is possible to take an actual photograph 
of the ends of interatomic distance vectors and of the crystal pattern 
itself. 

2. Control of Phase .—The following device fulfills the requirement of 
developing a phase angle, a, of either 0 or ir at will: The grating is placed 
between crossed polaroids (or other corresponding device). The vibra¬ 
tion directions of the polarizer and analyzer are indicated by OP and OA, 
figure 1. A small strip of polaroid is also placed over each hole in the 
grating. For producing * 0, the strip is laid with its vibration direc¬ 
tion at 45° (OS), and for producing a hol = tt, the strip is laid at 135° (07'), 
with the direction of the analyzer. Thus an original polarized vibration 
having amplitude OP is resolved to OS for holes which are to give rise to 
<*ao/ 5=3 and resolved to OT for holes which are to give rise to a knl * ir. 

The analyzer only permits com¬ 
ponents 0 U and 0 V, respectively, 
to arrive at the focus of the sec¬ 
ond lens. 

Thus with the aid of a set of 
Polaroid strips equal in number 
to the holes in the grating, the 
phase of each diffracted wave can 
be set at either 0 or ir, and this 
enables Bragg’s device to be used 
with any crystal whose projected 

..\j/_^_ ^ pattern involves a center of sym- 

V 0 U metry. The analysis of such a 

FiotTRK i crystal is thus reduced to trying 

out all the possible phase combi¬ 
nations of 0 and ir. If there are n symmetrically unequivalent reciprocal 
lattice points, then there are 2* phase combinations, and all of these can 
be tried and the results examined or photographed in comparatively short 
order. The correct crystal structure lies among these. This number of 
combinations becomes greatly reduced as the projected crystal pattern 
becomes more symmetrical. 

3. Application to Two-Dimensional Patterson Synthesis .—Patterson 
has shown 2 -* that the summation 



is a function having maxima whose vector distances from the origin repre¬ 
sent interatomic distance vectors in the crystal, projected on (010). 
This summation is identical with (1) except that the coefficient, A,, is 
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replaced by its square. An optical picture of the ends of the interatomic 
vectors can thus be produced by making the areas of the holes in the brass 
plate of Bragg's method proportional to | F M | 2 , rather than to F M 
4. Application to Patterson-Harker Syntheses. —Harker 4 has developed 
a type of three-dimensional Patterson synthesis of special use for deter¬ 
mining the components of vectors between atoms related by space-group 
symmetry elements. In these syntheses, the summation of | F hkt I 2 re¬ 
mains three-dimensional while the summation of the phase factor, 

Is) 

>, becomes two-dimensional (in some cases de- 


* (hx . ky , 

cos 2tts — + - f - + 
a b c 




( hx Is) 

generating to one-dimensional) and of the form cos 2 ?r<- h — If the 

(a c I 

additional dimension of the | F hkl | 2 summation is first carried out, then 
the Harker syntheses reduce to the form 


A„ - 2£[£(*1)* | F m |«) cos 2 + -1 


(3) 


This is also of form similar to (1) and can be carried out by the Bragg de¬ 
vice by making the areas of the holes proportional to 2( =*=!)* I Fhkt !*• 
This term expresses the total real computation involved, and amounts to 
an algebraic addition. The optical diffraction grating accomplishes the 
rest of the Fourier summation. 

o. The Direct Photography of Appropriate Gratings.- In actually per¬ 
forming any of the above summations, a large number of preliminary 
operations is involved. These include indexing spots on the x-ray photo¬ 
graphs, measuring their positions and computing the reciprocal cell con¬ 
stants, measuring the total x-ray energy represented by each spot, trans¬ 
formation of these energies received into | F hU p’s, by computing and 
multiplying each by at least the Lorentz and polarization factors. In the 
case of producing a picture of the crystal pattern, each | F hkt | ! must 
finally be reduced to | |. All these steps can be avoided, making it 

possible to photograph directly the ends of interatomic vectors as well 
as the crystal structures themselves. 

dejong and Bouraan 8 ' *> 7 ' 8 have recently described a camera for taking 
direct photographs of the reciprocal lattice, level by level. These photo¬ 
graphs are plane lattices whose points are blackened to an exposure value 
proportional to | F hkl j * times (chiefly) the Lorentz and polarization factors. 
We can arrange to eliminate the appearance of these factors (and indeed 
introduce a temperature factor if desired) by introducing a very rapidly 
rotating sector between crystal and film, such that the reflections are sup¬ 
pressed during a time proportional to the enhancement by the Lorentz 
and polarization factors. The result is a series of plane lattices whose 
point densities correspond to the | F hu \ a 's, and whose background is nil if the 
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radiation has been properly monochromatized. 9 If this original film is called 
the negative, then a positive print (preferably a projection) made by the 
method of Dawtnn, 10 is an opaque film having transparent spots at recipro¬ 
cal lattice points, whose transmissions are proportional to | F hkl | 2 . 

If this film represents a zero level, then it is the direct photographic 
equivalent of Bragg's brass plate, except that the transmissions of the holes 
are proportional to | Fh Q i | 2 instead of Fm |. The focused diffraction 
picture from this film immediately gives a two-dimensional Patterson syn¬ 
thesis projected on that plane. If the transmissions, | F hol | 2 , are trans¬ 
formed to j F m | and the signs of the phases controlled as indicated in 
section 2, then the diffraction picture is a direct photograph of the crystal 
structure itself . 

The transformation from | F hki j 2 to ) F hkl j can be accomplished in 
several possible ways: 

(a) A second negative can be made by projection-printing from the 
first positive, one spot at a time, the light which goes through each spot 
being filtered through a photocell operated valve, whose characteristic is 
to reduce an intensity to its square root. A positive made from this nega¬ 
tive gives the required | F hki | transmission. 

(b) Either negative or positive might be treated with an appropriate 
"intensifying” agent, whose function is to preferentially reduce the final 
transmission of the higher intensities. If a treatment of appropriate 
characteristics can be experimentally found, this plan would offer a simpler 
transformation from | F hki \ 2 to | Fw |. 

One of the characteristics of x-ray photographs is that they lack a lattice 
point at the origin. In the applications already mentioned, the missing 
point in question is 000, This contributes equally to all points on the 
crystal pattern picture, so that the only effect of its absence is to reduce the 
positive intensity of all points by the same amount. This lattice point 
can be approximately introduced into the film artificially by making a hole 
in the emulsion of the positive film. Since the transmission of 000 is the 
maximum possible transmission, it can be approximated by making it 
somewhat larger than the greatest recorded transmission. In Patterson 
syntheses, reduction of background enhances the maxima. This can be 
accomplished by reducing an artificial transmission of 000 by two polaroids 
having a variable angle between vibration directions. 

6, Photographic Plane Gratings for Patterson-Harker Syntheses .— 
Plane gratings for any of the Patterson-Harker syntheses can be prepared 
by first making positives from appropriate dejong and Bouman negatives 
and then projection printing these in appropriate registry on a single nega¬ 
tive. A new positive made from this is the required grating. The super¬ 
position effects the 2 | F hkl |* summation provided the synthesis is made for 
a zero layer. (The glide-plane case, which Harker synthesizes on level J, 
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can also be made on the zero level provided the glide plane is perpen¬ 
dicular to the level and the glide component is parallel with the level. 
The desired maxima then have a glide-component coordinate of J and the 
desired unknown coordinate is normal to this.) In the case of the two¬ 
fold screw axis, the intensity summation takes the form X(~~l) k | F hhl | 2 . 
This requires the algebraic summation of negative and positive intensities. 
This can be provided for in printing by offsetting the even and odd levels 
slightly with respect to one another, making, in effect, a doublet spot. Over 
the positive parts of the spots are placed polaroid strips with vibration direc¬ 
tion at 45° and over negative parts, polaroids at 135° (with appropriate 
offset, the entire polaroid covering is provided by a few long strips). 
By placing the print plus polaroid strips between polaroids crossed at 0° 
and 90°, the required algebraic summation is effected with the trigono¬ 
metric summation. 

It should be observed that in n-lev els, lattice points are missing in the 
region of the level origin. The error due to missing reflections directly 
above 000 is not important, as pointed out previously, but the circle of 
missing points enlarges slowly with level height and errors are introduced 
also due to these. Fortunately they become of lesser importance in the 
higher levels, because usually the intensities themselves become smaller. 
Use of shorter wave-lengths tends to alleviate this error. If an equi- 
inclination technique is used, it can be avoided completely. In any case, 
corrections may be provided by cutting out appropriate portions of other 
negatives and adding them to the appropriate lattice positions of the 
negatives to be printed. 

7. Alternative Procedures. The grating can also be prepared from sets 
of films made by other x-ray recording methods, for example the equi- 
inclination Weissenberg method. The camera is first equipped with a 
rapidly oscillating shutter for providing differential exposures to correct 
for the Lorentz and polarization factors. Positive prints then provide sets 
of transmissions | F^i | 2 for the summation, but they are not arranged in 
grating form. The algebraic summation and production of the grating 
may be carried out at the same time by placing the summable | F kki j 2 's 
so that they simultaneously affect photocells, whose outputs may be ar¬ 
ranged to add algebraically. The net output may be permitted to actuate 
an optical diaphragm and produce blackening at a lattice point position 
of a new negative. The positive print of this negative is the required 
grating for any desired Patterson-Harker analysis. 

1 W. L. Bragg, "A New Type of 'X-Ray Microscope/ ” Nature, 143, 678 (1939). 

* A. L. Patterson, "A Fourier Series Method for the Determination of the Com¬ 
ponents of Interatomic Distances in Crystals,” Phys. Rev., 46, 372-376 (1934). 

* A, L. Patterson, "A Direct Method for the Determination of the Components of 
Interatomic Distances in Crystals,” Zeit. Krist . (A) 90, 517-542 (1935). 
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4 David Barker, “The Application of the Three-Dimensional Patterson Method 
and the Crystal Structures of Proustite, AgaAsSa.and Pyrargyrite, Ag»SbS», M Journ, Cktm. 
Phys 4, 381-390 (1936). 

* W. F. dejong, J. Bouman, and J. J. dcLange, “X-Ray Photography of Zero-Order 
Reciprocal Net Planes of a Crystal,” Physika, 5, 188-192 (1938). 

* W. F. dejong and J. Bouman, “Das Photographieren von reziprokcn Kristall- 
netzen mitt els Rontgenstrahlen,” Zeii. KrisL (A) 98, 466-459 (1938). 

T W. F. dejong and J. Bouman, “Das Photographieren von reziproken Netzehenen 
ernes Kristalles mittels Rdntgenstrahlen, * ’ Physika , 5, 220-224 (1938), 

* J. Bouman and W. F. dejong, “Die Intensitaten der Punfcte einer photographierten 
reziproken NeUebene,” Physika, S, 817-832 (1938), 

9 1. Fankuchen, “A Condensing Monochromator for X-Rays,” Nature , 139, 193 
(1937). 

w Ralph H. V. M. Daw ton, “The Integration of Large Numbers of X-Ray Crystal 
Reflections,” Proc. Phys . Soc, t 50, 919-926 (1938). 


TIIE AERODYNAMICS OF REACTING SUBSTANCES 

By II. Bateman 

Guggenheim Graduate School of Aeronautics, Pasadena, California 

Communicated May 22, 1939 

Speaking broadly, the subject of aerodynamics is concerned not only with 
the forces exerted by a single fluid on solid bodies but also with the behavior 
of mixtures such as those which occur in the gasoline engine and in the at¬ 
mosphere. In a complete study of the motion of a fluid attention must be 
paid to reactions between its constituents, evaporation, conduction and 
radiation of heat, diffusion, viscosity and other phenomena. 

It is uncertain to what extent equations governing the various processes 
can be derived from a single variational principle as some of the phenomena 
mentioned are known to present difficulties, but the situation may be 
clarified a little by an examination of the equations derived from a varia¬ 
tional principle of a very general type. 

We consider n superposed substances S u 5a,.. .5». The density of the 
substance S r at the point (x, y, z) at time t will be denoted by pr and a set 
of component velocities in an irrotational motion of this substance will be 
supposed to be derivable from a potential, which is a function of x, y, z 
and U The changes taking place in the complex will be regarded as 
governed more or less by a governing function, /, which is a function of x, 

y t z t t and of p h pa,... p Ht .. 4». Writing Ur * tv * ttv ** 

ox Oy 

— we consider the variational principle 
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0 * 5 Jd{x t y, s, /) jy - J3 + l /**fe* + V** + 7i«^ J = 

6 J*d(x, y , a, /)L. (1) 

in which the quantities />i, ps, .,., p»> </>i, <fa,. .., <£» are to be varied inde¬ 
pendently. 

The equations of Euler and Lagrange for this variational problem are 
0 = /’ - (^ + V*».* + *M S + V*w.*Y 5*1,2.« (2) 

0 = /j + + -- (pj«j) + — ( psth ) + ^ (p»Wi), 5 * 1,2. n (3) 

d/ da; dy da 

where the symbol f is used to denote d//dp 5 and the symbol f s is used to 
denote d//d<£ f . 

Differentiating the first equation with respect to jc we get 

o « df/dx — (du s /dt + Usdus/dx + Vsdu s /dy -f wjbu $ /i>z) (4) 

where df/dx = df/dx + 23 (f s dp r /dx + fifa/dx). 

r * 1 

Let us now write 


P “ / - £ Pr<>//dpr, 


r«l 



then 


</£/<£* = df/dx — 53 pri)f/dx + 53 frbpr/tix — 53 Pr(r<>P;/dx + f,d4> s /dx) 

rrn l 

* d//dx — 531 ?r,(f > ' Ur ) + (d/dx)(p,Mr 5 ) + (d/dy)(prU,Vr) + 

r*lLO/ 

(d/da) (prMf w r ) 1* (6) 


This is one of the dynamical equations for the system as a whole. The 
quantity p can be regarded as the total pressure. The mean motion 
(u, v y w) representing the motion of the center of mass of each fluid element 
is generally rotational until the differences in velocity of the constituents 
S f are annulled. 

Adding the equations (3) we see that Lavoisier's principle of the inde¬ 
structibility of mass is fulfilled in the complete system if 

*t 

23/* ** 0- 


(7) 
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This equation is satisfied if / is a function of the differences 4>i — In the 

ft 

simple case in which/ = 2 •&(?*. <£)>&,•■•> Pn) we may write 


p* = F, — p&Fs/bp, 

s** 1 



The quantity p r can then be regarded as the partial pressure of the constitu¬ 
ent S r - We have also 


(d/d/)(prW r ) 4* (b/dx)(p r Ur 2 ) + ( bjby){prUrV r ) + (2>/5s) {(hUrWr) = 

dFr/bx — d£r/&K. (9) 

These equations are like the ordinary dynamical equations for a single gas. 

The principle is readily extended to the case of constituents in rotational 
motion. 1 The quantity under square brackets in (1) is replaced by 

/ - E Ps(Ds<t>s + a,D& - 7*«* 2 - W - 1 /W*) (10) 

$** 1 

where D s — d/d/ + u$d/dx + Vsd/dy + u/jd/dz, 

and / is now a function of x t y, z, /, p±, p %,..., p*, tufa*. - , </>», ai, a*, 

* •> Pn, u s , Vj, w t .... In forming the equations of Euler and La¬ 
grange the quantities p s , <f>s> a*, fis, u%, v s , w s are to be varied independently. 
The principle may also be extended to the case in which the axes are those 
at a place on the rotating earth. The form of the Lagrangian function is 
readily inferred from the remark in the author’s review of Ertel’s book. 

It is thought that these variational principles may be of some use in ob¬ 
taining the characteristics of the set of partial differential equations charac¬ 
terizing the motion and, in particular, for the determination of the velocity 
and properties of a surface of discontinuity in the atmosphere or in an ex¬ 
plosion engine. It will be seen from equations (3) that when the quantities 
f t are not zero the equation of continuity for a constituent substance is not 
satisfied. This allows, then, for the production or destruction of the sub¬ 
stance by a chemical transformation and the generalized equation of con¬ 
tinuity should also be a generalized form of the law of mass action of chemi¬ 
cal dynamics. Such an equation should be applicable in particular to the 
reaction zone which forms a region of continuity between burnt and un¬ 
burnt gases in an explosion. It is just in such a region that a more com¬ 
plete treatment than that usually given is desirable. 

In their recent work Lewis and von Elbe have devoted some attention 
to the part played by diffusion. To include diffusion in the present analy- 
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sis new terms must be added to the Lagrangian function L. 
terms of type 


vU ^ , dp, &<f>. 

kiX&c Tx + d? 


, dp, d<f». 

dy ds ds 


) 


If we add 


the left-hand side of equation (3) must be replaced by 


d 

dx 


and a term 


(«£)+|( c -|)+ U G %) 


— 


( G,u, ) + -c-(6>j) + ^(GiU's) 

ox oy dz 




must be added to the right-hand side of equation (2). Thus in a non-uni¬ 
form flow there may be forces on a constituent which arise from diffusion. 

1 An appropriate form of the principle was suggested by the author in a physical 
seminar at the California Institute of Technology in 1938 and also in a review of H. 
Enel's "Methoden und Probleme der Dynamisdien Meteorologie,” Zentralblatt fur 
Malhcmatik und ihre Grenzgebiete, 18, 311 (1938). The analysis for the case of a single 
gas has been given in detail by H. Ertel, Meteor ologische Zeit 105-108 (1939). 

1 Bernard Lewis and Guenther von Elbe, ‘'Combustion, Flames and Explosion of 
Gases," Cambridge Utiiv. Press (1938), See also J. B. Zeldovich and D. A. Frank- 
Kameneckij, "On the Theory of Uniform Flame Propagation," Compt. rend. ( Doklady ) 
de Vacad. des sciences de VU. R. S. S. t 19, 693-607 (1938). 


A QUESTION IN GENERAL RELATIVITY 

By L. I. Schiff 

Department of Physics, University of California 
Communicated June 7, 1939 

I.—The following question, which provides an illuminating application 
of general relativity to electrodynamics, has been put to me by Professor 
Oppenheimer. Consider two concentric spheres with equal and opposite 
total charges uniformly distributed over their surfaces. When the spheres 
are at rest, the electric and magnetic fields outside the spheres vanish. 
When the spheres are in uniform rotation about an axis through their 
center, the electric field outside vanishes, while the magnetic field does not, 
since the magnetic moment of each of the spheres is proportional to the 
square of its radius. Suppose that the spheres are stationary; then an 
observer traveling in a circular orbit around the spheres should find no 
field, for since all of the components of the electromagnetic field tensor 
vanish in one coordinate system, they must vanish in all codrdinate systems. 
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On the other hand, the spheres are rotating with respect to this observer, 
and so he should experience a magnetic field . 1 

Before discussing the resolution of this apparent paradox, we shall pre¬ 
sent some general remarks on the relativity of rotational motion. 

II.—It is clear in the above arrangement that an observer A at rest with 
respect to the spheres does not obtain the same results from physical experi¬ 
ments as an observer B who is rotating about the spheres. The very funda¬ 
mental difference between coordinate systems in which A and in which B 
are at rest is ascribed, in the general theory of relativity, to the effect of 
distant masses (extragalactic nebulae), which are at rest with respect to 
A, but in violent motion with respect to B. That this is a plausible ex¬ 
planation was shown by Thirring’s* calculation of the motion of a free par¬ 
ticle inside a thin spherical shell of matter in uniform rotation about an 
axis through its center. He found that forces very similar to centrifugal 
and Coriolis forces appeared, but that they were too small to represent the 
forces acting on a particle rotating with the same angular velocity as the 
shell, by a factor of the order of the ratio of the gravitational radius to 
the actual radius of the shell. 

From this relatively simple calculation, one infers that if the gravitational 
field equations could be solved in a coordinate system in which the actual 
distribution of matter in the universe is in uniform rotation, one would ob¬ 
tain exactly the usual centrifugal and Coriolis accelerations for a particle. 
The far simpler procedure that is usually followed is to take the approxi¬ 
mately Galilean metric (neglecting local masses) that we know gives the 
experimentally correct equations of motion of a particle in the coordinate 
system in which the distant masses are at rest, transform it to the rotating 
coordinate system, and use this transformed expression for the metric to 
compute the motion of a particle. Because of the covariance of the gravita¬ 
tional field equations, one feels sure that the two calculations would give 
identical results. Thirring’s direct calculation, however, has the advan¬ 
tage of providing some insight into the effect of rotating distant masses in 
warping the expression for the metric from its Galilean form. 

Similarly, we know experimentally that the fields outside the charged 
spheres vanish in system A (in which the spheres and the distant masses are 
at rest), and so the covariance of Maxwell's equations guarantees that the 
fields will also vanish outside the spheres in system B, It is of interest, 
however, to see by direct calculation how it is that the spheres, which are 
rotating with respect to system B, do not give rise to a magnetic fidd out¬ 
side. To see this, we must of course know the expression for the metric in 
system B, and we shall obtain this by transformation from the (approxi¬ 
mately) Galilean metric of system A. The warping of the expression for 
the metric thus obtained for system B can be ascribed to the rotation of the 
distant masses in this system. 
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III.—The covariant formulation of Maxwell’s equations’ is: 


dF* dF dF 

Vr H* -L 4. m Q 

dx* dx* dxT 

~ (V^ F~) - 


( 1 ) 

( 2 ) 


The coordinate transformation from system >1 (subscript 0) to system B 
rotating with angular velocity w can be taken as (velocity of light set equal 
to unity): 


x = Xa cos udo + yo sin «/», 
y = — #0 sin atfo + yo cos w/ 0 , 

2 « Zo» (3) 

t = to, 

r 2 s= x 2 + y 2 + z 2 « JC0 2 + yo 2 + so 5 , 

so that if the metrical tensor has its Galilean form in system A, it assumes 
in system B the form : 4 

to = to = to = — 1, to * 1 - «*(** + y a ), 

to * to * «y, to « to * V 

and all other to vanish. Since the determinant g = — 1, the electromag¬ 
netic field equations (1) and (2) are unaltered by the transformation (3). 
But the connections between the covariant and contravariant components 
of the field tensor depend on the metrical tensor; 

f~ = ( 5 ) 

and so the field equations are different in the two coordinate systems when 
written entirely in terms of either the covariant or the contravariant com¬ 
ponents. 

The calculations can be made in terms of aijy one set of components: co¬ 
variant, contravariant or mixed.* We shall use here the covariant form 
of the tensor since the field equations (1) then have their usual structure, 
and the extra terms in equations (2) can be put in the form of an additional 
current. If we define: 

F u = H z , F u - F u * II„ 

Fu = E, t , F u = E v Fu - E., 

we find from (4) and (5) that: 


( 6 ) 
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F» - (1 - coV)//, - w'xyH, - uxE„ 

P 1 = (1 - co*y*)/4 ~ « l *yi4 ~ «y£„ 

P 2 = (1 - coV - <*y)H t + uxE, + uyEy, 
P 1 = E x - cox//,, 

P 2 = £, - coy/i,, 

P ! « E, + u*H t + wyH r 


(7) 


Then equations (1) have their usual form:* 

div H = 0, curl E + 
while equations (2) may be written: 

div E — p * <r, curl H — 
where we define: 


dH 

dt 


0, 


( 8 ) 


dE 

dt 


— J — it 


(9) 


dH 

a = 2c oH t + tox —? + coy 

dx dy 


dH, dH, dH„ 

—- — cox —- — coy —- 


dz 


j, = 2co*yif, - co£„ - co ! xy 


dll, „ „ dll. 
—- — ary 2 —- 

dz dz 


dz 
dH, , 

cox—- + 
dt 


dE. 


dE. 


co 2 (x 2 + y s )^* - eox^J - coy- «y 

dv dv dv dz 

*■ +■ m 

L = — 2u>*xH, + o>E t + coV^ + co 2 xy— * - oiy^~ - (10) 

dz dz dt 


dH, , „ dE, 


t>E* , *E, 


co*(x* + V s ) —' + cox— 1 + co y^f + 

Ox dx dx dz 


dll. . .d//. 


d//. 


j, - co s y// T - co 2 x//„ + coy — - co*x 2 — 1 - coy^ + 

dx dy d/ 


co 2 xy 


d// 

dx 


, d//, , dE, dJ5. 

co*xy—■ + cov—- — cox—, 
dy ’ dx dy 


For any spherically symmetrical distribution of charge that is stationary 
in system A (in particular for our two charged spheres), we have in system 
B: 


J, — eoyp, J t = —coxp, J, =» 0. (11) 

Substituting (10) and (11) into (9), one can either guess a solution or, more 
satisfyingly, obtain one directly by treating terms in co as a perturbation, 
in which case it is possible to carry the perturbation calculation to arbi- 
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trarily high orders. The unperturbed solution (w = 0) that satisfies the 
boundary conditions (no singularities and vanishing at infinity) is: 

h = o, e = ~ f' (i 2 ) 

r J o 


To obtain the fields to first order in «, we notice that H is at most of order 
wE, so that to this order we may write equations (10): 

<r = 0 




u?V div E, 


jy - 


dE. 


o)x —- + &>y 


dy 


dE, 

dx 


-f ux div E, 


dJEL 


dE. 


Jg = : - wx —-* 

ox Oy 

Putting the unperturbed fields (12) into (13), we obtain: 

jz =* -uy div E = —cuyp = ~J X , 


Jy 

jz 


o, 


u>x div E = wxp = — J yt 




and equations (9) are satisfied by the fields (12) to the first order. This 
result is readily extended to arbitrarily high orders in <*?, and it is seen that 
the fields (12) are an exact solution of the field equations (9) and (10) with 
the current (11). Since for our two oppositely charged spheres, the inte¬ 
gral in (12) vanishes for values of r greater than the radius of the larger 
sphere, both the electric and magnetic fields vanish outside the spheres in 
system £, in agreement with the result obtained by transformation from 
system A . 

It is of interest to note that the vanishing of the fields in this calculation 
is due to the cancellation of the actual current J with other terms (right 
side of (9)) that behave in this respect like a current. The appearance of 
this extra current (10) is due to the action of the rotating distant masses, 
via the metric, on the electromagnetic fields. 

* From these remarks it is evident, for example, that one cannot calculate the mag¬ 
netic field about a single charged rotating sphere by transforming the electrostatic field 
of such a sphere at rest. 

* Thirrmg, Phys. Zeits 19, 33 (1918); 22, 29 (1921). 

1 Tolman, Relativity, Thermodynamics and Cosmology (Oxford, 1934), p. 259. 

* The indices 1, 2, 3, 4 refer to x, y, s, t, respectively. 

1 It is the mixed tensor that gives the acceleration of a charged particle (cf. Tolman, 
reference 2, p. 260); however, any one form is readily obtained from any other. 

* Bold-face symbols indicate ordinary three-dimensional vectors. 
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THE EFFECT OF TEMPERA TURE ON X-RA V INDUCED 

CHROMOSOME ABERRA TIONS 

Bv Karl Sax and E. V. Enzmann* 

Harvard University 
Communicated July 0, 1939 

Most of the experimental work on temperature effects during or follow¬ 
ing irradiation shows that the higher temperatures cause more injury to 
living cells than low temperatures. Greater injury at higher temperatures 
was found in irradiated Drosophila eggs by Packard, in Ascaris eggs x-rayed 
at different temperatures by Dognon, and in chick embryos which were 
incubated at various temperatures after irradiation by Strangeways and 
Fell. 1 In a review of the temperature coefficient of radiation effects on liv¬ 
ing cells Clark also refers to the greater effectiveness of irradiation with 
high temperatures in producing erythema or in killing tumor cells. 

On the other hand Mottram* found that the growth of Vicia faba roots 
was inhibited more when treated with gamma rays at low temperatures 
than when irradiated at high temperatures. Spear 8 also found that tissue 
cultures exposed to gamma rays at I°C, and at 37°C., respectively, showed 
slower recovery at the low temperature. According to Muller, 4 Paplashvilli 
found more chromosome rearrangements in Drosophila when x-rayed at 
low temperatures. Mickey 6 also found more translocations in Drosophila 
rayed at low temperature. The frequency of translocations was almost 
twice as great when the flies were irradiated at 4°C. than when rayed at 
28°C. to 33°C 

The frequency of chromosome aberrations is increased by high tempera¬ 
tures or by x-rays. The apparent reduction of chromosome aberrations in 
cells irradiated at high temperatures calls for further analysis. Such an 
analysis may also have some bearing on the nature of gene changes since 
there is some evidence that the temperature effect on x-ray induced muta¬ 
tions is similar to the temperature effect on x-ray induced chromosome 
aberrations. 
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Experimental Results .—The experimental work is based on an analysis of 
x-ray induced chromosome aberrations in Tradescantia microspores. The 
flowering stalks were placed in thermos bottles or pasteboard cartons which 
were filled with water at the desired temperatures. The flower stalks were 
placed in the containers five minutes before raying and, in most cases, were 
not removed for an hour after raying. They were then placed in vials of 
spring water and held at room temperature. 

The microspores were fixed at 24 hours, 48 hours and 5 days after ray¬ 
ing. The division figures obtained at 24 hours were from irradiated 
prophase nuclei when each chromosome consists of two sister chromatids. 
The chromosome aberrations at this time include only chromatid breaks, 
either simple deletions caused by single hits, or chromatid exchange or 
fusion between different chromosomes which are caused by two independent 
hits. The divisions obtained 48 hours after raying were from irradiated 
nuclei at very early prophase when splitting of chromosomes was beginning. 
The aberrations induced at this stage include both 1-hit and 2-hit chromatid 
aberrations, and chromosome aberrations induced before chromosome split¬ 
ting. The latter are almost exclusively 2-hit breaks. The chromosomes 
fixed 5 days after raying were in the resting stage when rayed and the 
aberrations include dicentric and ring chromosomes which are 2-hit aberra¬ 
tions. Very few 1-hit aberrations appear at metaphase from irradiated 
resting nuclei, where the chromosomes are in the form of single threads. 
This timing of the nuclear cycle applies to the spring months. It is shorter 
in the summer. All exposures were made at 134 K. V. 10 ma. The radi¬ 
ation intensity was varied by changing the target distance. Each experi¬ 
ment included flowers from a single plant or a clonal line. 


TABLE 1 

t 

Effect of Temperature on X-Ray Induced Chromosome Aberrations 

300 r 6 min. Fixed 5 days after raying. 

TOTAL 

TEMPERATURE CHROMOSOMES BREAKS % BREAK* 

30'C. 1938 162 7.8 

3'C. 1748 238 13.6 


In the first experiment the flower buds were irradiated at 3° and at 30°C., 
respectively, for 6 minutes at 50 r/m. The flower stalks were removed from 
the cartons a few minutes after raying and kept at room temperature. The 
frequency of chromosome breaks at the two temperatures is shown in t flH r 

1. The chromosome breaks were nearly twice as frequent at the lower 
temperature. 
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TABLE 2 

Effect of Temperature on X-Ray Induced Chromatid Breaks 

180 r 2 1 /* min. Fixed at 25-26 hrs. 

TOTAL BREAKS 


TJBMPBRAT1TRB 

CHROMOSOMES 

B1NOU 

BXCHANCB 

TOTAL 

3°C. 

1326 

9Q 6.8% 

68 4.4% 

11.2% 

30 °C. 

1746 

52 3.0% 

38 2.2% 

5-2% 


Chromosome Breaks 
540 r 7V* min. Fixed at 5 days. 

TOTAL BRBAKS 

TEMPERATURE CUROMOSOMSa DICENTRIC R2NOS TOTAL 

3°C. 0600 872 256 1128 17.1% 

30 °C. 6432 420 136 556 8.6% 


The experiment was repeated, with both high and low dosage, so that 
both chromatid and chromosome breaks could be analyzed in adequate 
numbers. The buds were placed in the cartons 10 minutes before rajring 
and removed to room temperature 10 minutes after raying. The results 
are shown in table 2. In the material fixed at 25-26 horns after raying both 
the single and exchange chromatid breaks were twice as frequent at the 
lower temperature. For the analysis of chromosome breaks the dosage 
was increased to 540 r, since the resting stage of the nucleus is less sensitive 
than the prophase. Again the chromosome aberrations were twice as fre¬ 
quent in the buds rayed at the lower temperature. 

The greater frequency of chromatid and chromosome aberrations when 
the nuclei are rayed at the lower temperature may be due either to greater 
frequency of induced breaks, or to differences in frequency of fusions of 
broken ends of chromatids and chromosomes. Since the initial break 
presumably is caused by a photochemical reaction, it is probable that the 
temperature effect is due to differences in the rate of fusion of broken ends 
of chromosomes. This interpretation can be tested by irradiating at high 
and at low temperatures and then reversing the temperatures of half the 
flower buds in each series immediately after raying. The results of this 
experiment are shown in table 3. 


TABLE 8 

Effect of Temperature on X-Ray Induced Chromosome Breaks 


160 r 2 min. exp. 6 day. 


TSMFERATDRB 

3®C. 

88 ®C. 

3°—>38® 
38®-*3® 


TOTAL 

CHROMOSOME, 

972 

822 

942 

978 


CMROMOSOMB 

BREAKS 

48 4.9% 
12 1.5% 
26 2.8% 
22 2 . 2 % 
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The buds were irradiated for 2 minutes at 80 r/m in the water at 3° and 
38° C. Two minutes after irradiation half the flower stalks in each carton 
were transferred, those irradiated at 3° were placed in a carton of water at 
38°, and those rayed at 38° were transferred to a carton of ice water. The 
original series and the transfers were left in the containers for an hour be¬ 
fore they were put in vials at room temperature. The nuclei irradiated at 
3° showed about three times as many chromosome aberrations as those ir¬ 
radiated at 38°. The shift from cold to hot water reduced the frequency of 
chromosome aberrations to a point about intermediate between the fre¬ 
quencies of the original hot and cold series, but the shift from hot to cold 
after irradiation produced little increase in frequency of aberrations. These 
results confirm the assumption that the primary effect of x-rays in inducing 
chromosome aberrations is practically independent of temperature, and 
that the temperature effect is concerned with a secondary reaction. 

TABLE 4 

Effect of Tiimpbr attire on X-Ray Induced Chromatid and Chromosome 

Breaks 

320 r 4 min. 3°C. and 38°Gv for 1.5 hrs. Fixed 48 hrs. after raying. 

TOT AT. 

CHROMO- CHROMATID BREAKS CHROMOSOME 

TEMPERATURE SOMK8 1 HIT 2 HIT BREAKS 

3° 3030 40 1.5% 6 0.2% 252 8.3% 

3 °-*-38 ° 3048 109 4.6% 30 1.0% 164 4.5% 

The effect of changing temperature after irradiation was repeated and 
microspores were fixed at 48 hours after raying in order to get both chro¬ 
matid and chromosome breaks at the same time. The results are shown in 
table 4. The frequency of chromosome breaks shows the same trend as 
the previous experiments, but the frequency of chromatid breaks is much 

greater in the cells subjected to high temperature after irradiation. 

* 

TABLE 8 

Effect of Temperature on X-Ray Induced Chromatid and Chromosome Breaks 

100 r. 2 min. exposure. At 24 and 48 hours after raying. 


TXMP8XA- 

TURK 

TIME 

TOTAI. 

CHROMO¬ 

SOMES 

CRROMATIH BREAKS 

1 HIT 2 HIT 

CimOMOBOMK 

BKBAKA 

3° 

24 hr. 

3486 

126 3.0% 

90 2.6% 

t t m m- t 

38° 

24 hr. 

3084 

66 1.8% 

60 1.6% 

t * * * * 

3° 

48 hr. 

3276 

26 0.8% 

4 0.1% 

90 2.7% 

38° 

48 hr. 

3324 

36 1.1% 

14 0.4% 

18 0.5% 


This unexpected increase of chromatid breaks at the higher temperature 
led to another experiment to compare the effect of temperature on chro¬ 
matid breaks at 24 and 48 hours after irradiation. The results are shown 
in table 6. The frequency of chromatid breaks induced at mid-prophase 
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was about twice as high at 3° as at 38°, but the nuclei rayed at early pro¬ 
phase when the chromosomes were beginning to split show slightly more 
aberrations at the higher temperature. The frequency of chromosome 
aberrations, induced before chromatid formation, was very much more 
frequent at the lower temperature. Apparently there is a marked change in 
the temperature effect of x-ray induced breaks at earliest prophase, which 
is opposite that found in both earlier and later stages of nuclear develop¬ 
ment. 

If the observed decrease in the frequency of chromosome aberrations at 
higher temperatures depends on a simple chemical reaction there should 
be a gradual decrease in the induced aberrations with increased tempera¬ 
ture. Several experiments were set up to determine the effect of a series of 
different temperatures. The effect of various temperatures on the fre¬ 
quency of x-ray induced aberrations is shown in tables G, 7 and 8. In the 
first experiment, which was done in February, there is a slight gradual 
decrease iti the frequency of aberrations with temperature increases from 
3 to 28°, but at 30° the percentage of aberrations drops suddenly to about 
a third of the frequency found at the lower temperatures. This led us to 
suspect that the critical temperature was at about 30°, so a second experi¬ 
ment was completed to test the upper temperature range. This experi¬ 
ment was done early in May. The results are shown in table 7. A very 
high frequency of aberrations was found in nuclei irradiated at 3°, but a 
greatly reduced frequency was found at 24° and a continued low but some¬ 
what variable frequency at higher temperatures. In a third experiment we 
again attempted to determine more precisely the critical temperature. The 
results of this analysis, done in late May, are shown in table 8. The critical 
temperature is between 10° and 20°, with little significant variation in fre¬ 
quency of aberrations between 20° and 35°. These results, although not 
complete, show that there is a critical temperature at which x-ray effects 
are greatly modified. The fact that this critical temperature may vary 
from more than 28° to less than 20° probably can be attributed to seasonal 
effects on the nuclear condition. It is known that the microspore nuclear 
cycle requires nearly two weeks during the winter months and only one 
week during the summer. 

TABLE 6 

Effect of Temperature on X-Ray Induced Chromosome Breaks 

300 r 10 min. Fixed at 5 days. 


TRMRBSATURlt 

TOTAL 

CUKOMOSOMSA 

BKKAK5 

mCRNTtUC 

RING 

TOTAL 

% 

3°C. 

4752 

252 

138 

390 

8.2 

12 °C. 

3714 

194 

104 

298 

8.0 

20 °C. 

4704 

234 

76 

310 

6.6 

28 °C. 

4944 

218 

88 

306 

6.2 

36 °C. 

4014 

82 

10 

92 

2.3 
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TABLE 7 

Effect of Temperature on X-Ray Induced Chromosome Breaks 

320 r 4 min. exp. 5 days. 


TBMPEKATURK 

TOTAL 

CHROMOSOMES 

CHROMOSOME 

BREAKS 

% BREAKS 

3° 

2064 

342 

16.6 

24° 

1902 

44 

2.3 

29" 

3126 

118 

3.8 

33° 

2346 

62 

2.6 

36° 

3690 

68 

1.8 

TABLE 8 

Effect of Temperature on X-Ray Induced Chromosome Aberrations 

TEMPERATURE 

360 r Fixed at 4 days. 

TOTAL 

CfittOMOBOMJBa BREAKS 

% BREAKS 

3° 

1404 

70 

10.0 

10° 

1896 

103 

10.9 

20° 

1242 

40 

3.2 

26° 

1500 

48 

3.2 

30° 

1464 

62 

4.2 

35° 

816 

22 

2.7 


Interpretation of Results .—The experimental results show that, 1—x-ray 
induced chromosome aberrations produced at mid-prophase or the resting 
stage are much more frequent if the cells are subjected to low temperatures 
during or following irradiation, 2—the temperature effect is reversed when 
the chromosomes are irradiated at earliest prophase when the chromosomes 
split to form sister chromatids, 3—the frequency of x-ray induced breaks 
is independent of temperature and 4—the temperature effect is ma ximal 
at a critical temperature which appears to vary with seasonal effects on the 
nuclear cycle. 

Since the production of breaks in the chromosomes by x-rays is indepen¬ 
dent of temperature, the temperature effect must be related to the union of 
broken ends of chromosomes. It has been shown that these broken ends 
can remain in an unstable condition and capable of fusion for as long as one 
hour at room temperature and that many of the x-ray induced breaks 
reunite in the original position so that no aberration is produced.* The 
effect of high temperature during irradiation apparently is an acceleration 
of fusion of broken ends so that many of the unions restore the chromosome 
to its normal condition. At low temperatures the union of broken ends is 
delayed so that there is greater chance for the broken ends to get out of 
alignment and fuse in illegitimate associations which produce the chromo¬ 
some aberrations. This interpretation is supported by the experiments on 
temperature effects following irradiation (table 3). 
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The reversed effect of temperature on x-ray induced aberrations at 
earliest prophase is difficult to explain. This stage in the chromosome cycle 
is a critical one, since crossing-over occurs at this stage of chromosome de¬ 
velopment. Crossing-over is decreased with increased temperatures in the 
range from 13° to 25°, but at higher temperatures crossing-over is in¬ 
creased as compared with the standard condition of 25°. 7 Stern 8 finds that 
the frequency of somatic crossing-over in Drosophila is low at 30° but high 
at both 25° and 17°C. Just how these varied results can be reconciled is 
not clear at present, but possibly both induced and natural breaks at this 
stage of chromosome development are affected by the stresses imposed by 
relational coiling of the newly formed sister chromatids. If the torsion is 
relatively great the broken ends may be thrown out of alignment before 
refusion is possible, leading to new associations of chromatids. The degree 
of torsional strain imposed by relational coiling may be dependent upon 
temperature. 

In many respects the breaks induced by x-rays are similar to the natural 
breaks which occur at every chiasma during meiosis. The breaks do not 
occur at random, they presumably do not produce genic alterations, and a 
broken end almost invariably fuses with another broken end. There must 
be natural breaking points in the chromosome which form the loci of both 
spontaneous and induced breaks. The chromosome has been pictured as 
a micelle of long polypeptide molecules in parallel alignment, differentiated 
longitudinally by sequences of amino-acid molecules.® The linkage bonds 
between the genes must not be very stable since they can be broken and 
re-established with no injury to the chromosome. 

If the temperature effect on x-ray induced chromosome aberrations de¬ 
pended upon a simple chemical reaction there should be a gradual decrease 
in aberrations with increased temperature. The decrease, however, is not 
gradual, but drops quickly within certain temperature ranges. This be¬ 
havior suggests a critical temperature effect on the physical condition of 
the nucleus—possibly viscosity changes or changes in the stress of chromo¬ 
some coiling. 

The discrepancies in the various experiments with the temperature effect 
on irradiated cells probably can be attributed to the different effects pro¬ 
duced bf irradiation. It is known that x-rays or gamma rays affect all 
parts of the cell; the permeability of the cell membrane is altered, the cyto¬ 
plasmic viscosity is changed, the mitochondria and golgi bodies become 
granular and the chromosomes are fragmented or fused. The lethal action 
of x-rays has been attributed to the action on oxidases, permeability of the 
cell membrane and electrolyte equilibrium, all of which are essential in the 
respiratory processes of the cell. 10 On the other hand the effects of x-rays 
on chromosome aberrations and mutations is well known, and either of 
these may be lethal at some point in the cell lineage. The lethal action of 
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irradiation on cells is often attributed to the chromosome changes induced 
by the direct effect on the chromosomes. 11 

The relative importance of the physiological effect and the genetic effect 
of irradiation depends on the nature of the cells. Radiation of plant cells 
shows the two effects very clearly. The first effect is the clumping of the 
chromosomes, disturbance of spindle formation and inhibition of nuclear 
division. At moderate doses these physiological effects are temporary and 
the cell recovers. The only permanent changes are the genetic effects 
caused by chromosome aberrations and mutation. Doses sufficient to pro¬ 
duce numerous chromosome aberrations do not prevent cell division. On 
the other hand Drosophila eggs show 50 per cent killing at a dose which 
has little effect on the sperm. The fact that there are enormous differences 
in the lethal dose for different organisms, for different tissues or different 
stages of development in the same organism, or even the same tissue under 
different cultural or environmental conditions, indicates that the physio¬ 
logical effect of radiation may play an essential part in the lethal action of 
radiation. Presumably the effect of high temperatures in increasing the 
lethal action of radiation can be attributed to increased physiological re¬ 
sponse. On the other hand th£ greater effectiveness of radiation at low 
temperatures can be shown to be associated with an increase in chromosome 
aberrations. The physiological factor appears to be of great importance in 
radiation therapy. 

There is some evidence that the temperature effect on x-ray induced 
mutations is similar to the temperature effect on x-ray induced chromosome 
aberrations. Although either high temperature or x-rays greatly increase 
the mutation rate, irradiation at high temperatures is no more effective than 
irradiation at low temperatures. In fact there is a tendency for more mu¬ 
tations to be produced when Drosophila is rayed at low temperatures. In 
two experiments by Timofdeff -Ressovsky more mutations were produced 
when the flies were irradiated at 10°C. than at 35°C., although the differ¬ 
ences were not satistically significant. But Medvedev found nearly twice 
as many mutations in flies irradiated at 0°C. than in those irradiated at 
20°C. 1S The mutation rate in Tradescantia, as measured by pollen grain 
variability, also appears to be greater when the plants are irradiated at low 
temperatures (Rick, unpublished). If these results are confirmed by fur¬ 
ther work, it appears that most mutations are caused by chromosome 
aberrations or that the temperature effect on x-rayed genes is similar to 
the effect of temperature on x-ray induced chromosome aberrations. 

Summary ,—Tradescantia microspores x-rayed at low temperatures show 
more chromosome aberrations than those irradiated at high temperatures. 
At high temperatures fusion of broken ends is accelerated and many of 
the breaks are reunited in the original position, while at low temperatures 
fusion is delayed and broken ends may fuse in illegitimate unions to pro- 
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duce many chromosome aberrations. This interpretation applies to nuclei 
irradiated at the resting stage and at mid-prophase, but the reversed tem¬ 
perature effect on early prophase chromosomes is difficult to explain. The 
temperature effect is maximal at a critical temperature which appears to 
vary with the seasonal effect on the nuclear cycle. The varied response of 
different types of cells to temperature effects during irradiation can be at¬ 
tributed to the relative effects of physiological and genetic factors. 

* This work was supported, in part, by a grant from the National Research Coun¬ 
cil Committee on Radiation 
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THE BEHAVIOR IN SUCCESSIVE NUCLEAR DIVISIONS OF A 

CHROMOSOME BROKEN A T MEIOSIS 

By Barbara McClintock 
Department of Botany, University of Missouri 
Communicated July 7, 1939 

If a chromatid in maize is broken at a meiotic anaphase and if it enters 
a telophase nucleus, fusion between the two sister halves of this chromatid 
will result at the position of breakage. 1 Because of this fusion, the separa¬ 
tion at a succeeding anaphase of the sister halves of this chromatid neces¬ 
sarily produces a bridge configuration. The pull on the chromatin of this 
bridge in the anaphase or telophase results in breakage and again a broken 
chromosome enters each telophase nucleus. The following questions im¬ 
mediately arise; Will this chromatid produce a bridge in the following 
mitotic anaphase by a similar fusion of sister halves at the position of the 
second break? Will this process continue indefinitely in each successive 
division or wil* the broken end of a chromosome eventually "heal” and con¬ 
tinue through mitotic cycles without further fusions, bridges and break¬ 
ages? It is stated in the previous publication that the evidence on this 
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point was conflicting. It is the purpose of this note to indicate the nature 
of this conflict. In brief, the evidence shows that the breakage-fusion- 
bridge--breakage cycle will continue, after an original meiotic break, in the 
endosperm, whether the broken chromosome is contributed by the male 
or by the female gamete. In contrast to the endosperm, healing of the 
broken end of the chromosome, i.e., discontinuance of the breakage- 
fusion-bridge-breakage cycle, occurs in the embryo. 

The method previously used to demonstrate, cytologically, the fusion 
of broken ends of sister chromatids involved the use of an inversion. In all 
such cases the broken chromatid produced is deficient and would not be 
expected to survive regularly through ovules or to be transmitted by pollen 
grains. Hence, a test of the behavior of such a broken chromosome could 
not readily be obtained. Consequently, other methods have been used to 
obtain a broken chromosome with at least a complete set of genes. 

The first method to be described involves the use of an x-ray induced re¬ 
arrangement in chromosome 9. The morphology of a normal chromosome 
9 is shown in a, figure 1. The short arm terminates in a large knob (stip- 



c 

FIGURE l 


a. Diagram of a normal chromosome 9. The stippled region represents the large 
terminal knob, the dash line, the segment composed of small, loosely spaced chromo- 
meres. The wide solid line represents t he heavy, closely associated chromomcres adjacent 
to the spindle fibre attachment region which is represented as a dear bulge. The long 
arm is represented by a thin, solid line. The arrows point to the positions of the three 
breaks, followed by refusions, which produced the chromosome diagrammed in b. 
c. The association of homologous regions, 1 to 5, of a normal chromosome 9 with a 
very small knob and the rearranged chromosome 9 shown in b. The cross indicates 
a position of crossing-over to give rise to the dicentric chromosome shown in a, figures 
3 and 4. 

pled). (The presence of a knob is not necessary for the functioning of 
chromosome 9. Strains with no knob or knobs of intermediate sizes are 
known. The knob substance lengthens the chromosome at its end but does 
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not add necessary genic material.) The proximal one-third of the short arm 
(5 and 6, figure 1) adjacent to the spindle fibre region, is characterized by 
large, closely associated, deeply staining chromomeres, suggesting hetcro- 
chromatin in appearance. The distal two-thirds of the short arm (dash lines, 
figure 1) is composed of small, widely spaced chromomeres. The x-ray 
induced rearrangement is shown in b, figure 1. The positions of breakage in 
the normal chromosome 9 which gave rise to this rearrangement are indicated 
by the arrows in a, figure 1. The terminal large knob has been broken into 
two unequal parts, the smaller part together with three-quarters of the 
short arm being inserted into the long arm, the other section being inverted. 
In plants possessing one normal chromosome 9 and one altered chromo¬ 
some 9, homologous synaptic association of regions 1 to 5 (r, figure 1) fol¬ 
lowed by a crossover within this region, results in a chromatid with two 
spindle fibre attachment regions and a chromatid with no spindle fibre at¬ 
tachment region (a, figures 3 and 4). The composition of the chromatid 
with two spindle fibre regions should be noted. From right to left it is 
composed of a chromosome 9 complete as far as and including the small 
internal knob. This is followed by the conspicuous deeply staining region, 
G, which joins the second spindle fibre attachment region. As the two 
spindle fibre regions pass to opposite poles at anaphase 7, a break must oc¬ 
cur between these two regions. Should it occur between the internal knob 
and the second fibre region (at position of arrow in a, figures 3 and 4) one 
of the two resulting chromatids will possess a full set of genes plus a short 
duplication composed of a part of region 0 extending beyond the small 
knob. This chromosome would be expected to be functional since no defi¬ 
ciency is present. The main factor to be emphasized is the presence in this 
chromosome of a broken end. It is the purpose of this paper to test the 
subsequent behavior of this broken end in the future nuclear cycles. 

The genes Yg, C, Sh and Wx ( Yg, normal green plant, yg , yellow-green 
plant; C, colored aleurone, c, colorless aleurone; Sh, normal endosperm 
development, sh, shrunken endosperm; Wx, normal starch in endosperm 
and pollen, staining blue with iodine, wx, waxy endosperm whose starch 
stains red with iodine) are located in the short arm of chromosome 9, the 
order being: knob- Yg-CSh-Wx^pmdle fibre region. 2 The crossover 
distance between the genes are 19, 3 and 21, respectively. 8 All four genes 
are located in the translocated segment 1 to o. 4 It should be emphasized 
that Yg is a plant character whereas c, sh and wx are endosperm characters. 
Plants possessing a normal chromosome 9 with the genes Yg-C (or c)-sh-wx 
and the altered chromosome 9 containing the dominants only, when 
crossed by yg~c sh~wx or Yg~c-sh~wx, have given the results shown in 
table 1. The kernels have been divided into three main classes: I, full 
colored, non-variegated kernels; II, c~sh~wx kernels and III, kernels whose 
aleurone color is variegated for C and c. It will be noted that in the first 
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class, the non-variegated kernels, only 5 are detectable crossovers. Of the 
41 in the variegated class, 88 are recognizable crossovers. The three that 
contain Wx are variegated for Wx and wx as well as C and c. The type of 
variegation is very specific. Colorless areas (c) of various sizes occur 



TABLE 1 

Distribution of Endosperm Characters Resulting from thr Cross 

C(or c)-jA-«'X-normal chromosome 9 , _ , , , _ 

------ X o c-sh- ax-normal chromosome 9 

C-Sh- pyx-rearranged chromosome 9 

Non-variegated kernels: C Sh Wx C Sh wx C sh Wx 

3185 4 1 


II. c sh wx kernels 

3128 

III. Variegated kernels: C-c (Sh-sh)* Wx-wx C-c (Sh-sh)* wx C-cshwx 

3 34 4 


* Variegation lor Sh and sh cannot be readily detected. 


Within these areas there are no Colored (C) cells. The kernels that are 
likewise variegated for Wx and wx show a distinct relationship between 
patterns of the C and c and of the Wx and wx variegations. All the C spots 
are Wx. The c spots are of two types: (1) those that are totally wx and (2) 
those showing smaller areas of wx within a c-Wx spot. Just such variega¬ 
tion would be expected if the endosperms in these kernels had received 
chromosomes 9 with broken ends, the broken chromosomes carrying the 
dominant C or the dominants C and Wx, and if fusions of broken ends were 
occurring in successive nuclear divisions, i.e., continuance of the breakage- 
fusion-bridge -breakage cycle. It is only necessary to assume that the 
successive breaks are not always at the points of previous fusions. Since 
this is known to occur from direct cytological observations 1 and from ob¬ 
servations of chromosomes which have undergone such successive breaks 
(see figures 3 and 4), it is a justifiable assumption. A chromosome 9 with a 
broken end and carrying C and Wx could result from a crossover (c, figure 1) 
between the translocation point to the right in the rearranged chromosome 
9 and the gene Wx, followed by a break at anaphase I of the dicentric chro¬ 
matid so produced (the chromatid recovered is that to the right of the 
arrow, a, figures 3 and 4). This broken chromosome should give C-c and 
Wx-wx variegation. If the crossover occurred between Wx and. C, the 
chromosome with the broken end would contain the genes C and wx. A 
wx kernel with C-c variegation would resu t. In the case being described, 
variegation could result from fusions between the broken ends of two 
chromosomes 9 (the two contributed by the female parent) or between eH f 
of sister halves of a chromosome. That the latter can occur will be evident 
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from the second case to be described. Figure 2 has been constructed to 
illustrate the method by which C~c and Wx-wx variegations are produced 
on the basis of fusion of broken ends of sister halves of a chromosome. If 
a broken chromosome with fused sister halves contains the genes C and Wx 
(left, figure 2) and if the break in the following anaphase occurs between 


c 


C Wx 


C Wx 

t 


O 

o 



c 


c 





FIGURE 2 

Diagram to illustrate the method by which variegation of the endosperm characters 
C and Wx can be produced. The figure to the left represents the two sister halves of 
a broken chromosome 9 fused at the position of a previous break. The chromosome 
carries the genes C and Wx in the order given. The spindle fibre attachment region 
is represented as a clear bulging region. Separation of the two halves in the following 
anaphase produces a bridge configuration. If breakage of the bridge occurs at the 
position of the arrow, a chromosome lacking C will enter one nucleus (lower right) and 
a chromosome duplicated for C will enter the sister nucleus (upper right). If fusions 
occur between the two split halves of each of these broken chromosomes, as represented 
in the diagrams, a bridge will form in the following anaphase. If breaks occur at the 
positions of the arrows, Wx will be deleted from one of the resulting nuclei in each case. 


Wx and C (arrow), the chromosome entering one nucleus will carry Wx 
and a duplication with C (upper right, figure 2). The chromosome enter¬ 
ing the sister nucleus will have lost C but will possess Wx (lower right, 
figure 2). Through fusions of broken ends of the two sister halves of each 
of these chromosomes, in turn, an anaphase bridge will be produced in the 
following division. If the break occurs at the arrows in each case, Wx will 
be removed from the chromosome in one of the two daughter nuclei, re¬ 
spectively. On this basis, two types of spots are expected in a variegated 
kernel containing C and Wx: (1) c~wx spots and (2) c-Wx spots within 
which there are areas of wx. Since the size of the recessive spots range 
from large to very small, the breakage-fusion-bridge-breakage cycle must 
continue in successive nuclear divisions in the endosperm tissue. 

From genetic data on normal chromosome 9, it is known that within the 
region 1 to 5, figure 1* single crossover chromatids are produced far more 
frequently than double crossover chromatids. 1 From the data in table 1, 
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it is strikingly evident that the majority of detectable crossovers are as¬ 
sociated with variegated endosperm. Only 5 are not associated with 
variegation. It was therefore suspected that the 41 variegated kernels 
have obtained a chromosome with a broken end following a single crossover 
as diagrammed in c, figure 1, whereas the 5 non-variegated kernels have ob¬ 
tained a double crossover chromosome with a normal, non-broken end. 
The latter, therefore, should not show variegation. If the endosperm of a 
kernel possesses either a single crossover chromosome (with a broken end) 
or a double crossover chromosome (with a normal end), the embryo and 
plant tissues arising from such a kernel must possess either a broken chromo¬ 
some or a normal chromosome respectively. If the crossover kernels, 
variegated and non-variegated, are sown, the plants arising from each 
should clearly show the expected type of chromosome in the meiotic pro¬ 
phases. The following will describe these results. 

If the variegated kernels from the cross Yg -C sh~ j wx -normal chromosome 
Q/Yg-C--Sh-Wx-&\ttred chromosome 9 by yg-csh-wx- 'normal chromosome 
9, possess a broken chromosome 9 introduced by the female parent, and if 
the breakage-fusion -bridge-breakage cycle involving broken ends of sister 
chromatids continues without healing of the broken ends, variegation for 
the yg character should be evident in the plants coming from these kernels. 
On the other hand, plants coming from the non-variegated kernels should 
show no variegation for yg. Sixty non-variegated kernels of the C-Sh-Wx 
class and 60 of the c-sh-wx class were sown. No evidence of yg appeared 
in the resulting individuals. The 12 variegated kernels from this cross gave 
rise to 6 Yg plants with no evidence of yg at any stage in the life of the 
plants, 5 yg plants and 1 Yg plant which showed a single yg streak on the 
first leaf but no other yg streaks throughout the life of the plant. The yg 
plants clearly indicated that a broken chromosome 9 was present, a break 
having occurred to the right of the internal knob, a, figures 3 and 4, deleting 
the Yg locus. Because the Yg plants hid not show Yg~~yg variegation it 
was assumed that although they possessed a chromosome 9 with a broken 
end, this broken end had healed in the embryo cells. Since the Yg locus 
is close to the right side of the small internal knob of the chromatid in a ) 
figures 3 and 4, the yg plants should show no knob on the chromosome 9 
contributed by the female parent whereas the Yg plants could possess the 
knob with or without an additional segment beyond the knob. Conse¬ 
quently, all 12 plants coming from the variegated kernels were examined 
at meiosis to obtain the constitution of the chromosome 9 contributed by 
the female parent. All 5 yg plants showed a deficiency in one chromosome 
9, the knob being lost in all cases, an extensive deficiency of the short arm 
being present in two cases. Among the 7 Yg plants, the chromosome 9 
contributed by the female parent was complete to and including the small 
knob, with or without, in the several plants, respectively, an extension of 
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chromatin beyond this small knob. Regardless of its composition, the 
broken chromosome 9 in all cells examined in any one plant was always 
exactly the same in appearance. In this particular cross, the plant tissues 
have corroborated both genetically (yg plants) and cytologically (all plants) 
the assumption of the presence of a broken chromosome 9, this assumption 
having been based upon the variegation exhibited in the endosperm of the 
kernels from which each plant arose. 

Among the 26 examined plants coming from the variegated kernels of 
both crosses (by Yg c sh-wx or yg -c- sh ^wx), 10 have shown a chromosome 
9 terminating in the small knob, i.e., a complete chromosome 9. Seven 
have shown a deficient chromosome 9, either lacking the small knob or the 
knob plus an adjacent section of the short arm. In the remaining seven 
cases, the chromosome 9 was complete to and including the small knob 
but likewise possessed a section of chromatin extending beyond this knob. 
The composition of the chromatin extension in each case introduces im¬ 
portant evidence not only for the presence of a broken chromosome 9 but 
also for the origin of this chromosome from a crossover diagrammed in 
c t figure 1, followed by a break at anaphase 1 in the dicentric chromatid. 
The extension always possessed a section of the easily identifiable chromatin 
of region 6, figure 1, clearly indicating the origin of this chromosome from 
one whose original composition was that of a, figures 3 and 4. A particu¬ 
larly interesting example of a recovered broken chromosome is shown in c, 
figure 3. The simplest method of diagramming the origin of this chromo- 


O 


t 

C * 

- 


t 


b 


FIGURE 3 

See text for description. 


some is given in a and b, figure 3. In a, the dicentric chromatid is repre¬ 
sented following a crossover as diagrammed in c, figure 1. The arrow 
points to the position of breakage, the portion to the right of the break 
being in the line of descent. Fusion occurred between the two sister halves 
of this chromosome as shown in b, figure 3. The arrow points to the posi¬ 
tion of the second break, the upper chromatid being recovered as shown in 
c, figure 3. That the breakage-fusion-bridge-breakage cycle involving 
sister chromatids must occur through several mitoses at least in the early 
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divisions (embryo sac ?) following the original break is evident from the 
composition of the recovered chromosome 9 in several of these cases. One 
example will be cited. The constitution of the chromosome 9 contributed 
by the female parent, as observed in the prophase of meiosis of this plant, 
is shown in d, figure 4. At least three breaks, followed by fusions of broken 
ends of sister halves of a chromosome are necessary to give rise to this 
chromosome. These are illustrated in a, b and c, figure 4. The arrow 



FIGURE 4 

See text for description. 

points to the position of the successive breaks, the upper chromatid in all 
cases being in the line of descent. 

The composition of the chromosome 9 contributed by the female parent 
in these 26 cases has given abundant evidence of the presence in these 
plants of a broken chromosome 9 and has verified the assumed origin of 
such a broken chromosome. 

If the variegated endosperm tissue is related to the presence of a broken 
chromosome arising after a single crossover, each of the 5 crossover kernels 
with no variegation (I, table 1) should possess an unbroken chromosome 9 
which has arisen from a double crossover chromatid. Three of the 4 plants 
coming from the C-Sh-wx kernels were examined. All three possessed the 
rearranged chromosome (b, figure 1), obviously the result of a double cross¬ 
over. The plant coming from the C-sh-Wx kernel contained a normal chro¬ 
mosome 9, likewise a double crossover. Thus, the evidence from the cross¬ 
over kernels, variegated and non-variegated, is in complete accord with the 
prediction. 

The second method involved the use of a chromosome 9 with a duplication 
of nearly all of the short arm attached to the end of the normal short arm. 
The order of the genes in the duplicated segment is inverted with respect 
to those in the normal short arm as in an attached-* chromosome of 
Drosophila. In plants containing a chromosome 9 with the dnfVc n tfon 
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and a normal chromosome 9, a number of types of 2-by-2 homologous 
associations at meiotic prophase can occur. Dicentric chromatids are pro¬ 
duced by a crossover following the association of the duplicated segment 
with its homologous region in the normal chromosome 9, a t figure 5, result¬ 
ing in a first division bridge or by a crossover as diagrammed in 5, figure 5, 
following the association of the duplicated segment with its homologous 
region in the duplicated chromosome 9. The latter will result in a second 
division bridge. Counts of bridge configurations in A I and All have given 
13.8% (among 137 sporocytes) and 13.5% (among 74 sporocytes) respec¬ 
tively. It should be noted that the dicentric chromatid represents a com¬ 
pletely duplicated chromosome attached at the end of the short arms, c, 
figure 5. Breakage at anaphase of such a chromatid can produce two 



c 

FIGURE 6 

a. Diagram of a meiotic prophase association of a normal chromosome 9 and a 
chromosome 9 with a duplication of the short arm The duplicated segment is 
homologously associated with the short arm of the normal chromosome 9. A cross¬ 
over as indicated produces a chromatid composed of two attached chromosomes 9 as 
shown in c This will produce a bridge configuration at anaphase 7. b Association 
of homologous regions within the duplicated chromosome 9 A crossover as in¬ 
dicated will give rise to the dicentric chromatid shown in c which will form a bridge 
configuration in anaphase IL 


complete chromosomes 9 if the break occurs at the position of the arrow, 
or one chromosome with a duplication and one chromosome with a de¬ 
ficiency if the break occurs at any other position between the two spindle 
fibre regions. By this means, one can obtain a broken chromosome with 
at least a complete set of genes. 

If such a broken chromosome carries dominant genes and if it is intro¬ 
duced through the pollen to plants carrying the recessive alleles, a continued 
breakage^fusion-bridge-breakage mechanism involving sister halves of a 
chromosome, should produce variegation in the endosperm tissues. When 
successive genes are lost, those distal to the spindle fibre region should be 
lost first followed by genes nearer to the spindle fibre region as illustrated 
in figure 2, When such variegated kernels are sown, the plants coming 
from them should show the presence of a broken chromosome 9 in the 
meiotic prophase configurations. 
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Plants carrying the duplicated chromosome 9 with the genes I and Wx 
in both the normal and the duplicated segment (I, inhibitor of color in the 
aleurone layer, i, color in aleurone layer, located at the same position as 
C in the crossover map) and a normal chromosome 9 with a large terminal 
knob on the short arm and carrying the recessive alleles, when crossed to 
plants with normal chromosomes 9 carrying i wx , have given the follow¬ 
ing results: 02 1 Wx, 0 I wx, 29 i Wx, 7G5 i wx and 30 I i variegated 
kernels. 6 Among the I~i variegated kernels 3 were totally wx. The re¬ 
maining 27 were likewise variegated for Wx and wx, the pattern of variega¬ 
tion being similar to that of the previous case described (substitute I for C 
in figure 2). Cytological examination of plants coming from the I Wx, i wx 
and variegated kernels have been made to determine the nature of the 
chromosome 9 contributed by the pollen. All the plants coming from the 



t tt t 

■K 

FIGURE G 

Diagram to illustrate types of recovered broken chromosomes in 10 plants arising 
from variegated kernels. Since small duplicated segments, as illustrated in figure 4, 
are not so readily detected in this material, the positions of breaks are referred to 
the original dicentric chromatid, c , figure 5. Only the middle section of the dicentric 
chromatid is represented. The chromatid recovered is the one to the right of the 
arrow in each case. In 8 cases, duplicated segments of various lengths, as shown 
by the arrows, were present in the recovered broken chromosome. 


I Wx , non-variegated class contained either the normal duplicated chromo¬ 
some 9 or a normal chromosome 9 with the large terminal knob resulting 
from a crossover which did not give rise to a dicentric chromatid (between 
the normal chromosome 9 and the normal short arm of the duplicated 
chromosome 9). All of the examined individuals derived from the i wx 
kernels contained a normal chromosome 9 with a large terminal knob. All 
the ndividuals coming from the variegated kernels have shown a broken 
chromosome 9, In each individual plant, the constitution of the broken 
chromosome 9 was the same in all of the cells examined. As has been shown 
in the previously described case, the broken end of chromosome 9 must 
heal in the very early embryo cells and remain healed throughout all later 
nuclear cycles. Examinations of anaphase configurations in root tips of 
these plants have shown no indication of bridge configurations, which 
agrees with similar observations made with the previously described case. 
The types of broken chromosomes 9 as determined by meiotic prophase 
examinations in plants arising from variegated kernels, are diagrammed in 
figure 6. 
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The reciprocal cross (plants heterozygous for the duplication carrying 
I Wx in the normal and the duplicated segment of the duplicated chromo¬ 
some 9 and large knob, i wx in the normal chromosome 9 by plants carrying 
a normal chromosome 9 with i wx) have given similar results. The types 
of kernels obtained with their ratios are as follows: 438 I Wx, 0 1 wx, 23 
iwx, 445 i wx and 17 kernels variegated for I-i and Wx~wx. Chromosome 
examinations in plants arising from the non-variegated and variegated 
kernels have given the expected results: non-broken and broken ends, re¬ 
spectively. 

It is obvious that when the proper genic characters are used, the presence 
of individuals possessing a broken chromosome can be detected by the 
variegation produced in the endosperm. This variegation can appear when 
only one broken chromosome is present in the endosperm tissue. When 
Wx as well as / or C is present in the variegated kernels, the pattern of varie¬ 
gation for each accords with the interpretation of a breakage-fusion- 
bridge-breakage mechanism involving sister chromatids extending through 
successive nuclear cycles in the developing endosperm. It is at present 
unexplained why this mechanism does not continue in the embryo tissue. 
Here broken ends apparently heal and remain permanently healed. This 
is clearly demonstrated when the recovered broken chromosome has no 
duplication or deficiency, arrow to right, figure 6. These chromosomes be¬ 
have in future generations as normal chromosomes 9, giving normal cross¬ 
ing-over and transmissions. No variegated kernels have appeared in 
progeny tests of 8 such cases. On the other hand, those broken chromo¬ 
somes which have a newly derived duplicated segment, arrows to left of 
first, figure 6, are the source of new broken chromosomes by the same 
crossover mechanism as described for the original duplication. Extensive 
investigations with one derived duplication (the short duplication, second 
arrow from right, figure 6) and preliminary tests with all the others have 
repeated the original results. Non-variegated and variegated kernels are 
produced, the variegated kernels in all cases possessing newly broken chro¬ 
mosomes. 

In conclusion it can be stated that in maize a bridge configuration at a 
meiotic anaphase results in the production of a broken chromosome. 
Fusion occurs at the positioiyof breakage between the two sister halves of 
the broken chromosome. Because of this fusion a bridge configuration oc¬ 
curs in the following gametophyte division. This again results in a broken 
chromosome entering each telophase nucleus. Fusion likewise can occur 
between the broken ends of the sister halves of each of these chromosomes 
thus continuing the cycle of bridge-breakage-fusion-bridge. The variega¬ 
tion exhibited in the endosperm tissues of kernels carrying broken chromo¬ 
somes indicates that this cycle can continue, apparently uninterruptedly, 
in this tissue. In the embryo and plant tissues, however, the broken end 
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becomes healed. It remains permanently healed in future nuclear and 
plant generations regardless of the type of tissue in which it is present. 

Limitation of space does not allow a full discussion or even mention of 
some interesting phases of these results. They will appear in a later publi¬ 
cation. 

The author wishes to express appreciation to Dr. L. J. Stadler for furnish¬ 
ing the original material of the duplicated chromosome 9 and to Dr. Har¬ 
riet B. Creighton for furnishing the original material of the x-ray induced 
rearranged chromosome 9. 
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THE INFLUENCE OF TRANSPLANTATION UPON 
IMMUNOLOGICAL PROPERTIES OF LEUKEMIC CELLS 1 

By E. C. MacDowkll, J. S. Potter and M. J. Taylor 

Drpartmrnt of Genetics, Carnegie Institution of Washington, 

Colo Spring Harbor, Long Island, N. Y. 

Communicated June 27, 1939 

Under the normal conditions of our colony, the incidence of spontaneous 
leukemia in mice of the long inbred strain C58 is nearly 90%.* This is not 
significantly changed when the mice are given treatments throughout their 
lives that effectively immunize them against the highly virulent HHs of a 
long-established line of transplanted leukemia that started from a spon¬ 
taneous case in a mouse of this same strain (line I). Among 128 mice of 
this strain, immunized* at an early age by cells of line / inoculated intra- 
peritoneally, first in extremely small numbers and afterward in increasing 
doses until the massive standard dose was repeatedly survived, 89 died with 
spontaneous leukemia, 16 were negative for leukemia (death before six 
months not counted) and 25 could not be diagnosed microscopically on 
account of post mortem changes (84.7% spontaneous leukemia among diag- 
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nosable cases). Among 56 mice from the same strain immunized 4 against 
line / by treatment with normal tissue from strain StoLi (treatments re¬ 
peated monthly throughout life) 56 died with spontaneous leukemia; un¬ 
treated litter-mate controls, 55 cases spontaneous leukemia, 5 cases nega¬ 
tive for leukemia (91.6% spontaneous leukemia). 

Thus, with genetic factors rigidly controlled and with the results in 
terms of a known incidence of spontaneous leukemia, the conclusion in this 
case avoids all doubts which cloud most of the frequently quoted old 
studies on the relation of spontaneous tumors and immunity to trans¬ 
planted tumors. 

The results given above could be interpreted by the generalization often 
cited in connection with efforts to induce resistance to spontaneous tumors, 
namely, that it is impossible to immunize an animal against its own cells. 
However, under the given conditions it is possible to show that the above 
results are not due to the unique relationship between the mouse and its 
own leukemic cells, for corresponding results are obtained when this re¬ 
lationship is broken by a single transfer.* In suitable doses, leukemic cells 
taken from a spontaneous case, as well as cells of line /, will kill every host 
of strain C58 that has not had any immunizing treatment; "‘spontaneous’' 
cells also kill the mice immunized against line I (table 1). 

The low virulence of “spontaneous" cells compared with the high viru¬ 
lence of cells of line 1 is evident in the average interval before death, which, 
in contrast to the case for tumors, gives a subtile index of physiological 
traits of leukemic populations. In the experiments in which the mice were 
treated with normal embryonic tissue from strain StoLi (treatment C in 
table 1) the actual differences were greater than indicated by the average 
intervals, due to the fact that the dose of “spontaneous" cells was 64 times 
greater than that of the line I celts. In the other experiments the doses 
were equivalent. Thus, the failure of immunized hosts to resist “spontane¬ 
ous" cells cannot be explained by the superior proliferative power of these 
cells according to the interpretation of Woglora 6 (p. 158). 

The failure of cells taken directly from spontaneous cases to be resisted 
by mice immunized against long-transplanted cells of far greater prolifera¬ 
tive energy and higher growth capacity, proves that neither the particular 
relation of the malignant cells to their original host nor any superiority of 
their growth powers is concerned, but that the spontaneous cells are im- 
munologically different. 

If such immunological differences originated as specific traits of different 
spontaneous cases, different lines of transplanted leukemic populations 
originating in different spontaneous cases should show the same difference. 
But this is not the case, for unquestionable evidence of cross immunity is 
found between different lines, including a line started from a spontaneous 
case in a different strain of mice (table 2). 
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Omits 3 kilted at 48, 48 and 68 days as donors of successful transfers. 
Omits one dying with complications at 30 days and one recorded missing. 
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TABLE 2 

Cross Immunity between Transmission Lines ok Leukemic Cells in Naturally 

Susceptible Hosts 


1 MM UN Him BY 
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23 

10 
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1 

11 
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* Arose from a foreign strain of mice. 

On the other hand on evidence is known to deny the interpretation that 
changes in the course of transfer are responsible for the wide gap between 
"spontaneous” cells and cells transmitted through many transfers. The 
irregularity of such changes would account for incompleteness of the cross 
immunity. Accordingly we propose, as a working hypothesis open to ex¬ 
perimental test, that the cells in a spontaneous case of leukemia carry im¬ 
munological properties which in the course of many transfers tend to change 
and to change to such an extent that entirely different immunities are re¬ 
quired to resist them. According to this hypothesis, induction of resistance 
to cells in the spontaneous condition is not an impossibility. 

Long-established transplanted tumors offer opportunity for analytical 
experimentation to discover the mechanisms working in these tissues and 
in their hosts; knowledge of these mechanisms underlying specific phe¬ 
nomena may have general implications. However, in searching for specific 
means of inducing resistance to cells of the type found in spontaneous cases, 
cells of this type should be used in the tests. 

Summary .—Mice naturally susceptible to inoculated leukemic cells that 
have become highly virulent in the course of a long series of transfers, may 
be rendered resistant to these cells by certain treatments. These treat¬ 
ments (1) permit spontaneous leukemia to appear in the high frequency 
characteristic of this strain of mice, and (2) permit the relatively non- 
virulent leukemic cells transferred directly from spontaneous cases to kill 
the treated hosts as soon as the untreated controls. Different lines of long- 
transferred leukemic cells originating in different spontaneous cases show 
cross-immunity. 

These results appear to indicate that the observed induced resistance to 
highly virulent long-transplanted leukemic cells depends upon immunologi¬ 
cal properties developed in the course of transfer* 

1 Aided by a grant from the Carnegie Corporation. 

* Mac Dowell, B. C„ and Richter, M. N., Archiv, Pathol ., 20, 709-724 (1935). 

* Mac Dowell, E. C. # Taylor, M. J, and Potter, J. S., Proc. Soc. Exp, Biol . and Med,, 
32, 84-86 (1934). 
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4 Mac Dowell, E. C., Taylor, M. JT„ and Potter, J. S., these Proceedings, 21, 507- 
608 (1085). 

4 Mac Dowell, E. C., Potter, J. et at„ Year Book, Carnegie Institution of Wash¬ 
ington, 36, 52-53 (1937) ’ Science, 85, 443 (1937). 

• Woglom, W. H., Cancer Rev. Mar 120-214 (1929). 


RESPONSES TO DIFFERENT LEVELS OF NUTRITIONAL 
INTAKE OF RIBOFLAVIN (FORMERLY CALLED VITAMIN G) 

By H, C. Sherman and L. N. Elus 

Department of Chemistry, Columbia University 
Read before the Academy, April 25, 1939 

At the Cambridge meeting of the Academy, we reported experiments 
with diets composed of natural food materials so proportioned as to con¬ 
tain different amounts of riboflavin (then called vitamin G); and which 
showed that successive increments of intake of this factor resulted in 
successively increased benefits to nutritional well-being, up to levels more 
than twice that of minimal adequacy. 1 This “minimal adequate” level of 
intake was shown to meet the needs of normal growth, health, reproduc¬ 
tion and lactation, the second generation appearing in all respects as 
vigorous as the first; while higher levels of intake increased the rate of 
growth and the quantitative measures of adult vitality, the differences 
being significant although their limits were within the zone of normal 
variation. 

The unexpectedly wide difference between the minimal adequate and 
the optimal levels of nutritional intake of riboflavin is being studied 
further in a new series of experiments, using a constant basal ration en¬ 
riched in different degrees by the addition of commercially isolated ribo¬ 
flavin. Riboflavin is thus made the sole significant variable in the present 
experiments at levels tentatively designated as about 3, 7 and 10 times that 
of minimal adequacy. 

In the first generation, the responses of nutritional well-being appear to 
have reached their plateau at a level of intake about threefold higher than 
that of minimal adequacy (Fig. 1); but the offspring show a further re¬ 
sponse in growth-rate to still further enrichment of the family dietary up 
to perhaps seven to ten times the minimal-adequate level of riboflavin 
intake (Fig. 2). The difference in growth is small when the offspring are 
continued on their respective family dietaries, while much larger differ 
ences appear when such offspring are transferred at the end of infancy 
to an otherwise adequate but riboflavin-free diet. 

Leaving the quantitative aspects of these experiments for the fuller 
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account of the work to be published elsewhere, the following interpreta¬ 
tions are here suggested & (1) that growth alone is not so complete a 
measure of well-being as has sometimes been assumed; and (2) that the 
concept of nutritional improvability of the chemical composition and 
tissue condition of an already normal organism may aid us in obtaining 
a clearer and more accurately comprehensive picture of the chemistry of 
the life process. 



figure 1 

Weight curves of ruts receiving approximately three (3 X), seven (7 X ) and ten (10 X) 
times a minimal-adequate intake of riboflavin, the records for each sex being continued 
as far as we yet have such numbers of cases as to warrant quantitative comparison. 

Growth as an indication of nutritional response has its greatest useful¬ 
ness in those experiments which include also determinations of body com¬ 
position and observations upon entire life cycles and successive genera¬ 
tions. 1 Quantitative studies of the extent to which the riboflavin content 
of the tissues is influenced by increments of nutritional intake such as 
those here described are now in progress. 

The findings of several investigators show that compounds of thiamin, 
of riboflavin and of nicotinic acid all function in the complex enzyme 
system which catalyzes the oxidation process in the body, and that there 
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may be interrelations in their action.* It is partly through studies of the 
enzymic reactions in vitro and partly through feeding experiments such as 
those here reported that we may hope to obtain further light upon the 
questions: to what extent do the thiamin, the riboflavin and the nico¬ 
tinic acid enzymes function independently; to what extent in any defi¬ 
nitely interlinked sequence, so that shortage of one impairs the function¬ 
ing of another; and do any two of them act in parallel in such manner 
that an abundance of one may in some degree ameliorate the effect of a 
shortage of one of the others? 



FIGURE 2 

On the left, growth curves of offspring continued on their family dietaries; on the 
right, a corresponding comparison (though on a different weight-scale) when such off¬ 
spring were placed on riboflavin-free diet at 28 days of age which is considered the end 
of infancy in the rat. 

The discovery by Ellis and Zmachinsky 1 * * 4 that a high level of riboflavin 
intake increases the ability to withstand a deprivation of thiamin , ma y 
afford an affirmative answer to this last cjnestion j or it may be interpreted 
upon the mass-action principle with the hypothesis of a co mmo n dissocia¬ 
tion-product inasmuch as thiamin and riboflavin both contain the pyrimi¬ 
dine nucleus. 

The assistance of Carnegie and Rockefeller grants is gratefully acknowl¬ 
edged. 

1 H. C, Sherman and L. N. Ellis, Jour. Biol. Chem., 104, 91-07 (1934). 

1 (o) H. C. Sherman, H. L. Campbell, and C. S. Lanford, Proc. Nat. Acad. Set., 25 

16-20 (1969); (6) C. S. Lanford and H. C. Sherman, Jour. Biol Chem., 120, 381-387 
(1938). 

* (a) O. M. Helmer and P. J. Fouts, Jour. Nutrition, 10, 271-277 (1938); (b) F B 

Straub, H. S. Corran, and D. E. Green, Nature, 143, 119 (1939); (c) F Liotnann 
Nature, 143,436 (1939), v P ™’ 

4 L. N. Ellis and A. Zmachinsky, Science, 80, 245-246 (1937). 
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GALACTIC AND EXTRAGALACTIC STUDIES, I. ON THE 
CORONA OF STARS AROUND THE GALACTIC SYSTEM 

By Harlow Shapley 
Harvard College Observatory 

t 

Communicated July 11, 1939 

1. The data now available on the occurrence and magnitudes of high- 
latitude cluster-type variables, shown in part by the accompanying tabula¬ 
tions and figure, indicate with greater certainty than has heretofore been 
attained that an extensive low-density “atmosphere” or “stellar corona” 
exists as an integral part of the galactic system. 1 The boundaries are 
necessarily indefinite; but the total thickness across the plane is not less 
than eighty thousand light years—that is, an appreciable number of stars 
is found at distances of the order of twelve kiloparsecs from the galactic 
plane. 

The degree of concentration of cluster variables to the galactic plane can 
also now be provisionally determined. The research on the space distribu¬ 
tion of high-latitude stars, which has been in progress for more than ten 
years, shows that the most distant of these widely distributed objects are 
not, as a rule, intergalactic, even though occasional variables may be essen¬ 
tially or completely free of the gravitational field of our own system. But 
the actual identification of such escaping or transient stars would require 
measures of velocity and an improved knowledge of the mass of the galactic 
system. 

2. The materials used in the present study have been, in large measure, 
derived from Harvard plates. Many of the variables have not yet been 
published. The cluster variables, now entered in our card catalog, 
number more than twenty-three hundred. Over six hundred are in globu¬ 
lar clusters. Of the remainder the distribution in latitude and in apparent 
photographic magnitude may be summarized as follows : 


Galactic latitude less than *= 30° 1204 

Galactic latitude greater than ^30° 481 

Median magnitude brighter than 10 25 

Median magnitude between 10 and 12.5 223 

Median magnitude between 12.5 and 15 853 

Median magnitude fainter than 15 584 


On the basis of the recent detailed study by Dr. Ralph E. Wilson of the 
scale and zero-point of the period-luminosity curve, we may continue to use 
zero as the best value for the median absolute photographic magnitude of 
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cluster variables. 3 It appears, therefore, that the 584 faintest cluster 
variables are among the most distant of known objects in the Galaxy* 
Many have distances in excess of ten kiloparsecs. In general, however, 
only for those faint variables in galactic latitude higher than twenty de¬ 
grees, or for those seen through galactic windows, can the space absorption 
be safely estimated and the indicated great distances discussed quantita¬ 
tively. 

3. For a considerable number of high-latitude fields the series of plates 
examined have been sufficient to make the search for cluster-type variable 
stars practically complete, to the magnitude limit reached with the 10-inch 
Metcalf triplet at Bloemfontein when exposures of forty-five minutes are 
made on Cramer Hi-Speed plates. Fortunately the continuous variation 
and the short periods of these stars make such completeness of discovery 
possible without the extended series of plates that would be required for 
definitive light curves or for the discovery and study of Algol stars. Nor 
do we need for this work a long time interval, such as would be appropriate 
for long-period variables. 

TABLB 1 

Southern IJiklds Included in Survey 


FIELD 

GALACTIC 

LONGITUDE LATITUDE 

GLUCKS* 

VARIABLES 

MWF 202* 

45° 

-20° 

13 

204* 

135 

-20 

3 

209 

0 

-40 

32 

2 tl 

170 

-40 

13 

212 

270 

-40 

25 

213 

0 

-60 

15 

214 

95 

-60 

Y 

215 

180 

-60 

7 

210 

270 

-60 

13 

217 

180 

-80 

8 

218 

356 

-80 

9 

259 

240 

-30 

15 

344 

251 

-27.5 

7 

566 

245 

-46 

13 


♦Half-fields. 

Table 1 contains a list of fourteen fields in the southern galactic hemi¬ 
sphere, with latitudes not less than twenty degrees, in which the search for 
cluster-type Cepheids is taken as complete. The plates examined have all 
been made with the Metcalf instrument (MF series) at the Boyden Station. 
Each field effectively covers eighty square degrees, but for the two fields 
centered on 0 » -20° only the higher latitude half is used in the present 
study. In MWF 209 there are more than five times as many cluster vari¬ 
ables per unit area as in MWF 204; nevertheless the number per field is in 
general fairly uniform since only four out of fourteen fields have less than 
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seven or more than fifteen cluster variables. The total area surveyed, 
over one thousand square degrees, may therefore be considered a sufficient 
sample to give a good preliminary value of the population characteristics 
in the “stellar corona/' On the average there is about one cluster variable 
to every six square degrees. 

Since we are interested in evaluating the variation in number of cluster 
variables with distance perpendicular to the galactic plane, in the part of 
the galactic system easily accessible to us, we do not include fields in the 
neighborhood of the galactic nucleus where the law of the “vertical" dis¬ 
tribution of cluster variables might easily differ, because of proximity to 
the great central mass, from that prevailing elsewhere in the corona of 
stars surrounding the Galaxy. 

The number of completed high-latitude fields in the northern galactic 
hemisphere is as yet too small to give a dependable determination of the 
galactic concentration on that side of the plane. The current observing 
program should provide sufficient plate material within two years to enable 
us to extend to the northern hemisphere the discussion which we now re¬ 
strict to those fields in southern latitudes listed in table 1. 

4. In table 2 the number of variables is given for equal intervals of dis¬ 
tance from the galactic plane, and, in the last column, log N Vf the loga¬ 
rithms of these numbers when reduced to unit volume of space. In com¬ 
puting the distances of the variables from the median apparent magnitudes, 
m, a total photographic space absorption of 0 m .25 has been adopted; that 
is, the corrected distance, r', in parsecs, is given by 

r f sk lO 0 * 2 ^ + 

For these high latitudes a mean value of the space absorption appears ap¬ 
propriate; as does also the assumption implied in the equation that the 
absorption lies wholly this side of the variables. The essential transpar¬ 
ency in the direction of these particular fields is assured by the counts of 
faint external galaxies shown on long-exposure plates. Incidentally, 
globular clusters are not found in any of the fields listed, and the variables 
discussed here are therefore presumably quite independent of clusters. 

The concentration of cluster variables to the galactic plane is shown 
graphically in the accompanying figure (columns 1 and 4 of table 2). 
Whether the same density gradient holds for whatever other stars there may 
be in this outer region can only be surmised. To the accuracy permitted 
by the observations, the density function, shown by table and graph, may 
be written as a linear relation between the distance from the galactic plane, 
r' sin 0, and the logarithm of the number of cluster variables per unit 
volume of space: 

log N f m -0.15 - 0.235 r' sin 0. (1) 
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If we consider only the ten fields (342 variables in 800 square degrees) with 
latitudes from -40° to -90°, the relation becomes 


log N, : = +0.09 - 0.22 r' sin 0. (2) 

when the data are reduced to the same unit volume as used in table 1. 
This second relation is probably to be preferred for two reasons: the space- 
absorption correction is more dependable for the higher latitudes (MWF 
202 is probably affected by the Taurus nebulosity), and the four fields with 
lowest latitude must be more incompletely surveyed than supposed for m 
fainter than 15.0, since the number of variables per unit volume can be 
shown from data in table 1 to be disproportionately small. 


TABLE 2 


Frequency 

or Cluster Variables in South Galactic 

Hemisphere 

INTBHVAL OP 

NVMBRH OP 

MB AN 

LOO NUMBBK 

DUTANCK PROM 

VARIABLBS 

DISTANCK 

RBDirCBD TO 

GALACTIC PLANK 

OB8BBVRO 

RKOM Pt.ANU 

If MIT VOLUMR 

KPC 


KPC 


0.0- 0.6 

1 

0,48 

0.0 

0.5- 1.0 

6 

0.84 

9.93 

1.0- 1.5 

4 

1.22 

9.32 

1.5- 2.0 

7 

1.78 

9.28 

2.0— 2,5 

19 

2.30 

9.49 

2.5- 3.0 

14 

2.69 

9.19 

3.0- 3.5 

9 

3.18 

8.85 

3.5- 4.0 

12 

3.72 

8.85 

4.0— 4.5 

15 

4.25 

8.84 

4.5- 6.0 

13 

4.73 

8.68 

5.0- 5.5 

14 

5.24 

8.63 

5.5- 6.0 

G 

5.70 

8.18 

6.0- 6.6 

13 

6.18 

8.44 

6.5- 7.0 

8 ’ 

0.82 

8.16 

7.0- 7.5 

9 

7.20 

8.16 

7.5- 8.0 

5 

7.75 

7.84 

8,0- 8.6 

6 

8,20 

7.87 

8.6- 9.0 

6 

8.72 

7.81 

9.0- 9.5 

3 

9.22 

7.47 

9.5-10.0 

4 

9.74 

7.54 

10.0-10.5 

1 

10.4 

6.90 

10.5-11.0 

4 

10.76 

7.46 

15.0-16.6 

1 

15.06 

6.56 


In general the entries at the beginning and end of table 2, and the corre¬ 
sponding plotted points, are of low weight because of the ««n<»n numbers 
involved; also, for magnitudes corresponding to r'sin 0 > 10 kpc, im m - 
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tainty arises from the approach to the plate limit. The plotted crosses are 
means of three. The broken line represents equation (2). 

6. The unit of volume used in table 2 is 0.065 cubic kiloparsecs, com¬ 
puted from the sufficiently approximate relation 

14 

Vi =x 0.0010 2 CSC 3 Pi, 

i 


where the indices refer to the fields in table 1 (MWF 202 and 204 are half 
fields) and the coefficient is the volume in cubic kiloparsecs of a cone of 
solid angle eighty square degrees and height 0.5 kpc. From equation (1) 
for the density function it thus appears that at the galactic plane, where 


and 


r'sin p as 0 
N f = 0.71, 


there are 11 cluster variables per cubic kiloparsec. At a distance of ten 
kiloparsecs from the galactic plane this number has dropped to 0.05. Al¬ 
though the rate of decrease is fairly well determined, the space-density is 
not. If (2) is used, we have N v = 1.23 at the galactic plane and we find 
19 and 0.12 variables per cubic kiloparsec for r'sin p = 0 and 10 kpc, re¬ 
spectively. 


LOG Ny 



7. The ten southern cluster variables that are at the greatest distance 
from the galactic plane are the following: 
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tt AMR 

k 

K. A. 
m 

s 

(1900) DBC. 

0 f 

GALACTIC 

LATITUDE 

o 

nMUUIVBD 
MUD. MAO. 

r* sin (t 

KPC 

HV 0426 

0 

08 

20 

-29 

05.4 

-84 

16.15 

15.1 

RZ Sd 

1 

37 

21 

-26 

43.3 

-77 

15.5 

10.9 

RY Phe 

0 

45 

36 

-56 

00.4 

-02 

15.7 

10.9 

HV 6242 

21 

03 

08 

-15 

38.0 

-38 

16.46 

10.7 

HV 6395 

0 

32 

.56 

-54 

19.0 

— 63 

15.6 

10.5 

HV 6373 

0 

38 

50 

- 0 

30.8 

-02 

15.6 

10.4 

AW Aqr 

22 

19 

22 

-24 

08 9 

-68 

16.6 

10.0 

SX Scl 

0 

01 

62 

-30 

10.2 

-82 

15.25 

9.9 

HV 0372 

0 

36 

39 

- 3 

33 0 

-66 

15.35 

9.6 

AR Aqr 

22 

07 

41 

-25 

13.0 

— .56 

15.55 

9.5 


In northern latitudes, several variables with r' sin $ > 12 kiloparsecs are 
known, mostly those found by Baade 8 near the globular cluster N. G. C. 
4147. The very distant cluster variables in Milky Way Fields 233 and 269 
stand well away from the galactic plane, 4 but because the galactic latitudes 
are low, the greatest values of r f sin /3 are, for them, between four and five 
kiloparsecs. 

• These Proceedings, 19, 29-34 (1933) and 22, 8-14 (1930); Harvard Reprints 81 
and 118. 

> Pub. Am. Asl. Soc., 9, 239 (1939). 

> Asl. Nach., 244, 163 (1931). 

• Harv. Ann., 90, No. 9 (1939) and 105, No. 13 (1930). 


CRITICAL POINTS OF A MAP TO A CIRCLE 

By Everett Pitcher 

Department op Mathematics, Lehigh University 

Communicated July 10, 1930 

* 

1. Introduction .—We shall define the critical points of a map on a mani¬ 
fold to an oriented circle and describe how to classify them as to type. 
We shall show that inequalities analogous to the inequalities of Morse 1 
are satisfied by the numbers of critical points of various types and the 
ranks of suitably chosen groups of homology classes. These ranks are in¬ 
variants of the homotopy class of the map and are the connectivities of the 
given manifold for the class of maps homotopic to a point. We "hall 
make several assumptions at the beginning of section 2 in order to simplify 
the exposition of those portions of the theory which are similar to known 
developments and to highlight the novel methods and results of this paper. 
The reader will bear in mind that the theory can be developed with much 
lighter assumptions; the principal results would be group theoretic rather 
than numerical in form, See the developments cited in notes 2 and 3. 



Vol, 25, 1930 


MA THEM A TICS: E. PITCHER 


420 


We shall use the obvious definition of differential critical points in terms 
of the angular coordinate on the circle and shall use Morse's definition of 
type numbers. 4 Our method consists first of defining an induced covering 
space of the given manifold which can be mapped on the given manifold 
by a map which is locally isometric. The covering manifold is such that 
we can define a periodic function whose critical sets cover those of the given 
function and have the same type numbers. Methods due to Morse are 
applied to a convenient fundamental domain to yield the fundamental in¬ 
equalities (Theorem I) between the numbers of critical points of various 
types and the excesses of new cycles over newly bounding cycles of various 
dimensions. Further theorems show that the excesses are positive or zero 
(Theorem II), are independent of the choice of fundamental domain 
(Theorem III), and are invariants of the homotopy class of the map 
(Theorem IV). 

2. The Map and the Critical Sets. —To fix ideas, we suppose L is an n- 
dimensional manifold of class C 4 , defined in terms of overlapping local co¬ 
ordinate systems and carrying a fundamental differential form of class C *♦ 
which defines the metric. On the circle S l we use the angular coordinate 0, 
with 9 increasing in the direction of positive orientation. We assume that 
the map on L to S l is defined by a point function F which is of class C 2 in 
terms of local coordinates. A point of L will be termed a critical point of F 
if it is a differential critical point of the function 0 in the usual sense. It is 
assumed that the images of critical points on S l are isolated. 

With the above assumptions it will be sufficient for our purposes to use 
singular chain topology with integers mod 2 as coefficients, though more 
refined developments demand the use of Vietoris topology. 

By a critical set we shall mean a component of the set of critical points. 
The image of a critical set is a point. To a critical set is assigned a set of 
type numbers [m 0 , m u ..., m„] namely, the set of type numbers assigned by 
Morse 4 to the set as a critical set of the function 0. We recall that the set 
of type numbers of a critical set depends only on the function on a neighbor¬ 
hood of the critical set and is independent of alterations in the function and 
the space elsewhere. The count of critical points of type k is the sum Mu of 
the numbers m* over all critical sets. 

3. The Induced Covering Space, —We shall develop the idea of the in¬ 
duced covering space. Let po be a fixed point of L and let 0o be a value of 0 
at F(po) . Along any curve X joining p 0 to a point p, 9 is uniquely determined 
as a continuous function of the parameter on X, and consequently the path 
X determines 0 at p uniquely. The determination of 9 by two paths, X and 
Mi is the same if and only if the two maps F{\) and F(u) are homotopic on S l 
when their end-points are held fast. The different values of 0 at p differ by 
integral multiples of 2ir. Either (case I) there is one possible value 0 P of 9 
at p t or (case II) there is a positive integer a such that the possible values 
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of0at£arefy> + 2mar t m ~ 0, *1, ±2, ...,with0* any particular deter¬ 
mination at p , Whichever situation holds at one point of L holds at all 
points, and in the second case the value of a is independent of the point p . 

The points of the induced covering space K are pairs (p> Bp) where p is a 
point of L and Bp is a determination of 6 at p. Let <p denote the map on K 
to L in which [p , B P ) is carried into p . We readily define the metric on K in 
such a way that the map <p is locally one to one and isometric. Except for 
notation this definition is independent of po and dp. 

4. The Function on the Covering Space .—On K we define a point function 
F* by the relation 

F*(P, Bp) = Bp. 

Let \p(B) denote the point of S l with angular coordinate 6. Then ^ is a 
map on the line to the circle. The two maps Ftp and ^F* on K to S l are 
identical. The critical sets of F as defined in section 2 and of F* in the 
usual sense correspond under and have the same sets of type numbers. 

The covering space admits a group of translations under which its map 
on S l remains fixed. In case I, this group is the identity, while in case II 
it is generated by the translation T which sends (p, B p ) into (p t B p + 2ira). 
In case I, K is the. fundamental domain of the translation and is uniquely 
determined. In case II, the set of points where a ^ F* < a + 2ira is a 
fundamental domain for any value of a and we shall use only domains of this 
form. We let A and B denote numbers such that A < F* < F in case I 
and a and a + 2ttq£ in case II. 

We term a cycle on if a new cycle relative to (A , B) if it lies on F < B and 
is not homologous on F< B to a cycle on F < A. We term a cycle on £ a 
newly bounding cycle relative to (A, B) if it lies on F < A and is homologous 
to zero on F < B but not on F < A . We count new cycles or newly bound¬ 
ing cycles independent if every proper linear combination is respectively a 
new cycle or a newly bounding cycle. We term a cycle on K a new cycle 
which bounds provided it is a new cycle and bounds on FT. 

The fundamental domain was so chosen that the count of critical points 
on it of type k is Mh- Methods similar to those of Morse* serve to prove 
the following theorem. 

Theorem I. If M* denotes the count of critical points on L of type k and 
Q* denotes the count of new k -cycles less the count of newly bounding k -cycles 
relative to (A, B) then the following inequalities hold . 

M* — + . ■. + (—1)*M 0 ^ Qk — Q*-i + ... + (— 1)*Q&* 

Here k * 0,1, ..., n and the equality holds when k * n. 

We have the following theorems. 

Theorem II. The numbers Qk are independent of the choice of the funda¬ 
mental domain . 
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TttttpREM III. The count of newly bounding k -cycles is equal to the count 
of k -cycles which bound . Thus 0. 

Theorem IV. The numbers Q* are invariants of the homotopy class of the 
map F. 

Theorem II is a byproduct in the proof of Theorem I. The proof of 
Theorem III depends on the use of the cycle limits 6 developed by Morse 
and on the existence of the translation T. To prove Theorem IV we show 
that any deformation of a map of L can be replaced by a sequence of def¬ 
ormations each of which leaves a fundamental domain on K topologically 
invariant. 

1 Morse, M., “Calculus of Variations in the Large," Am, Math. Soc. t Coll. Publ., New 
York, 1934, Ch. VI. The basic theorem is Theorem 7.4. 

* Morse, M. f Ann. Math., 38, 386-449 (1937). 

* Morse, M., “Functional Topology and Abstract Variational Theory/ 1 Memoriale des 
Science Math 92; Paris (1939). 

4 See reference 1, sections 2 and 7. 

6 See reference 1, Theorem 7.3 and relation 7.10. 

* See reference 2, section 4. 


GROUPS CONTAINING A PRIME NUMBER OF NON-INVARIANT 

SUBGROUPS 

By G. A. Miller 

Department op Mathematics, University op Illinois 

Communicated July 1, 1939 

1. General Considerations .—For the sake of clearness we shall use the 
term subgroups in the present article in the sense of a proper subgroup, 
excluding both the identity and the entire group from the subgroups of a 
given group G. The non-invariant subgroups of G are transformed under 
G according to a substitution group to which G is a, 1 isomorphic. The 
subgroup of order a in G which corresponds to the identity of this substitu¬ 
tion group includes the central of G and is invariant under G. A necessary 
and sufficient condition that this substitution group is transitive is that all 
the non-invariant subgroups of G constitute a single set of conjugate sub¬ 
groups under G. If this substitution group is of degree n and involves a 
substitution of degree n then to the cyclic subgroup generated by this 
substitution there corresponds at least one cyclic invariant subgroup of G, 
because a group is transformed into itself by each of its own operators. 

If G contains two and only two non-invariant subgroups these subgroups 
are transformed transitively under G. This is also true when G contains 
three and only three non-invariant subgroups since every substitution 
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group of degree 3 is transitive. It follows from the octic group that when 
G contains four and only four non-invariant subgroups the corresponding 
substitution group is not necessarily transitive. To the cyclic substitution 
group generated by the substitution of degree 4 in this substitution group 
of order 4 there corresponds the cyclic subgroup of order 4 in the octic 
group, and a « 2 in this special group. The invariant cyclic subgroup of 
order 4 in the octic group illustrates the theorem stated at the close of the 
preceding paragraph. The subgroup of order a in the octic group which 
corresponds to the identity of the substitution group of transformation of 
the subgroups of the octic group is the central of the octic group. 

We proceed to prove that when G has exactly five non-invariant sub¬ 
groups then the corresponding substitution group of transformation of 
these subgroups is necessarily transitive and hence these five subgroups are 
conjugate under G. If this substitution group would be intransitive its 
transitive constituents would be of degree 2 and of degree 3, respectively. 
The Sylow subgroup whose order would be a power of 3 would be invariant 
under G since G could not involve as many as four such subgroups. The 
subgroup H of G formed by all the operators of G which are commutative 
with each of its two conjugate ^subgroups would be of index 2 under G and 
would contain the invariant Sylow subgroup whose order is a power of 3. 
If H would involve operators which are not commutative with every 
operator of this Sylow subgroup then G would involve more than one set 
of three-conjugate subgroups. 

Hence, it results that all the subgroups of II would be invariant under //, 
and therefore II would be either abelian or Hamiltonian. 1 In either case 
it would be the direct product of its Sylow subgroups and all of its Sylow 
subgroups would be abelian except possibly the Sylow subgroup whose 
order is a power of 2. If this subgroup would not be abelian it would be the 
direct product of the quaternion group and an abelian group of type 1*, 
according to a known theorem. A Sylow subgroup of order 2 m contained 
in G would involve two and only two non-invariant subgroups. If all the 
operators of such a Sylow subgroup would be commutative with every 
operator of the Sylow subgroup whose order is a power of 3 contained in H 
then G could not contain a set of three conjugate subgroups. It thus re¬ 
sults that G would contain three Sylow subgroups of order 2 W which would 
separately involve two and only two non-invariant subgroups. The rest 
of the proof follows directly from the following section. 

2. Groups Containing Two and Only Two Non-invariant Subgroups 
If a group G contains two and only two non-invariant subgroups it contains 
a subgroup H of index 2 which is composed of all the operators of G which 
are commutative with each of the two non-invariant subgroups of G. As 
all the subgroups of II are invariant under // it results that H is either 
abelian or Hamiltonian. We shall first prove that II could not be Hamil- 
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toniatl. It was noted above that if it were Hamiltonian it would be the 
direct product of an abelian group of odd order and a group whose order 
is of the form 2 m . Since G is supposed to contain only two non-invariant 
subgroups this abelian group of odd order is the identity and the given group 
whose order is of the form 2 m is known to be the direct product of the 
quartemion group and an abelian group of type 1*. Hence this group 
whose order is of the form 2 m would contain a characteristic subgroup of 
order 2* + \ composed of its operators of order 2 and the identity. 

If k would exceed unity G would involve more than one invariant opera¬ 
tor of order 2 and hence more than one set of two conjugate subgroups, 
since a subgroup having two such conjugates multiplied by an invariant 
operator of order 2 would give such a set It should be noted that all the 
operators of G which are not also in II generate the commutator subgroup 
of G and that this commutator subgroup is of order 2 since the square of 
every operator of G is in H. If k * 1 and H is Hamiltonian the order of G 
is 32. Such a group would involve more than one set of two non-invariant 
subgroups and hence it is excluded from the present consideration. It is 
obvious that G could not be of order 16 if H is Hamiltonian. It therefore 
results that II is abelian and it will be convenient to assume in what follows 
that the order of G is exactly 2 m . 

The number of the invariants of II cannot exceed two because G cannot 
involve more than one invariant operator of order 2. One invariant of H is 
therefore 2 m “ 9 while the other is 2 where m g: 4. The central of G is 
cyclic and of order 2 m ” 8 and the two conjugate subgroups of G are of order 
2, All the operators of G which do not appear in II are of order 2 m ” 1 and G 
contains exactly two cyclic subgroups of order 2 W “ 1 and is conformal with 
the abelian group of type w — 1,1. It is obtained by extending the cyclic 
group of order 2 W ~ 1 by an operator of order 2 which transforms all its 
operators into their 2 W “ * + 1 power. All the proper subgroups of G are 
abelian and the total number of its subgroups is 3 (m — 1). Only one of 
the three subgroups of order 2 is invariant but there are three invariant 
subgroups of every other order from 4 to 2 m “ 1 inclusive. The number of 
cyclic subgroups is 2m — 1 and the number of the non-cyclic subgroups is 
m — 2. In particular, the following theorem has been established: There 
is one and only one group of order 2 m , m > 3, which has exactly two non-in¬ 
variant subgroups. This group is conformal with the abelian group of type 
m — 1, 1, 

By means of these results it is easy to complete a proof of the theorem 
that if an intransitive group contains exactly five non-invariant subgroups 
they must be transformed transitively under the group, and hence the 
intransitive groups of this degree are not groups of transformation of sub¬ 
groups, It results from the direct product of the symmetric group of order 
6 and a group of order 2 that when a group contains exactly six non-invari- 
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ant subgroups it does not necessarily transform them transitively and the 
tetrahedral group illustrates the fact that a group which contains exactly 
seven non-invariant subgroups does not always transform them transitively. 
When the prime number p exceeds 2 there is obviously a group of order 
pk a , k being an arbitrary prime divisor of p — 1 and a being an arbitrary 
positive integer, which has exactly p non-invariant and non-commutative 
subgroups and transforms them according to a transitive substitution 
group. If we combine this with the theorem expressed at the close of the 
preceding paragraph it results that for every prime number there exists an 
infinite system of groups which separately contain exactly this number of non- 
invariant subgroups and transform these subgroups according to a transitive 
substitution group. When the prime is even there is only one such system 
but it will be seen that there are two such systems when the prime is odd. 

3. Suppose that the group G contains exactly p non-invariant sub¬ 
groups and that these are both conjugate and relatively commutative. 
Hence G transforms these p subgroups according to the cyclic group of de¬ 
gree p and the subgroup H in G which corresponds to the identity of this 
cyclic group is abelian since p is supposed to be an odd number. To the 
cyclic group of transformation of the subgroups of G there corresponds a 
cyclic invariant subgroup of G whose order is a power of p. Each of the 
operators of G which is not in H generates the commutator subgroup of G 
and hence this commutator subgroup is of order p and the order of G is p m . 
The p con jugate subgroups of G are of order p since II is non-cydic and not 
all of its p + 1 subgroups of order p can be invariant under G for if all of 
these would be invariant under G there would be more than one set of p 
conjugate subgroups under G . 

The central of G is cydic and of order p m ~ 2 . All of the proper subgroups 
of G are abelian and all the operators of G which are not also in H are of 
order p m ~ 1 and hence there are p cyclic subgroups of order p m ~ 1 in G. 
There are p cydic subgroups and one non-cydic subgroup in G of every 
order which exceeds p and is less than p m , and hence G is conformal with 
the abelian group of order p m and of type m - 1,1. This completes a proof 
of the following theorem: For every odd prime number p there is one and 
only one group of order p ra , m > 2, which has exactly p non-invariant sub¬ 
groups which are both conjugate and relatively commutative . This group is 
conformal with the abelian group of this order and of type m — 1, 1. If a 
group has p and only p non-invariant subgroups which are conjugate but 
not relatively commutative then the prime number p is necessarily odd and 
the number of possible groups for each odd prime number is infinite as was 
noted above. The smallest such group for every such value of p is the dihe¬ 
dral group of order 2p. 

1 G. A. Miller. Collected, Works, I, 206 (1936). 
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IDENTIFICATION OF TWO SUBSETS 
By Everett Pitcher 

Department of Mathematics, Lehigh University 
Communicated July 10, 1939 

1. The Problem and the Motivation .—The theorems of this paper are 
motivated by the Mayer-Vietoris formulas, 1 which they include. Our 
form of statement is suggested by the exposition of Alexandroff and Hopf. 2 
In the simplest case, we have a complex K containing two subcomplexes 
Ci and C%, separated in K and each a copy of a complex C. Points of 
C\ and C 2 corresponding to the same point of C are identified, thus making 
a new complex L. Our theorems relate the homology groups of K t L and 
C . The most important tool in the study is the section on C, a cycle defined 
by the property that the difference of its copies on C\ and C 2 bounds on K. 
The Mayer-Vietoris formulas cover the case in which K is separated into 
two complexes, Ki and K it containing Ci and C% } respectively. In the 
familiar form of presentation, L is considered as covered by subcomplexes 
Ki and K% whose set-theoretic intersection is C. Our section is the natural 
generalization of the Nahtzyklus . 

We note that A, B. Brown 8 has obtained relations for a complex which 
imply our Corollary for some non-negative numbers n k . His definitions 
of these numbers is indirect and his result is weaker than our theorem. 

Section 2 is devoted to the statement of the theorem in the simplest 
case, together with indications of proof. Section 3 contains brief state¬ 
ments of the features involved in a variety of extensions. 

2. The Identification of Two Subcomplexes .—Let if be a complex and let 
C\ and C% be separated subcomplexes which are copies of a complex C. 
Let L be the complex obtained from K by identifying cells of C\ and C* 
which are copies of the same cell of C. A map on K to L t denoted by /, 
is thereby defined. It will be applied to chains of K in the usual manner. 
It is the inverse of a map g, in general multiple valued, on chains of L. 
See (1) and (2) We let b Ki d Li b c denote the boundary operators on 
K, L, C and rjfc, r£, r& A-chains. In (3) and (4) below, r? and r* s 
are copies of Ci and C, of an arbitrary A-chain F*. The maps / and g 
have the following formal properties. 


fgrt 

1 L 

0) 

zSTk 

* Fk + r{ — rf 

(2) 

f^K 

- zjr k 

(3) 


- d K gri + r,*- 1 - r,* -1 . 

(4) 
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In relation (4) there are apparently three places where a choice can be 
made, namely, two determinations of g and a choice of r*. Only two 
of these can be made freely and the third is then uniquely determined. A 
similar remark holds for relation (2). 

We denote the AT-dimensional homology group of K by B*(K). The 
index k varies from 0 to », the dimension of K. The coefficient group is 
arbitrary. The subgroup of B k {L) consisting of classes of cycles T* for 
which some gr£ is a cycle we denote by S*. Such a cycle or homology 
class is said to have a cycle representation on K. Some cycles have the 
property that the difference of the copies rf and fj on Cj and C% bounds 
on K . Such a cycle is termed a section and so is its homology class. The 
homology classes of sections form a subgroup N k (C) of 2?*(C). We let T k 
denote the subgroup of B*(K) consisting of the classes of cycles F* for 
which fV k K bounds on L. 

We shall state our principal theorem. 

Theorem. The following isomorphisms hold . 

B k (L) mod S k (L) ~ N k ~ l (C) (5) 

B*(K) mod IX« S* (k - 0, 1. n) (6) 

B k (C) mod N k (C) « T* (7) 

It is necessary to define N~ l (C) as the group of one element so that (5) 
have meaning when k = 0. 

In proving (5), we associate with each &-cycle r* a section on C, 
This is any section Tc~ l whose copies rf and T* are such that 

r{-‘ - rj~ l * d Kg rl 

It is readily shown from (4) that the homology class on C of sections of a 
homology class on L is uniquely determined. We can thus speak of the 
section of a homology class. The group N k ~'(C) is the group of sec ti ons 
and S k is the group of classes with null sections. The isomorphism (5) 
follows. 

To prove (6), we map each homology class of B*(J£) into its image on 
B*(L) under/, observing that 5* is the subgroup of B k (L) which is covered 
and P is the subgroup carried into 0. 

In proving (7) we map each cycle r£ into the difference of its copies on 
Ci and Ca and consider the induced map of B k (C) to B k (K). Prom (4) 
and (2) we can show that T k is the subgroup of B k (K) which is covered. 
It is readily seen that N k (C) is the subgroup mapped into 0. Then (7) 
follows. 

We let f(K) and n* denote the ranks of B k (K) and N*(C), respectively. 
We replace the relations among groups in the theorem by the equations 
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among their ranks and eliminate the ranks of S k and T k . We have the 
following corollary. 

Corollary. 


P*(L) * p>(K) - p»(C) + n* + n*“ l . (8) 

3. Four Extensions—An extension of the preceding results is to the 
case in which C\ and C 2 are not separated and are not subcomplexes. Let 
D\ and D% be subcomplexes of K which are copies of a complex D. Let 
C j and C 2 be the copies of a subset C of D whose closure is D . The subset 
C may fail to be a complex in that faces of lower dimension which should 
be present are not. Suppose that A and D% are so imbedded in K that 
the cells of D\ — Ci and D% — which are copies of the same cell of D are 
identical on K , while cells of C\ and C 2 are distinct. As before L is the 
complex obtained from K by identifying corresponding cells of C\ and C 2 . 
In this case, the theorem of section 2 holds provided on C the topology of 
C mod (Z> — C) is used. 

A second extension is to the case of singular chain topology. Here K 
is a compact metric space with closed separated subsets Ci and C 2 each 
horneomorphic with a space C. The space L is obtained by identifying 
corresponding points of C\ and C 2 , and C may thus be regarded as imbedded 
in L. In order to proceed along the lines suggested in section 2, we make 
the following assumption. 

Deformation Hypothesis. There is a deformation of a neighborhood of 
Ci onto Ci which leaves points initially on C] fixed. Further , there is a def¬ 
ormation of a neighborhood of C 2 with the analogous property. 

Some cells on L may have no inverse cell images on K t but any cycle on 
L is homologous to one with the property that its cells have inverse cell 
images on K, and any boundary on L with the property bounds a chain 
with the property. The proofs of these facts depends on the deformation 
hypothesis. It is thus necessary to consider on L only chains with the 
property. This same effect could be achieved with suitable chain deforma¬ 
tions. 

The theorem of section 2 now follows, and with similar proof. The 
index k is unbounded. 

A third extension is to the case of Vietoris cycles with coefficients from 
a field. The basic idea in the extension is to imbed K in a space K t in 
which the ^neighborhood of Ci and C 2 is horneomorphic with that of C on 
L. Representation and section are readily defined for the map of K t to 
L and, letting e approach 0, for K to L. We use here a theorem 4 that if a 
homology class has a member on every neighborhood of a closed subset of 
a compact space then there is a member on the subset as well. 

Again it is possible to prove the theorem of section 2. 

A fourth extension is to cohomology groups. If cycle, homology land 
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boundary in the part of section 2 up to and including the corollary are re¬ 
placed by cocycle, cohomology and coboundary, and if the occurrences of 
k — 1 are replaced by k + 1 , then the extension will be stated. 

1 Mayer, W., Mottalsh. Math. Phys 36 , 1—42 (1929); Victoria, L., Ibid., 37 , 159—162 
(1930). 

* Alexandroff, P., and Hopf, H„ Topologie, I, 287-299. Compare Satz V and rela¬ 
tions (8) and (9) with our theorem. 

* Brown, A. B., these Proceedings, 16 , 401-406 (1930). 

4 Morse, M., Annals of Math., 38 , 386-449 (1937). Theorem 3.1. 


THE WEAK TOPOLOGIES OF BA NA CH SPA CES 

By A. E. Taylor 

University of California at Los Angeles 
Communicated July 3, 1939 

§1. By a linear topological s space L we mean a real linear space in which 
there is defined a Hausdorff topology with respect to which the operations 
of addition and scalar multiplication are continuous. It is known that 
such a space may be defined postulationally by means of a family U of 
sets U, called neighborhoods of the origin, and satisfying certain postu¬ 
lates. 1 We adopt the definitions of boundedness and total boundedness 
for sets in L, as given by von Neumann (see reference in footnote (1)). We 
consider four notions of completeness for L t and denote them by C u C*, 
C 8 , Ci, respectively. C\\ L is sequentially complete if every sequence 
( x n } such that x n — x m 0 has a limit x in L; C*: L is topologically com¬ 
plete if every closed, totally bounded set in L is compact. C% and C< are 
based on the notion of Moore-Smith convergence of directed sets. 2 A di¬ 
rected set {x„\ is fundamental if x„ — xj 0. Lis complete in the sense 
Ca if every fundamental directed set has a limit. L is complete in the 
sense C*, or boundedly complete , if every bounded, fundamental directed set 
has a limit. It is known that C* —> Ci, and clearly Ca —♦ Ci -♦ Ci. 

§2. Let £ be a Banach space, £* its conjugate space.* If G is a non¬ 
empty subset of £*, /i, ..., f n « and e > 0, denote by U{f u ... /*; t) 
the get of points x e E such that | fi(x) | < e, t * 1, ... n. The family 
ffi(C) of such sets, when taken as the neighborhoods of the origin in £, 
satisfy the postulates for a linear topological space. We denote this space 
by ffi if G “ £*. In the same way we may introduce a topology in £*. 
If the set G in E** which is used is £** itself, we call the resulting space 
If G is the set of elements in£** which are representable in the form F(f) ® 
f(x) for some xtE and all /« E* t the space formed with the elements of £* 

V / i ■ 
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is denoted by 6*. £ is said to be reflexive if all elements of E** are so repre¬ 
sentable. In this case 6* and 6* are identical. 

A set G C E* is called a set of determination if it is closed in £*, and if 
su PU/H-il /(*) I ^ M\\x\\ t x e E, f being restricted to G, and M a positive 
constant. E* itself is a set of determination in £*, and the above men¬ 
tioned set in £** is a set of determination; It may be shown that if G is 
a set of determination in £*, a set 5 C E is bounded in the U (G) topology 
of E if and only if it is totally bounded. This is the case if and only if 
||*[| g C for some C > 0 and all * e 5. It is proved that 6* isboundedly 
complete. ® is boundedly complete if and only if E is reflexive. 4 

It is convenient to say that E has the property W if its unit sphere is 
weakly compact—i.e., if every sequence { x n } with ||jcJ| ^ 1 contains a sub¬ 
sequence which converges to a limit in the topology of ®. Similarly E* is 
said to have the property W, * if every sequence {/ n j with ||/J| gj I contains 
a subsequence which converges to a limit in the topology of 6*. If S(E) 
denotes that E is separable, with similar meanings for 5(6), W(E) t 
etc., a number of theorems can be given symbolic statement as follows: 

5(6*) + Cm W(E); W(E) C a (6). 

5(6) + Cj(6*) ^ W*(E*); W*(E*) Ck((g*)* 

S(E*) + Ci (6) ^ C,(6). 

S(E) C a (6)„. 

However, S(E) + C a (6) does not imply C a (6) (for example, the Banach 
space (/)). Also, if R(E) means that E is reflexive, 

5(E) + C a (6) R{E) v± Cm - W(E) C a (6). 

Thus, for separable spaces £, C*(6) and C*(6) are equivalent. The same is 
true for 6 % if E* is separable. Another result of interest is that C*(®*) 
holds if and only if there exists no distributive, non-continuous functional 
on £. 

§ 3 . ifr is a distributive operation defined on a Banach space E u with 
values in a second Banach space E%, the study of the interrelations of its 
continuity properties in the norm topologies and in the topologies of @i,®s 
shows that it is continuous as a function on Ei to E% if and only if it is con¬ 
tinuous as a function on (Si to <Ss. Similarly if T is distributive on £1 to 
Ei* it is continuous (according to the norms) if and only if it is continuous in 
the (Si. (St* topologies. If T is distributive on (Si* to (St» and continuous, 
it is continuous according to the norms in Ei*, £,, but the converse is not 
true in general. Likewise if T is distributive on (Si* to (St*> and continu¬ 
ous, it is continuous on Ei* to JEi*. The converse again fails to hold. 

Finally we remark that if a Banach space is isomorphic (in the sense of 
Banach) with a reflexive space, it is reflexive. This is helpful in showing 
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the following: if there exists a one to one, bicontinuous mapping of Ei on 
(5,„, Ei and E t * are isomorphic, and both are reflexive. 

1 See John von Neumann, Transactions of the American Mathematical Society, 37, 1-20 
(1935), especially p. 4. Also J. V. We hausen, Duke Mathematical Journal, 4 , 157" 169 
(1938). 

* See Garrett Birkhoff, Annals of Mathematics , 38, 39-50 (1937). 

3 We use E* instead of E, the latter notation being that of Banach, OpSrations Link- 
aires, p. 100. 

4 This is essentially a result due to Goldstine, Duke Mathematical Journal , 4 , 125-131 
(1938). 


ABSTRACT FLAT PROJECTIVE GEOMETRY 1 

By A. D. Michal and A, B. Mewborn 

Department of Mathematics, California Institute of Technology 

Communicated July 12, 1939 

1. Consider an arbitrary geometric space of points II with allowable 
coordinates in a Banach space"#. Let #i be a second Banach space of 
couples X = (x t x l) ), where x is in B and x 0 is a real valued gauge variable, 
and assume that there exist ‘ 'projective coordinate systems” (denoted as 
p.c.s.) on subsets of II to B subject to a set of five postulates analogous to 
those of Veblen and Whitehead. 2 It is to be noted that in none of the 
spaces here considered is there an independently postulated inner product 
or contraction. 3 

Let U(x) on subsets of B to B x be any transformation from allowable to 
projective cobrdinates, such that A (A") = e f ‘U{x) is a projective scalar of 
class C (s) whose Fr&het differential A (X; Y) is a solvable linear function 
of the projective contravariant vector (denoted as p.c.v.) Y in B[. 

Change of Representation. —This will consist of a simultaneous change of 

I,, ' ,,r 

allowable coordinates x — x(x) and a change of gauge variable = x° -f 
log p(x), where p(x) is scalar field valued, positive and of class C (,) . 

Projective Connection. —The components of this geometric object are 
functions with arguments and values in B t expressed in terms of jl ( X) by 

n(X, Y,Z) = A~ l (X,A(X; Y; Z)). ( 1 ) 

Projective Curvature Form.- -This is a geometric object whose compo¬ 
nents are expressed in terms of the components of the projective connec¬ 
tion by 

B m (X, Y, Z, W) = n(Jf, Y, Z; W) 

~n(A', Y, W; Z) + n(A, U(X, Y, Z), W) 

-n(A", II(X, Y, W), Z). 


( 2 ) 
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Theorem 1. The projective connection (i) has the following properties: 

a. It is symmetric and bilinear in Y, Z; 

b. It is invariant under any solvable linear transformation of A(X); 

c. It is independent of x°; 

d. It is of the form 

(spy + y*z + F(x, y , z ), v°5° + T°(x, y, z )) (3) 

where, if we denote A" l (X, Y) by (e^° l(x, Y), e“* n l°(x, Y)), l(x, Y) and 
l°(x, Y) being valued in B and the reals, respectively, and linear in Y of B u 

r(*. .v, z) = l{x, U(x; y; z)) ) 
r °(x,y,z) = P(x, U(x; y; z)).f {V 

Theorem 2. If Y and Z are p.c.v. then 

a. Under change of representation X = A'(X), ri(X, Y, Z) transforms as a 
component of a linear connection according to 

n(x, Y, z) = x(X; n(X, Y, Z)) + X.(X; x(x ; Y; z)) (5) 


b, r(x, y, z) transforms as a component of a linear connection under allow¬ 
able change of coordinates; 

c . F°(x> y, z) is scalar field valued. 

The proofs of the above two theorems involve only direct applications of 
our definitions and assumptions, along with some theorems of Kerner and 
Schauder-Banach and the definition of Fr£chet differential. It also can be 
shown by the same method that the curvature form (2) is identically zero, 
hence we are dealing in the present case with a flat projective geometry. 
The laws of transformation under change of representation of the forms (4) 
have been derived by the aid of theorem 2. 

Theorem 3. Any solvable linear function F(A(X)) = ,3(X) of A(X) is 
a solution of the differential system 

3(X; Y; Z) - 3(X; U(X, Y, Z)) 

£(X; (0, /)) - y°S(X). 

Here, if U(x) is a transformation from x(p), p in H, to a particular p.c.s. 
Ux(p), then ^x(p) can be any p.c.s. obtainable from x(p) depending on the ar¬ 
bitrary choice of F(A). 

2. Now we consider a converse problem in which the geometric space is 
a Hausdorff topological space with allowable coordinates* in the 
Banach space B. The space Bi is as before, but we now assume x — x(x) 
in the change of representation to be allowable K (3 \ 

Projective Connection II(JY, Y, Z). —This geometric object is now assumed 
to be part of the structure of our space and satisfies the postulates: 
a. It is symmetric and bilinear in Y and Z; 
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b. n(x, (o, y), z) - yz ; 

c. It is of class C (1) locally uniformly; 4 

d. H(A r 1 Y t Z; W) has the 6-property (see below) with respect to Y for 
each Z; 

e. If Y and Z are p.c.v., then T1{X, Y t Z) transforms as a component of 
a linear connection under change of representation; 

/. The curvature form based on this Il(X t Y, Z) is identically zero. 

The h-Property— Let/(a;, y) have arguments and values in Banach spaces. 
The Fr6chet differential /(x 0l y: *) of f(x, y) at x = x 0 is said to have the 6- 
property with respect to y if for every t > 0 and a > 0 there exists a 
6(e, a, Xq) > 0, independent of y such that 

I|/(*o + z, y) - /(*o, y) - /(*o, y; *)|| ^ «||s|| 
for ||s|| < 5(«, a, Xi.) and ||y|| < a. 

The Banach Ring Rj.—The set of all linear transformations L(X) on Bi 
to B] form a “Banach” ring of elements L under suitable definition of opera¬ 
tions and norm. 8 'HAT, •; W) will denote the Ri space correspondent of 
^(.A, Y; TT) as a linear function of Y, but II (A r , Z; W) and <b(X; W) will 
mean the Fr&het differentials'in Ri of II(X, Z) and 'h(A'), respectively. 

Under the assumptions and definitions of this section we now present a 
body of theorems leading up to a differential system whose unique solution 
establishes a system of p.c.s. equivalent to that assumed in the first section. 

Theorem 4. Let n(X, Z) be any function with arguments in Bi and values 
in Ri, linear in Z, of class C (1) in X uniformly on (Xo)« and satisfying 

B ( j)(X, Z, W) = II(X, Z; W) - n(X, W; Z) \ 

+n (x, w)ii(x, z) - n(x, z)n(x, w) = o. / 

Then the differential system 

P(X; Z) - P(X)H(X, Z) 

P(X 0 ) - P 0 , 

where Po is an arbitrary dement of Rj, has a unique solution P(X). 5 

Theorem 5. If, in addition to the hypotheses of theorem 4, we assume Po 
has an inverse Po -1 . then there exists b, 0 < b £ a such that for all Kin (Xo)» 
the unique solution P(X) above has an inverse P -l (X). 

Theorem 6. Let ¥(X, Y) have arguments and values in B t and be linear 
in Y, and let ¥(X) be its Rj space correspondent. Then a necessary and suffi¬ 
cient condition that ¥(X; Z) exist at X ■ Xo and that 




^ (Xo; Z) ■ ¥(Xo, *; Z), (10) 

is that the Frichet differential ¥(Xo, Y; Z) exist and have the b-properly. 



Vol. 25, 1939 MA THEM A TICS: MICHAL AND MEWBORN 


443 


Theorem 7. There exists a neighborhood (X 0 )i, of each Xu of any coordinate 
domain such that the differential system 


P(X, Y; Z) = 
P(X 0 , V) « 


P(X, n(x, y, z» 
Po(V), 



where Po(V) is any arbitrary solvable linear function of V, has a unique solu¬ 
tion P(X, Y) linear and solvable in Y for ail X in (Xo)t>. 

The following is the crucial theorem toward which the above have been 
leading, and is the principal result of this paper. 

Theorem 8. Under the assumptions of this section there exists a number 
b > 0 for each xo of any allowable K <3) coordinate domain such that the dif¬ 
ferential system 


<8(X; Y; Z) * ,S(X; II(X, Y, Z)) 

3(X; (0, y 0 )) - y»3(X) 

3(Xo) - 


8<X o; V) - P 0 (V) 

t 

Po((0, 1)) - So 


(an arbitrary solvable 
linear function of V) 



has a unique solution $(X) for X in (Xo) b . This solution is of the form 
e* 0_ Vu(x) and its differential ,3(X; Y) is a solvable linear function of Y. 
Further <3((x(p), x 0 )) for p in H establishes a set of projective coordinate sys¬ 
tems, one system for each choice of Po(V). The p.c.s. so obtained satisfy the 
five postulates assumed for p.c.s. in section one . 

In closing we remark that the 6-property, as defined and used here, is 
automatically satisfied by differentiable functions in finite dimensional 
arithmetic spaces. Further, we have verified by examples that there exist 
some Hilbert space functions for which it does not hold, yet it is satisfied 
for one class of functions in unconditioned Banach spaces. 

Complete proofs of all our results will appear in a comprehensive paper 
to be published elsewhere. 


2 Presented to the American Mathematical Society, April 15,1939. 

* Veblen, 0., and Whitehead, J, H. C., The Foundations of Differential Geometry , Cam¬ 
bridge Tract No. 29 (1932). 

1 Michal, A, D., “General Projective Differential Geometry/* these Proceedings, 23, 
546-548 (October, 1937); “General Differential Geometry and Related Topics/* Bull. 
Amer. Moth. Soc. t 45 (in press) (1939). 

4 Allowable codrdinates are subject to a set of four postulates given on page 5 of 
Michal, A. D., and Hyers, D, H., “Theory and Applications of Abstract Normal Co¬ 
ordinates in a General Differential Geometry,* 1 Annali d. R. Scuola Norm. Sup. di Pisa, 
ser. II-yiI, 1-19 (1938). 

* The proof of this theorem depends on theorem 3.1, Michal, A. D. and Elconin, V., 
“Completely Integrable Differential Equations in Abstract Spaces/' Acta Mathematica , 
66 , 71-107 (1987), also in these Proceedings, 21, 534-536 (1935). 
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DEVELOPMENTAL CHANGES IN APICAL MERISTEMS 

By W. Gordon Whaley 
Department of Botany, Columbia University 
Communicated July 20, 1939 

The primary meristem is essentially the functional embryo of a plant. 
It remains undifferentiated, continually gives rise to new cells and is the 
ultimate source of all the organs of the plant. It has been studied for the 
most part in relation either to phyllotaxis or to the problem of germ layers. 
The significance of this meristem in the ontogeny of the plant has been 
stressed, but little attention has been given to ontogenetic changes within 
the meristem itself. Such changes obviously underlie its r61e in plant 
development. In an attempt to determine what changes take place in the 
apical meristem of the shoot during post-embryonic growth and their rela¬ 
tion to growth of the plant as a whole, a series of developmental studies 
was made of these meristems in three species of tomato, Lycopersicon escu- 
lentum, L. racemigerum and L. pimpindlifolium. 

Methods .—Plants of each of the three species were grown under normal 
field conditions. At uniform intervals during development main stem tips 
of each type were killed and fixed. These, together with embryos from the 
seeds of each of these species, were imbedded in paraffin and cut into longi¬ 
tudinal serial sections, mounted and stained. The volume of the apical 
meristem, which for the purpose of these experiments is defined as that 
region at the stem tip in which the cells are meristematic, non-vacuolatc 
and essentially isodiametric, was determined as follows: Projection draw¬ 
ings were made of each of the serial sections. These drawings were then 
placed upon wax plates of uniform thickness (determined by the thickness 
of tire original sections and the magnification used) and cut out in the wax 
with a steel needle. Thus a wax model of each of the original sections was 
obtained. By weighing together those models corresponding to the series 
of sections through each stem tip, multiplying the weight by the specific 
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gravity of the wax and correcting for magnification, the volume of each 
raeristem could be calculated. 

Cell volumes were obtained from the median section of each series. 
Camera lucida drawings were made of as many meristem cells as possible, 
exclusive of those in the dermatogen. The average of the longest and the 
shortest diameters of each of the drawings was determined and divided by 
the magnification. This result was cubed, giving a measure of cell volume 
adequate for comparable purposes. 

Since meristem nuclei are spherical, their volume could be determined 
simply by making camera lucida drawings as for the cells, measuring the 
diameters, dividing by the magnification and substituting the result in 
the formula for the volume of a sphere. 

Apical Meristem Volume .—By the technique outlined above it was pos¬ 
sible to measure the actual volume of the meristem. The results are given 
in table 1. 


table i 

Mkristkm Volume in Cubic Micra 



1.. 1-IMPlNKLUI.UUVIf 

KACKMIOKKUM 

L. USCULBNTUM 

Embryo 

249.000 

506,000 

1,246,000 

14 days 

296,000 

822,000 

2,043,000 

36 days 

483,000 

932,000 

2,574,000 

56 days 

869,000 

1,069,000 

2,205,000 

77 days 

622,000 

1,221,000 

2,305,000 

98 days 

543.000 

1,343,000 

1,763,000 


There is evidently a marked increase in the volume of the meristem during 
development. In pimpineUifolium and esculentum there appears to be a 
subsequent decrease. It was observed that growth continues considerably 
longer in racemigerum than in either of the other species, a fact which may 
be related to the absence of any decrease in meristem size in this species. 
In the others this decrease takes place generally at the point at which the 
growth curve begins to level off. 

The volume of the apical meristem is correlated directly with the size 
of the determinate organs which it produces. This correlation holds not 
only for the plumular meristem in the seed but also for any given stage dur¬ 
ing development. Table 2 gives representative measurements of certain 
organs of each of the species. 


TABLE 2 

Comparative Organ Sisk 

L. PlMPlNBLUFOLtUM L, RACBMIORRUM 

13.8 *0.36 mm. 23.3 *0.27 nun. 


Leaf length 
Leaflet length 
(second basal) 
Corolla width 
Fruit weight 


3,66 * 0.09 ram. 
10 mm 

1.8 *0.01 gm. 


6.93* 0,13 mm. 
19 mm, 

11.4 *0.11 gm. 


l. Bscuumnm 

24*2 * 0.21 mm. 

8.32* 0.13 mm. 
34 mm. 

98.4 * 1.8 gm. 
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L. pimpinellifolium , with the smallest apical meristem (table l) t has the 
smallest organs; L. esculentum has the largest meristem and the largest 
organs; and L. racemigerum is intermediate with respect to both meristem 
and organ size. This correlation between organ size and meristem size is 
of considerable significance in respect to the inheritance of organ size, since 
it indicates that the factors controlling organ size differences do so by deter¬ 
mining the meristem size. 

Meristem Cell Size .—Rossler 1 working with TrUicum vulgare t and 
Mumeek and Gomez 2 with Soya max found some evidence for a reduc¬ 
tion in the size of the meristem cells during development. The present 
more detailed studies with Lycopersicon (table 3) furnish substantial proof 
that a progressive diminution in the size of the meristem cells does take 
place as growth proceeds. 

tabu? » 

Volume ok Cubic Micra of Mbristkmatic Cells and Nuclei durinc; 

Development 



1.. FXMP1NELI.IFOI.IUM 

L. EACKMXOM 

L. JBSCULKNTUM 


CBLl. 

NUCLEUS 

CBLL 

NUCLEUS 

CMX 

NUCLEUS 

Embryo 

1082 *91 

66*1 

1394 *80 

69*2 

1331 *69 

103*5 

14 days 

697 *28 

76*6 

588 *40 

87*2 

521*37 

89*3 

35 days 

568 *26 

71*3 

406*13 

73*2 

396*18 

77*2 

56 days 

396*16 

59*3 

333 *9 

59*1 

336 *7 

68*2 

77 days 

327*25 

72*2 

305 *6 

48*2 

308 *9 

56*1 

93 days 

342*25 

73*3 

288 *7 

58*2 

295 *6 

57 *2 


The progressive decrease in cell size indicates that cell division is proceeding 
faster than cell enlargement in the meristem, resulting in the failure of the 
daughter cells to equal the size of the mother cell before dividing again. 
This condition obtains only during the period of active growth. Maturity 
is preceded or accompanied by the attainment of a minimal cell size, which 
then seems to remain constant. Further experiments are necessary to 
determine how general this situation is in annual plants, but in tomato, 
at least, development from the seed embryo to the mature plant is accom¬ 
panied by a marked progressive diminution in the size of the meristem cells, 
which seems to be a result of a changing balance between the rate of divi¬ 
sion and the rate of protoplasmic synthesis. Presumably any environ¬ 
mental factor, such as a change in the photoperiod, which disturbs this 
balance will also affect the time of onset of maturity. This reduction in 
cell size is an indication of the slowing down of synthesis of new material 
and is thus related to cessation of growth. 

Meristem Nuclear Size .—The nuclei (table 8) of the apical meristem cells 
behave in much the same manner as the cells during development. As 
growth proceeds there is a progressive diminution in nuclear volume, a 
constant minimal volume being reached, as with the cells, at the time of 
flattening off of the growth curve. The nuclei, however, decrease at a much 
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less rapid pace than do the ceils, and as a result the small cells characteristic 
of the later growth stages have relatively larger nuclei and less cytoplasm 
than the large cells found in the pluraular and young seedling meristems. 
Thus the changes in cell/nucleus ratio may be concerned in bringing about 
the cessation of growth. 

Summary —Ontogenetic changes in the apical meristems of three species 
of Lycopersicon are described. Meristem volume tends to increase during 
development. The size of the meristem is correlated with the size of the 
determinate organs which it produces. Apical cells and their nuclei show a 
progressive diminution in size, a constant minimal size being attained with 
the onset of maturity. This change is evidently related to the annual 
growth cycle of the plants. 

1 Rdsaler, 1\ Planta, 5, 28-69 (1928). 

1 Murueek, A, E., and Gomez, E. T., Mo . Agr. Exp . Sta. Res . Bull , 242 (1936). 


THE SYNTHESIS OF SULFONYL CHLORIDES BY 
CHLORINATION" OF SULPHUR COMPOUNDS 

By Trkat B. Johnson 

Sterling Chemistry Laboratory, Yale University 
Communicated July 19, 1939 

Introduction, - Reference is being made daily by scientific and technical 
journals and the public press to the organic compounds— sulfanilamide and 
sulfanilylaminopyridine —whose introduction in medicine is one of the most 
valuable contributions by chemistry to this profession in recent years. 
The therapeutic side of the sulfanilamide type of sulphur compounds is 
now in a primitive state of development, and we are really at the beginning 
of a new chemotherapy today calling for dose collaboration between chem¬ 
ists, biologists and clinicians. This discovery of the therapeutic value of 
these sulphur constructions emphasizes once more how the organic syn¬ 
thetic products of our research institutions and chemical industry are in¬ 
fluencing the lives of our people. 

The evolution of chemical reactions applicable for the practical syn¬ 
thesis of organic sulfonyl chlorides and amides has been receiving the 
attention of workers in this laboratory since the publication of a paper by 
James M. Sprague and the author, in 1935, describing the action of 
chlorine-water on certain 2-mercaptopyrimidines, 1 In a footnote inserted 
in that publication (p. 2253) the authors wrote as follows: “the mechanism 
of these transformations is being investigated and the results will be 
discussed in a future paper.” Within this period of time ten publications 
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have been contributed to the press on this subject from this laboratory, 1 
and three United States Patents have been granted, which are based on 
the results of our investigations in this field. 2 

Chlorination Reactions .—The synthetic operations that have received 
chief attention in our researches on the oxidation of sulphur compounds 
have been confined to experimentation designed to determine the reac¬ 
tivity of chlorine with sulphur compounds characterized constitutionally by 
an iso thiourea or related structure. The classification of sulphur com¬ 
pounds on which we will report briefly in this paper embraces three types of 
organic compounds, namely, isothioureas, 2-mercaptopyrimidines or iso¬ 
thioureas in cyclic combination and thiocyanates. In order to conserve 
space by omitting quotation of experimental data previously published, 
a condensed tabulation of the results of our experiments on chlorination of 
these three types of sulphur compounds is recorded in table L A knowledge 
of the many details and the technique of experimentation can be acquired 
by consulting the series of publications registered in the literature. 1 

An inspection of table 1 will suggest the fact that we are dealing ap¬ 
parently in all these oxidation changes brought about by the action of 
chlorine water with a common reaction mechanism. The outstanding 
results obtained are (dr) that a sulfonyl chloride (RSOjCl) is the charac¬ 
teristic end-product containing sulphur of the chlorination reaction, and 
(h) that the nitrogen-containing nucleus of the original sulphur compound 
exposed to the action of chloride retains a constitution which is easily 
identified. In fact, it has been our experience that the yields of sulfonyl 
chlorides from both isothioureas and thiocyanates arc good, and that 
cither type of sulphur compound may serve as practical key reagents for 
the synthesis of aliphatic sulfonyl chlorides. 

Mechanism of Reaction .—It is our conclusion that the first reaction step 
in this chlorination operation is the addition of oxygen to sulphur to form a 
sulphoxide intermediate as expressed by formula (I). This applies to all 
three types (A , B and C) represented in table 1. We have practically no 
knowledge of the chemical properties of sulphur constructions of this 
type, but it would be predicated, however, that such a sulphur configura¬ 
tion with a sulphur valency of 4 would be unstable in the presence of a 
strong oxidizing agent like hypochlorous acid. Such a sulphur grouping 
would be expected to undergo a structural change by interaction with 
chlorine water to give either (a) a sulphone (II) by further oxidation or (b) 
undergo hydrolysis with cleavage of the linkage between sulphur and car¬ 
bon with production of a sulfinic acid (III) or a sulfinyl chloride (IV), and a 
stable nitrogen-containing nucleus. It is well known that sulfinic acids are 
easily oxidized by chlorine water to sulfonic acids and interact with hypo- 
chlorous acid to form sulfonyl chlorides (V). 8 The sulfinyl compounds 
(IV) are characterized by their instability and easily undergo oxida- 
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tion even in contact with air to give the corresponding sulfonyl chlorides 
(V). 4 An inspection of table 1 will reveal the fact that representatives 
of the three types of sulphur degradation products (II), (III) and (V) are 
recorded under the heading “types of organic sulphur compounds formed.’* 
The experimental results, therefore, furnish evidence in support of the 
postulation that the sulfinyl chlorides (IV) are intermediate products of 
these oxidation reactions, and serve as the precursors of the sulfonyl 
chlorides (IV) obtained as final reaction products. It is particularly im¬ 
portant to note here that sulfonic acids do not interact with hypoehlorous 


acid to form sulfonyl chlorides. 8 




N-“- 

O N= 

I! 1 

1- 


o 

II 

R.S.CI 

j 

R.S.C , 

' l 1 

R.S---C . 

R.S.OH , 

R.S.CI , 

II II 

II II 

II 

II 

II 

O N— 

O N— 

0 

o 

o 

0) 

(II) 

(HI) 

(IV) 

(V) 


Attention is called to the striking difference in behavior of 2-mercapto- 
dihydropyrimidines and 2-mercaptopyrimidincs, so far examined, towards 
chlorine water leading to the formation of a hexahydro-pyrimidine and 
free sulfonic acid, and true sulfone derivatives, respectively. These 
characteristic reactions serve as a clean-cut method for differentiating be¬ 
tween these types of 2-mcrcaptopyrimidine structures. No reference has 
been made in any of our previous publications to the behavior of N,N,N f - 
trisubstituted isothioureas towards chlorine water. We wish to report 
here that the hydrochloride of the isothiourea (VI) interacts 

N(CH„)i 

C#H ft CH a S—C . HC1 

N.CH> 

(VI) 

smoothly to yield benzylsulfonyl chloride and trimethylurea (m. p. 74- 
75°), 

1 Sequence of publications on Chlorination: Sprague, J. M., and Johnson, T. B., 
Jour. Amor, Chem. Soc., 57, 2252-2255 (1935); Johnson, T. B., and Sprague, J. M., 
Science , 83, 528-530 (1926); Sprague, J. M., and Johnson, T. B., Jour. Amer. Chem. 
Soc. t 58, 423-426 (1936); Johnson, T. B., and Sprague, J. M,, Ibid., 58, 1348-1352 
(1936); Sprague, J. M., and Johnson, T. B., Ibid., 59, 1837-1840 (1937); Douglass, 

I. B., and Johnson, T. B., Ibid., 60, 1486-1489 (1938); Johnson, T. B., and Sprague, 

J. M., Ibid., 60, 1622-1624 (1938); Ibid., 61, 176-179 (1939); Johnson, T. B., and Douglass, 
I. B., Jour. Amer. Chem . Soc. (unpublished). 

* United States Patents: No. 2,146,744 (Feb. 14, 1939), “Process of preparing sulfonyl 
halides and sulfonic acids from pseudothioureas”; No. 2,147,346 (Feb. 14, 1939), 
"Sulfonic halides”; Serial No. 201,728, Filed in U. S. Patent Office Apr. 13, 1938; 
Application allowed March 7, 1939. 
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» List, R., and Stein, M„ Ber., 31, 1848-1672 (1898); Otto, R, and Trfieger, J„ Ibid., 
24, 478-488 (1891); Otto, R„ Ann., 145, 317-329 (1868); Otto. R.. and Ostrop, H., 
Ibid., 141, 365-377 (1867). 

4 Hilditch, T. B., and Smiles, S., Ber., 41, 4113-4116 (1908); Spring, W., and Winsin- 
ger, C., Ibid., 15, 445-448 (1882); Ibid., 17, 537-540 (1884); Bull. Soc . Ckim., (2) 49, 
68-74 (1887). 

8 Spring, W., and Winsinger, C., loc. eit. 


HYBRIDIZATION AND TUMOR FORMATION IN MICE * 

♦ 

By C. C. Little 

Roscok B. Jackson Memorial Laboratory 
Communicated July 20, 1939 

The object of this paper is to record the incidence of tumors in a species 
cross in mice and to discuss their frequency in that cross in relation to 
their frequency in the parent strains. 

The two strains used differed from one another in size, rate of growth, 
fertility and tumor incidence. One strain was the inbred descendants of 
wild Mus bactrianus obtained from China in 1926 and reported on by 
Green in a series of papers (1931) (1935). 


MUS BACTRIANUS 



TOTAL 

MlClt 

WITH 

1U- 

% WITH 

NO. OR 

TOTAL 

TUMORS 

TOTAL 

NO. OP 
MICK 
WITH 
EPITHE¬ 
LIAL 

% KPI- 
THBL1AL 

NO. OF 
MICK 
WITH 
NON* 

R PITHS- 
UAL 

% NON- 
KPITHB- 
LIAL 


MICK 

MORS 

TUMORS 

TUMORS 

ANIMALS 

TUMORS 

TUMORS 

TUMORS 

TUMORS 

Males 

20 

2 

10.0 

2 

■ 

10.0 

2 

10.0 

0 

0.0 

Females 

139 

4 

2.9 

4 

2.9 

4 

2,9 

0 

0.0 

Combined 

Sexes 

159 

0 

3.8 

6 

3.8 

6 

3.8 

0 

0.0 


It will be rioted that all six tumors were epithelial in origin. 

It is also worth mentioning that no animal had more than one tumor. 
This will be in marked contrast with the other material. 

The second parent strain, C57 black, is an inbred derivative of Mus 
musculus. This strain has been extensively used in cancer research and 
has been described by several investigators (Murray and Little, 1935) 
(Little, Murray and Cloudman, 1939). 

The animals of this strain are large and fertile. They mature more 
rapidly than do Mus bactrianus . Their tumor incidence is as follows: 
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C57 Black Mick 


NO. OP NO. OP 

Mica MICE 

TOTAL WITH WITH 







TUMORS 

KPJ- 

% EPI¬ 

NON- 

% NON- 



MICE 

% WITH 


-- 

THB~ 

HI PITHB- 

BPITHB- 


TOTAL 

WITH 

NO. OP 

TOTAL 

LIAL 

THELIAL 

LIAL 

LIAL 


MICE 

TUMORS 

TUMORB 

TUMORS 

ANIMALS 

TUMORS 

TUMORS 

TUMORS 

TUMORB 

Males 

174 

32 

18.4 

36 

20.7 

4 

2.3 

31 

17.8 

Females 

703 

04 

13.4 

101 

14.4 

10 

1.4 

85 

12.1 

Combined 

Sexes 

877 

126 

14,4 

137 

15.6 

14 

1.6 

116 

13.2 


It will be noted that non-epithelial tumors are distinctly more frequent 
in this strain than are epithelial tumors. Neither strain is high in epi¬ 
thelial tumors, however, the incidence being 3.8% for M. bactrianus and 
1.8% for C57 black. 

First generation hybrids were made by crossing C57 black females with 
Mus bactrianus males. These Fi animals were not allowed to breed but 
were observed carefully for tumor incidence. The results are as follows: 

F\ C57 BLACK X BACTRIANUS 

NO. OP 

NO. OV MICK 

MICK WITH 

WITH NON- 


+ 

TOTAL 

MICK 

WITH 

TU¬ 

% WITH 

NO. OF 

TOTAL 

TUMORS 

TOTAL 

EPI¬ 

THE¬ 

LIAL 

TU¬ 

% kh- 

THKLIAL 

EPI¬ 

THE¬ 

LIAL 

TU¬ 

% NON- 
ItPITHK- 
LIAL 


MICE 

MORS 

TUMORS 

TUMORS 

ANIMALS 

MORS 

l'UMOHA 

MORS 

TUMORB 

Males 

59 

21 

35.6 

27 

45.8 

9 

15.2 

17 

28.8 

Females 

62 

34 

54.8 

45 

72.6 

7 

11.3 

31 

50.00 

Combined 

Sexes 

121 

56 

45.5 

72 

59.5 

16 

13.2 

48 

39.66 


There is in the F\ a striking increase of all types of tumors which can be 
brought out by the following tabulation: 


M. bactrianus 
C57 black 
F\ hybrids 


% WITH TUMORS 

TOTAL TUMORB 

TOTAL ANIMALS 

% EPITHELIAL 
TUMORS 

% NON* 
KPITHBL1AL 
TUMORS 

3.8 

3.8 

3.8 

0.0 

14.4 

16.6 

1.8 

13.8 

45.5 

59.5 

17.4 

42.1 


Discussion .—The increase in tumor incidence is too great to be explained 
by any simple genetic formula. If one adds the tumor forming tendencies 
of both parent strains, he still falls far short of the record made by the F x 
hybrids. Very evidently there are other influences than those of routine 
genetic type, which must be considered. 

The question of age will naturally be one of importance. An attempt to 
correct for this factor has been made in calculating the percentage of tumor 
incidence. In each generation the age of the animal at the appearance of 
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the first malignant tumor has been used as a threshold. Animals dying 
without tumors below this age have been excluded from the tabulation. 
This makes each generation comparable in so far as method of calculating 
the tumor incidence is concerned. While any method leaves something to 
be desired, the one employed is as nearly satisfactory as any that can be 
used with the number of animals available. 

In order, however, to obtain another check on the effect of age, a different 
method can be employed. Here the age span at which tumors occur in 


the three groups can be compared. 

AUK AT 

AOU AT 


FIRST TUMOR 

LAST TUMOR 

M. bactrianus 

390 d. 

944 d. 

C57 black 

271 d. 

1185 cl. 

F\ hybrids 

566 d. 

1106 d. 


Obviously there is no significant difference between the extreme upper 
age limits in C57 black and hybrids. The only possible discrepancy is 
in the upper age limit of the bactrianus stock. There were non-tumor 
animals of that stock which survived more than 1100 days. In order to 
give the least favorable aspect of tumor increase, however, the F\ tumors 
occurring later than 944 days can be eliminated. When this is done the 
tumor incidence in the hybrids still remains at 28.1% as compared with 3.8 
in bactrianus for the same age range. 

We may, therefore, conclude that as a result of hybridization there has 
been a great increase in incidence of both epithelial and non-epithelial 
tumors. 

Not only is this an actual increase in number of tumors, but the ten¬ 
dency to tumor formation within the individual has been made greater. 
This can be shown by the following tabulation: 



ANIMALS 

WITH 

tlNK 

TUMOR 

ANIMALS 

WITH 

TWO 

TUMORS 

ANIMALS ANIMALS % OK TUMOR 
WITH WITH MTCK WITH 

THRKK FOUR MULTJPI.D 

TUMORS TUMORS GROWTHS 

% OF POPU¬ 
LATION WITH 
MULTIPLE 
TUMORS 

M. bactrianus 

0 

0 

0 

0 

0.0 

0.0 

C&7 

116 

10 

0 

0 

7.9 

1.14 

Fi hybrids 

42 

10 

2 

1 

23.6 

11.57 


The occurrence of multiple growths is approximately three times as 
frequent in the hybrids as in the C57 black stock. There were no multiple 
tumors in bactrianus. The existence of two hybrids with three different 
types of primary tumor and of one with four types finds no counterpart in 
either parent stock. 

There exists in the work of Gordon (1927) (1938) a parallel with the 
present situation. Working with species of two genera of small tropical 
fishes he found that the hybrids between them produced large numbers of 
melanotic neoplasms absent in both parent species. 

Evidently the presence in the hybrids of conflicting tendencies of growth 
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and organization produced conditions under which controlled growth and 
orderly development of pigment metabolism were seriously upset. 

The present cross with mice is the first in mammals to provide a roughly 
analogous situation. Where other such crosses have been made the hybrid 
animals have not been kept under observation for tumor incidence through¬ 
out their whole life span. 

The present evidence, therefore, indicates that the mammalian body, in 
which marked physiological imbalance exists as the result of the presence 
of widely different growth potentialities, is a medium in which the inci¬ 
dence of uncontrolled growth is greatly increased. 

Balance of the internal environment becomes, then, an all-important 
factor in maintaining orderly and controlled growth of its constituent tissue 
elements. This evidence is entirely consistent with the r61e which im¬ 
balance in hormonal secretion has played in tumor formation. It also is 
in agreement with the theory advanced by Murphy that a balance between 
activating and inhibiting agents within the body is essential to the main¬ 
tenance of controlled growth. 

Incidentally, it offers further support for the belief that the origin of 
centers of neoplastic growth is a complex matter dependent in various 
tissues upon a characteristic comb nation of chemical substances, some of 
which stimulate, and others of which inhibit cell division. 

By the extension of experimentation involving hybridization of distinctly 
different strains and species, we should be able to add significantly to our 
knowledge of the nature of tumor formation in mammals. 

Summary a?id Conclusions. —1. A cross between two species of mice 
which differ markedly from one another in size, fertility and rate of growth 
has greatly increased the incidence of tumors in the first generation 
hybrids. 

2. The increase consists not only of more tumors but in a greater ten¬ 
dency to form multiple tumors in individual mice, 

3. Internal physiological imbalance increased by the process of hybridi¬ 
zation is the most reasonable explanation for the added tumor incidence. 

4. Hybridization as an experimental approach should prove a fruitful 
method of atialyzing the factors of the internal environment which con¬ 
tribute to tumor formation. 

*This work has been supported in part by a grant from the American Academy of 
Arts and Sciences to which grateful acknowledgment is made. 
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NUCLEASE A CTION , PROTEASE A CTION AND1IISTOCHEMICAL 
TESTS ON SALIVARY CHROMOSOMES OF DROSOPHILA 

By Daniel Mazia and Lucena Jaeger 

DEPARTMENT OF ZOOLOGY, UNIVERSITY OF MISSOURI 

Communicated August 7, 1930 

There is considerable evidence for the presence of both nucleic acids and 
proteins in the salivary gland chromosomes of certain diptera. The so- 
called "euchromatic” bands stain intensely after application of the Feulgen- 
Rossenbeck technique, which is a fairly specific test for the pentose of 
animal nucleic acids. The heterochromatic regions also give a weak re¬ 
action, and the boundaries between the bands are not sharp. 1 Caspersson* 
found that the material of the euchromatic bands had a similar ultra-violet 
absorption spectrum to the nitrogenous bases characteristic of nucleic acids. 
There is little doubt, therefore, that the euchromatic bands are regions of 
high nucleic acid concentration. 

The presence of proteins in the chromosomes has been demonstrated by 
Caspersson, who found that the heterochromatic bands could be digested 
by trypsin, the euchromatic bands also being visibly affected. The results 
of Barigozzi, 3 who stained salivary gland chromosomes of Chironomus with 
Millon’s reagent, indicated the presence of protein along the chromosome, 
but this author found it impossible to observe much detail in his prepara¬ 
tions. 

In our experiments we have attempted to investigate the relation between 
nucleic acid and protein in the structure of the chromosomes by combining 
the use of histochemical methods for both proteins and nucleic acids with 
the application of enzymes specific for both substances. The Feulgen- 
Rossenbeck reaction was used to demonstrate nucleic acids. The ninhydrin 
reaction proved to be satisfactory as a protein test. Pepsin and trypsin 
were the proteolytic enzymes employed, and a nucleic-acid splitting enzyme 
solution was prepared from beef spleen. 

Material and Methods .—Salivary glands were dissected from larvae of 
Drosophila melanogaster into insect-Ringer solution. 4 The various treat¬ 
ments were applied to the whole glands, and smear preparations were 
made just prior to observation. Usually at least ten pairs of glands were 
carried through a given treatment at a time. 

In testing for protein, glands were placed in a drop of 0.2 per cent 
triketohydrindene hydrate, dissolved in water or Ringer solution. The 
preparation was heated over a steam bath until the whole gland turned 
visibly blue. One to two minutes generally sufficed. 

The Fetdgen-Rossenbeck test was carried out by immersing the glands in 
1 N HC1 at 60°C. for 15 minutes, washing in distilled water and finally 
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treating with the fuchsia solution for varying lengths of time. Acetocar- 
mine, also used to stain “euchromatin,” was applied for 1 to 2 minutes 
before the glands were spread. 

Tryspin solutions were prepared from either commercial (Pfanstiehl 
1:110) or crystalline trypsin. In the first case a saturated solution in 0*05 
M K 2 HPO 4 was filtered and used directly. In tests with crystalline trypsin 
a 0.1 per cent solution in 0.05 M K 2 HPO 4 was employed. In experiments 
with pepsin a 0.4 per cent solution of HC1 was saturated with Merck’s 
pepsin and filtered. Digestion was carried out at 37°C. 

A nuclease solution was prepared from beef spleen according to the pro¬ 
cedure of van Herwerden.* Fresh spleen was ground up, pressed through 
cheesecloth and shaken with a saturated solution of ammonium sulphate. 
The material was centrifuged, and the supernatant fluid was dialyzed. The 
light red solution thus obtained was decanted from the precipitate that 
formed in the dialysis sac. The solution was brought to pH 7 by means of 
NaOH and applied to fresh glands at 37°C. 

A major difficulty encountered was the failure of the chromosomes to 
spread after treatment with most of the agents used. This was particularly 
true in the case of the ninhydrin reaction and the experiments with pepsin. 
This difficulty does not affect the general conclusions, which concern the 
reaction of the whole chromosomes, but it would have been most desirable 
to study the details of banding and to record the results in photographs of 
isolated chromosomes. 

Results . A , The Action of Proteolytic Enzymes .—In so far as the experi¬ 
ments with trypsin were a repetition of those of Caspersson, they con¬ 
firmed him entirely. Observations were made 3 to 4 hours after the 
glands were placed in the enzyme solutions. The connective tissue had 
been almost completely digested so that the individual salivary gland cells 
tended to separate on handling. Either unstained or treated with acetocar- 
mine, the nuclei appeared to be entirely empty. The chromatin discs ob¬ 
served by Caspersson were lacking since lanthanum ions were not present 
and the sodium thymonucleate was presumably in solution. 

The pepsin solution, on the other hand, did not dissolve any constituent 
concerned in maintaining the integrity of the chromosome. After pepsin 
treatment and staining by the Feulgen-Rossenbeck method the chromo¬ 
somes were still apparent, stained and banded. They were arranged in a 
rather dense knot, and the volume of the knot and of the individual chro¬ 
mosomes was strikingly reduced as compared with the controls. The con¬ 
trols had been kept in boiled portions of the pepsin solution for the same 
periods (3 to 30 hours). It is not possible to state whether the loss in 
volume in the chromosomes was due to digestion of some protein constitu¬ 
ent or to dehydration. 

Precisely these results were to be expected if the proteins of salivary 
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gland chromosomes are related to the protamines and histones of the nuclei 
that have been analyzed by Kossel and others. Both protamines and his¬ 
tones are digested by trypsin. Protamines are not affected by pepsin t 
while histones are broken down to “histopeptones.”* The latter seem to be 
polypeptides rich in arginine, and therefore might be expected to combine 
with nucleic acids and to remain insoluble under conditions which render 
protamines insoluble. 

These results with pepsin are of particular interest in connection with 
banded structure. It is commonplace in physiological chemistry that 
nucleoproteins are only partly digestible by pepsin. But the light bands of 
the chromosome contain very little nucleic acid. The light regions must, 
therefore, either contain pepsin-resistant protein, such as protamine or 
histone, uncombined with nucleic acid, or else the small amount of nucleo- 
protein present is sufficient to maintain the integrity of these bands. Fur¬ 
thermore, the pepsin-resistant proteins of the light bands must be con¬ 
tinuous with the proteins of the euchromatin bands, the continuity being 
independent of the presence of any pepsin-digestible protein. 

B . The Action of Nuclease ..—Glands were left in solutions of spleen nu¬ 
clease for periods up to 48 hours. Controls were placed in boiled samples of 
the same solution. Clear-cut results were obtained within 22 hours. When 
glands that had been in boiled nuclease were placed in acetocarmine and 
observed under low power, the nuclei stood out as bright red spots against 
a light background within a few minutes. The cytosome scarcely took the 
stain. Under high power normal banded chromosomes were observed, 
though they could not be satisfactorily spread for detailed examination. 

In glands that had been in active nuclease, and then treated with aceto¬ 
carmine, the nucleus did not stain at all, even after prolonged immersion 
in the dye. The cytosome, on the other hand, took the stain quite strongly. 
Under high power the chromosomes could not be seen at all. The same re¬ 
sults were obtained when the Feulgen stain was used. In glands from the 
boiled nuclease solution the chromosomes stained normally, and the banded 
structure could be observed. In glands from the active solution, the nucleus 
did not stain differentially, although in some cases darker areas could be 
made out that probably were the nuclei. Again the cytosome stained 
much more strongly than the cytosome in the control glands. Since the 
treatment of the two groups had been identical throughout, except for the 
boiling of the nuclease sample for the control, the differences in staining 
were considered to be attributable to the action of nuclease. 

Failure to take nuclear stains did not mean that the chromosomes had 
been disintegrated by the nuclease. When the nuclease-treated glands 
were tested by the ninhydrin reaction, the chromosomes appeared very 
clearly. In this reaction the cytosome takes on a blue color, but the chro¬ 
mosomes stain more intensely. There was no definite evidence of banding 
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in the ninhydrin-stained chromosomes, although the failure of the chro¬ 
mosomes to spread well made it impossible to draw any positive conclusions. 
The ninhydrin reaction, as used here, would seem to be preferable to 
Millon's reaction (Barigozzi), since the latter depends upon phenolic groups 
which are not plentiful in the nuclear proteins that have been analyzed. 6 
It is evident, from these observations, that nuclease has removed the ma¬ 
terial of the chromosomes that takes so-called nuclear stains without 
affecting the integrity of the chromosomes themselves. 

Discussion .—Previous evidence for the existence of proteins and nucleic 
acids in chromosomes has already been mentioned. Our experiments have 
demonstrated that the protein of the chromosomes is at most only partially 
digested by pepsin, though completely digested by trypsin. This protein, 
therefore, may be related to the protamines or histones, the traditional 
nuclear proteins. The loss in volume during pepsin action suggests the 
presence of a protein that is not involved in the fundamental construction 
of the chromosome. 

These observations with proteolytic enzymes exclude in no way the 
possibility that the protein is discontinuous, and that regions predomi¬ 
nantly protein are held together by chains of nucleic acids. Results of 
histochemical reactions, such as the Millon reaction (Barigozzi) or the 
ninhydrin reaction, are not clear enough to establish a continuous protein 
structure. But the results of the experiments with nuclease seem to be 
decisive. After treatment with nuclease there is no reaction for nucleic 
acid in the nucleus, yet the chromosomes are present in their typical form 
and when stained with ninhydrin cannot be distinguished from controls 
similarly stained. The structural integrity of even the euchromatic bands 
does not depend on the presence of intact nucleic acid molecules, though 
some of the groups left behind after nuclease action may be of importance. 
The chromosome must have a continuous protein structure, and the nucleic 
acid must be attached in such a way that it may be split and the pentose 
may be removed without affecting the continuity of structure. 

This conclusion bears on several hypotheses concerning chromosome 
structure. Wrinch 7 proposed that the chromosomes are composed of a 
fabric in which polypeptide chains are the warp and polynucleotide mole¬ 
cules, each combining with basic groups of more than one polypeptide 
chain, the woof. Accepting any of the proposed structures of nucleic acid,* 
it is dear that any splitting of the pentose groups from a polynucleotide 
will result in breaking of the bonds that hold the nudeotides together. In 
Wrinch's picture, these bonds hold the polypeptide chains together, and 
rupturing them should cause a disintegration of the chromosome. How¬ 
ever, in the present experiments the pentose was removed (as indicated by 
a negative Feulgen reaction) without any such disruption of the chromo¬ 
some. Our data, therefore, do not uphold Wrinch’s hypothesis, and the 
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fibrous structure of the chromosome must be explained by some other 
mechanism. 

The results of the nuclease experiments make it seem improbable that 
nucleic acid fibres can have anything to do with the cohesion of chromo¬ 
somes, although Gulick 9 points out that such a structure offers a convenient 
basis for explaining the genetic phenomenon of inversion. Our results are 
consistent with the picture based on the birefringence of the euchromatic 
bands 10 and the light bands, 11 and on the x-ray diffraction of clupein 
thymonucleate. 12,18 These data lead to a picture of long polypeptide chains 
and parallel nucleic acid molecules. 54 

In attempting to interpret the results of the experiments with nuclease, 
it must be remembered that most organ extracts 16 contain at least three 
specific nucleases: a nucleosidase, a nucleotidase and a polynucleotidase. 
If the conventional picture of a nucleoprotein as a salt formed by reaction 
of free amino groups on a polypeptide chain with phosphoric acid residues 
on the polynucleotide is accepted for the chromosome, the observed result, 
the removal of the pentose, could only have been effected by the nucleoti¬ 
dase. Conversely, it will be possible to determine how nucleic acids are 
combined with proteins in chromosomes, by studying the effects of purer 
specific nucleases by the same methods we have used with the mixed 
nucleases. Such experiments are being undertaken by us. 

The significance of the fact that after nuclease action the cytosome gives 
a strong Feulgen reaction is not clear, but may conceivably be connected 
with the variation in the nucleic acid content of chromosomes during 
mitosis. 8 It would be of interest to determine whether the pyrimidine and 
purine as well as the pentose components accumulate in the cytosome, and 
it is planned to test this by ultra-violet photomicrography. 

Summary. —1. Salivary gland chromosomes of Drosophila may be 
completely digested by trypsin, as previously reported by Caspersson. 

2. The chromosomes are not digested by pepsin-HCl solutions. This 
is consistent with the hypothesis that the structural proteins are protamines 
or histones. 

3. After treatment with spleen nuclease, the chromosomes no longer 
stain with the acetocarmine or Feulgen techniques. Chromosomes treated 
with boiled nuclease solutions stain normally. 

4. In glands treated with active nuclease the cytosome is stained more 
intensely by these methods than in controls. 

5. After treatment with active nudease, the chromosomes may be 
stained by the ninhydrin test for protein. The structural framework of 
the chromosomes, therefore, is not affected by nudease. 

6 . It is proposed that the chromosomes possess a continuous protein 
framework whose integrity is independent of the presence of intact nucleic 
acid molecules. 
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ADJUSTED DEATH RATES 
By Carl R. Doering and Alice L. Forbes 
Department op Vital Statistics, Harvard School of Public Health 

Communicated August 10, 1939 

The aim of adjusting a death rate is to eliminate the effect of the age dis¬ 
tribution and thus make the rates for two districts with different age dis¬ 
tributions more fairly comparable. There are several methods of adjust¬ 
ment. We may adopt the following notation: In any age group a for 
some “standard” population, P a is the population, D a is the deaths and 
M a — Do/Pa is the age specific (per capita) death rate. Then the total 
population P » 2P a , and total deaths D « 2D ai and we may let F a * 
Pa/P be the fraction of this standard population in the age group o. Fi¬ 
nally M » D/P is the general or crude death rate in the standard. Let 
small letters replace the capitals when we wish to indicate some particular 
district, viz,: m a *» djpa is the age specific death rate, p = 2p a the popu¬ 
lation, d *» Ida the deaths, /« » pa/Pi and the crude death rate of the dis¬ 
trict is m d/p. 

The first and usual method of adjustment 1 is 

rn'i m 2w a F«, with i) « 3"^ Fl (1) 

pO 

as its standard deviation (squared) due to pure chance fluctuations.* To 
compute this requires the knowledge of the age specific death rates, which 
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practically means of both the death rates d a and of the population p a by 
age, in the district whose death rate is being adjusted. Rates computed 
in this way may be called "rates adjusted to a standard age distribution of 
population/’ 

A second method of adjustment 3 is sometimes used as represented by the 
formula 


t 


m 2 


d = Zdg 
2M a pa 


M, with a(nij 


1 &m 

tffrn * 

2 m 



This method requires the knowledge of the population distribution in the 
district but not of the distribution of the deaths. This is a rate adjusted 
to a standard distribution of .specific death rates. However, there seem to 
be very few cases in which this might be a desirable method, as the distribu¬ 
tion of deaths is usually known wherever the population distribution is 
known, and hence age specific rates could be computed for these places, and 
the first method or the life table method used. 

As vital statistics are reported, however, it often happens that the deaths 
in a district are available in subdivisions finer than is the population as 
given by the Census so that it is d a that is known in detail and not p a - This 
suggests a third method of adjustment 4 which would be free of the necessity 
of knowing p a9 viz,, 



2(da/M a ) d ^ 1 ~ 

-- M, with <r 2 (Ws) ** / -—‘ • 

p LmJ M a 



The result for <r l {m[) requires the knowledge of the age specific death rates 
in the district though the value of m z itself does not; however, the fac¬ 
tor 1 — Wo is often neglected in computing the (Bernoulli) standard devia¬ 
tion and as its effect is small it can be approximated adequately by using 
1 — M a or some other estimate of it whenever it cannot be neglected. 
This method has a decided advantage over the other methods in that it can 
be applied by the health officer to places where the age distribution of the 
population is not known, as in intercensal years, or districts of a large city, 
or in rural areas. 

There is also the life table death rate, which is the reciprocal of the ex¬ 
pectation of life at birth e o and which depends only on the age specific death 
rates in the district. A short method of calculating e o and its standard de¬ 
viation when thus calculated have recently been given; the formulas will 
not be repeated here/ 

Finally there is the method of an equivalent average death rate as de¬ 
veloped by Yule. 8 In our notation we have 



Vol. 25, 1939 


STATISTICS: DOERING AND FORBES 


463 


m 


X(haMa) 


M, with 


IP 


[UhaMa)] 


-.z« 


w fl (l - m a ) 


(4) 


where h a is the number of years in the age group a, and where the summation 
is from age zero to an arbitrary age. The latter condition is the inherent 
difficulty in the method—it cannot cover the entire span of life, and a de¬ 
cision must be made as to where to cut off the death rates. Yule stops at 
age 65, considers 05-85 separately and ignores the rates over 85 years. 
As we wished a single figure for comparison with other methods we decided 
to use ages 0 to 75 in one summation, and ignore the rate 75+, and fed that 
certain of the results given below justify this decision. A marked advan¬ 
tage of this method is that the ratio of any two adjusted rates is indepen¬ 
dent of the standard used, and an adjusted rate and its standard deviation 
due to pure chance on the basis of one standard can be adjusted to that 
based on another standard merely by multiplying both by an appropriate 

Z {kaMia) M% 
constant, — ——-- —- . 

2(Mf*) Mi 

To show how these various methods behave, there are entered in table 1 
the crude death rates, the life table death rates, the equivalent average 
death rates using ages 0-75 and the adjustments by methods 1, 2 and 3 
of the 57 counties of New York State other than New York City. The 
figures are based on the populations given in the U. S. Census for 1930 
(unknown ages omitted and three-year average births substituted for the 
population under one year) and the deaths reported for 1929-31 inclusive 
(deaths in state institutions and at unknown ages omitted). The thirteen 
age groups in which the census populations are given were used. 

Two standards were used: first, total New York State population with 
its age specific death rates, and second, the Wayne County life table popula¬ 
tion and its death rates. While the latter may seem an unstable standard, 
its age specific death rates were not irregular, and it was chosen as having 
the highest expectation of life at birth of any of the counties, and about as 
high as any country now has. Computations were also made using the 
Standard Million of England and Wales in 1901, but are not entered here 
as the adjusted rates were very similar to and only slightly lower than the 
rates using New York State as a standard. For example, the first method 
using the Standard Million gives a mean of 10.04, observed standard devia¬ 
tion ** 1.25, average chance standard deviation « 0.27 and a Lexian ratio 
of 4.6. The correlation coefficient of these rates with those using New York 
State as a standard (same method: first) is 0.997. (The standard devia¬ 
tions due to chance of the second method are so similar to those of the first 
that it would seem practical to use the simple formula of the second method 
for the first in ordinary work to test significance of differences between two 
localities, or the same place at different times.) 
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There are four counties which have large tuberculosis death rates; the 
most striking effect of omitting these counties is the reduction of the ob¬ 
served standard deviation, and consequently of the Lexian ratio, of the ad¬ 
justed rates. 

A desirable feature in an adjusted rate is that if two districts have identi¬ 
cal age specific death rates, their adjusted rates should be equal. This is 
true of the life table death rate, of the first method, and of the equivalent 
average death rate. However, the second method was only 5% out and 
the third method less than 2% out when Nassau County was compared 
with an imaginary county having the same age specific death rates but the 
population distribution of Seneca County. Another desirable feature 
is to have the adjusted rate in a given locality doubled if the age specific 
rates are doubled. This is true in all methods except the life table death 
rate, which is only about 25% greater when the mortalities are doubled. 

TABLE 2 

Correlation Coefficients* 

1 . 00 . 



LIKE NEW YORK STATIC 

CRUDR TABLE 1ST 2ND* 3RD ttCi- AY. 

WAYNE LIPR TABLE 

1st 2nd 3rd 

POPM.A* 

TION 


Crude 

.084 .408 .387 .454 .357 

.299 

4 Y 4 T 225 . 326 

-.478 



.983 .274 . 243 .349 .133 

. 188 

.314 .053 .130 

-. 476 


Life Table 

.075 .087 .955 .945 


.884 .920 .952 

.110 



.947 .978 .947 .874 

.894 

.902 .903 .893 

.279 


1st 

.079 .979 .924 

.923 

.928 .959 .039 

.191 

s 


.962 . 978 . 850 

. 958 

.947 .956 .884 

.372 

C/5 

M 

2nd 

.972 .840 

.952 

.972 .963 .862 

.215 

S 


.957 .765 

.959 

.980 .943 .792 

.363 

J* 






fc 

3rd 

. 975 

.732 

.745 .820 .998 

-.012 

J5 


. 930 

. 699 

.693 .745 .995 

.109 


Eq. Av. 

t 

.967 

.970 .963 .759 

.435 

v 



. 960 

.965 .962 .742 

. 550 

3 

C8 

1st 



.961 .952 .764 

.297 

V 




.951 .941 .727 

.412 


2nd 



.077 .844 

.389 





.968 .791 

.558 

& 

3rd 

\ 


.977 

.038 





.940 

.184 


* The coefficients in italics are based on 53 counties, omitting the 4 tuberculosis 
counties. The self Correlations in the main diagonal are computed from the standard 
errors of pure chance by the well-known formula *» 1 - c\/a] where <r\ is the average 
of the square of the error and is the variance of the quantity which is to be self corre¬ 
lated; they indicate the correlation between two determinations of the same thing When 
only chance variations occur. 
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The intercorrelations of the crude death rates, their various adjustments 
and the logarithm of the population of the county are entered in table 2. 
The negative correlation between the crude death rate and log p is a reflec¬ 
tion of the fact that the smaller counties have on the whole an older popula¬ 
tion, the correlation between log p and the average age of the population 
being —0.581. 

Of the first three methods, which are influenced by the standard chosen, 
the third method is least affected by a change in standard, and also has the 
lowest correlation with the logarithm of the population. The method of 
equivalent average death rates weights the older age groups relatively 
heavily, so in comparing it with the first method, it seems fairer to use those 
values obtained by using the life table population as a standard. The rela¬ 
tively high correlation of the generally approved first method (with the life 
table standard) and the equivalent average death rate seems to indicate 
that we have not introduced too gross an error in the latter by lumping 
together all age groups up to age 75 and ignoring those 75 and over. The 
life table death rate weights the earlier age groups relatively heavily, as may 
really be desirable if the death rate is to be taken as a sanitary index. 

On the whole, it seems that the second method is of very little use, and of 
doubtful value; the first method is desirable when the data are available if 
the standard is carefully chosen; the equivalent average method requires 
the same data, but is independent of the standard, although it weights the 
older ages more than is generally desired; the third method has great utility 
where the others cannot be applied because of insufficient knowledge of the 
population distribution; and the life table death rate is valuable in com¬ 
paring places with widely different population distributions since no stand¬ 
ard need be selected. The choice of a suitable method in any particular 
instance will depend on the data available, the emphasis desired and the 
similarity of the places to be compared. 


1 This method is that of Newsholme, Vital Statistics, 1924, p. 219; of Whipple, Vital 
Statistics , 1923, p. 291; of Pearl, Medical Biometry and Statistics, 1930, p. 269; of Woods 
and Russell, Introduction to Medical Statistics, 1936, p. 44. 

* The term F a is not subject to fluctuation, but only ni a ; the regular formula due to 
Bernoulli is used for cr(w tt ). 

* Newsholme, loc. dt., p. 222; Whipple, loc. cit., p. 292 (with, however, an error 
whereby a fraction is inverted); Pearl, loc. dt., p. 269; Woods and Russell, loc. dt., p. 51. 


4 Logically there is a fourth method m' «■ y — M, but this seems to possess no 

advantages, as m a implies the knowledge of both deaths and populations in the district 
by age, and if these were known, we should certainly use one of the other three formulas. 
1 Doering, C. R., and Forbes, A. L„ Proc . Nat. Acad. Set., 24, 400-405 (1938); and Wil¬ 


1 


son, E. B., Jour . Am. Stat. Assoc., 33, 705-708 (1938). Here 


<r« 

o " 

€ 0 




• Yule, G. U„ "On Some Points Relating to Vital Statistics, More Espedally Statistics 
of Occupational Mortality/ 1 * * 4 Jour. Roy, $tat. Soc. t 97, 15ff (1934). 
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THE GRA VITA TIONAL MOTION OF A PAIR OF RIGID BODIES 

By Theodore Eugene Sterne 
Harvard College Observatory 
Communicated August 10, 1939 

1. In a paper 1 on eclipsing binary stars, Kurt Walter studied the 
dynamical nature of the gravitational motion of a pair of rigid bodies. 
The bodies are considered to be ellipsoids, with their shortest axes normal 
to the orbital plane. The long axes of the ellipsoids librate about the line 
of centers in the plane of the orbit, causing the motion to be not accurately 
elliptical. Walter found, for small librations, that when the mean distance 
and the physical parameters characterizing the bodies have certain values, 
the line of apsides regresses; for other values it advances; and for still 
others, the motion is unstable, Walter’s solution was adversely criticized 
on dynamical grounds by Kopal, 2 who obtained a solution that differs from 
Walter's, and according to which the line of apsides always advances when 
the librations are small. More recently, Kopal's treatment has in turn 
been adversely criticized, on dynalnical grounds, by Cowling.* It is, actu¬ 
ally, most unlikely that the solution of Walter's problem can be applicable 
to binary stars. Walter 4 now agrees with Cowling and the author, who 
have developed 8,6 the theory of the motion of binary stars having fluid 
components, that the figures of gaseous (and therefore of fluid) components 
must change from instant to instant under the action of the changing tidal 
forces,* 

The solution of the rigid-body problem proposed by Walter, even if it 
is not applicable to binary stars, must nevertheless be definite. There can 
be no real uncertainty about it, and since the problem is interesting from 
the point of view of celestial mechanics, Professor E, F, Freundlich has 
suggested to me that it might be desirable to try to clear up whatever ap¬ 
parent uncertainty there may be. Professor H. N. Russell has pointed out 
that Walter’s problem is of a type that can be handled by the theory of 
vibrations about steady motion. In this note, I shall show briefly that the 

* In the fluid-body problem, there are no librations in the "rigid-body” sense. There 
are internal modes of free vibration of the bodies themselves, but unless the bodies are 
nearly in contact such internal modes can be shown to have periods that are short in 
comparison with the orbital period, and the free oscillations of the internal modes are 
not excited. Forced vibrations of the internal modes exist, however, corresponding to 
partial tides in the fluid bodies. The geometrical figures, given by the resultants of such 
partial tides, are always periodic in the orbital period. When the free internal periods 
are short compared with the orbital period, the line of apsides advances. For a discus¬ 
sion of the tidal problem, see Sterne, references 5 and 6; and for applications to some 
eclipsing binary stars, to determine concentrations of density, see Sterne, references 6 
and 7. 
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method of that theory, applied to Walter’s problem, leads precisely to 
Walter's solution, 

2. In order to obtain results directly comparable to Walter's, we shall 
use his notation to as great an extent as possible. We shall not, however, 
require the two bodies to be elliptical or homogeneous. Let their masses 
be mj and let the distance between centers of mass be r; let / be the 
longitude of the line of centers; let au J>* and c, denote the principal axes of 
inertia of the bodies; and let k a , k c and k f a , k'b, k\ be the corresponding 
radii of gyration of bodies 1 and 2, respectively, k c and k f c being largest in 
each case. The c-axes are normal to the orbital plane. Let Vi be the angle, 
measured in the sense of the orbital motion, from the line of centers to the 
axis a\ in the orbital plane; and let v 2 be the corresponding angle for body 
2. We are interested in small vibrations of the system about a state of 
steady motion in which r is equal to a f some constant, and in which the 
angles of libration, V\ and v 2 , have permanent zero values. Like Walter, 
we are not interested in the possible librations of the directions of the c-axes 
which, if they initially maintain directions normal to the orbital plane, will 
remain normal to it. We must, however, take into account the changes in 
r, ifj and v 2 . It is known** that the gravitational potential due to body 1, 
at the center of mass of body 2, is 


-. + ■—! (V + *»* + k* - 3k r *) 

r 2 r* 


plus terms involving higher negative powers of r, where k, is the radius of 
gyration of body 1 about the line of centers, and k is the Gaussian constant 
of gravitation. It follows from the properties of momental ellipsoids that 


kr 2 - ka 2 + 0 kb 2 - ka 11 ) sin 2 Vx 

4 

exactly, and thus one may write down the kinetic and potential energies of 
the system in the forms 

T - l (f s + ry) + \ Ti(i + ;,)* + l Ti('i + 

V m v -f - (y sin* Vi + yt sin* t»>). 

r 3 r 8 r 

Here T and V are the kinetic and potential energies, each multiplied by the 
constant (wj + m 2 )/m\ m*, and 



wi + Ph 
w* 




mi + ma 


k 


* 

I* 


** See, for example, Plummer, reference 8. 


a ■» A*(w, + *«*)» 
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rj — (kb* + k c * “ 2^ tf 2 + + k f \ — 2fc'J), 

2a 2 

T,= j (V - V). 7a = J (ki - k’l). 

The inclusion of the constant factors in T and V is obviously without effect 
upon the Lagrangian equations of motion. Corresponding to the ignor- 
able coordinate /, there exists the integral 

(r* + T x + T 2 )i + Tm + T& - h, ( 1 ) 

a constant. The modified kinetic potential, after ignoration of /, is there¬ 
fore*** 


R « T - V - hi 

- Jf 8 - l + ~(7W + W) 

2 2 f * + Tt + T t 2 V 

h 2 *(rii, + 7> 2 ) a 

^jj i yj i ■ h bV.h ■ J ---u- I,Pi ■ IT—' ■ ^ - 1 1 ’ 'F P 11 w" i ■ ii ■ .. . ■■ —— ■ m p ■ i ■ 

2(r 8 + T, -t r,) r‘+ 7', + 7, r 

+ “ if - ~ (7i sin 8 »i + 72 sin 8 s> s ) 

.3r 8 r* 


and the equations of motion are 

bR 


d /bR 


it \bq_ 


-) 

<b) 




« 0; j - 1, 2, 3, 


( 2 ) 


(3) 


where ?i = r, q 2 = th, g 8 = u*. 

In the steady motion (bR/bqj) = 0; j * 1, 2, 3. The first condition 
gives 

h 8 = ofl(i + n)«* 

where i = 1 + n + r s , t> = 7'i/a 8 , r 2 = 7j/a J ; and the other two condi¬ 
tions are automatically satisfied. It follows from (1) that the angular ve 
locity in the steady motion, and therefore, very nearly, the mean orbi¬ 
tal angular velocity when the librations are small, is given by n where 


« 8 = (a/o*)(l + if). 


We set r = a + x, and expand R by Taylor’s theorem in ascending 
powers of the codrdinates x, Vi, Va, ignoring terms in the expansion that are 
above the second degree in x, V], v 2 , x, in, it. Since the equations of motion 
(3) are satisfied by permanent zero values of the codrdinates, there are no 

•** The reader is referred to Whittaker, reference 9, for the dynamical principles em¬ 
ployed. 
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terms linear in the codrdinates and independent of the velocities. Terms 
linear in the velocities and independent of the codrdinates disappear from 
the equations of motion and can be omitted. We thus find 


R 



— [(n s — + 2 r 1 r ! t/ 1 T >2 4- (r 4 * — Ts5)»j a ] 


+ 2~t£ (1+7) [-1+ 'l(ri + Ta) + 2 

- ~ (w. ! + 7M') - \ [l (1 + n )] 



(rtf t + T& 2 )X. 



By the theory of vibrations about steady motion, any solution of the 
equations of motion is known either to be of the form 

x = xoe Sit } vi * Vi ~ vV M< » 

or to be a linear combination of such forms. It is convenient to intro¬ 
duce the ratio X = s/n . Then the equations of motion are found from (4) 
to be 


K 


1 + 3(rj + t*) + 2 


h 1 

- X _ 

1 + J7j 


2ar t \iv\ — 2ciTikiv% = 0 


Xix + [(l + r 2 )X !i — Xi]vi — raX^ = 0 
a 

2 

— Xix —‘ TxX^j + 1(1 “4“ Ti )\® *“ Xi]v2 * 0 
a 


where 


x\ 


2yi$ 


ctTi (1 + v) 9 


x % 


2 7*5 


otT 9 (1 + ri) 



These equations are consistent only if X has such a value that the determi¬ 
nant, A, of the coefficients vanishes; that is to say, only if X shy l/t where 
y satisfies the cubic equation 


dy — 1 "4* 3(rj -f- ra) -f* 2 


$i; 


1 + V 

+ #a(l + r a)]y + — 4ny($y 


w 


— [xi(l + n) 

x 3 ) — 4T*y($y — xj) 


38 0 , ( 6 ) 


and then the constants * 0 , v 0 , v\ are proportional to the cofactors of the 
terms in any row of A. 

If all three roots of the cubic are real and positive, the steady motion is 
stable; eg?d to each of the roots there corresponds a normal mode of vibra- 
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x ^ A cos st, V\ * B sin st, ** C sin si, (7) 

where the coefficients A, B, C are any real numbers such that A, —Bi, 
~Ci are proportional to the cofactors of the terms in the top row of the 
determinant A. In (7), 5 is to be regarded as positive; and X is to be re¬ 
garded as positive in the evaluation of the cofactors, f The time / may be 
measured from an arbitrarily chosen epoch. There will be in general three 
modes of the form (7), corresponding to the three roots of equation (6), and 
the most general solution is any linear combination of them. One of the 
modes corresponds to the principal elliptic term in the motion, and to a root 
of (6), \ say, that is close to unity. The mode has a period, which may 
be called the “radial” period, that is close to the orbital period; and the 
nature of the mode may be most clearly visualized by considering the varia¬ 
tions of the orbital angular velocity during a radial period. At pericenter, 
the orbital angular velocity is largest; at apocenter, smallest. The bodies 
rotate less rapidly than the orbital motion at pericenter, and more rapidly 
at apocenter. The angles of libration, Vt and t> 2 , are zero at pericenter, and 
are decreasing. They are negative between pericenter and apocenter, 
zero at apocenter and positive between apocenter and pericenter. It is 
this mode which is responsible for the motion of the line of apsides. If X 
exceeds unity, the radial period is shorter than the orbital, and the line of 
apsides regresses; if X is less than unity, the line advances. The ratio of 
the rate of advance to the mean motion «in the orbit is 1 — X, of which a 
negative sign corresponds to regression. The other two modes correspond 
to librations i>j and v% that are more purely gravitational in nature; in one 
of them these librations have identical signs, in the other opposite signs; 
they appear always to have periods long compared with the orbital period, 
and to involve oscillations in r that are relatively smaller, in comparison 
with the amplitudes of the r’s, than in the case of the first mode. If the 
two bodies are identical, it is seen from the equations (5) that the long- 
period mode for which the v's have opposite signs involves no changes at all 
in r. The two long-period modes are always possible when the steady mo¬ 
tion is stable, but they have nothing directly to do with the apsidal motion, 
and even in an eccentric orbit they need not be excited—that is to say, their 
A % J3's and C's may all be zero. If they are excited, they merely superim¬ 
pose their own small displacements upon those of the first mode which, by 
its nature, is present whenever the orbit is eccentric, and which is, in fact, 
the orbital eccentricity. 

Unless all three roots of the cubic are real and positive, the state of steady 
motion is unstable. There is then at least one “mode" that contains an 

t If a negative value of s is used, then a negative value of X must also be used, in the 
cofactors; the signs of B and C are thereby changed, and (7) is left unaltered. The solu¬ 
tion (7) has been obtained, of course, by adding together two solutions, involving exp 
(sit) and exp(—$#) respectively. 



Vot. 26, 1939 


ASTRONOMY: T . E. STERNE 


473 


exponential term involving a real and positive multiple of the time, and 
which is not, therefore, a vibration. 

Our equation (0) is exactly Walter's equation 1 (11), Walter's equations 
(9) constitute the linear combination of normal modes referred to previ¬ 
ously, and since Walter’s ‘ V* is our x/a his equations (10) express the ratios 
between A, B and C in terms, precisely, of the cofactors of the top row of 
our determinant A. In deriving his equations Walter considered homo¬ 
geneous ellipsoids, whereas we have considered inhomogeneous irregular 
bodies. We have taken care, however, to keep identical the meanings of 
identical symbols in the special case when the bodies are homogeneous 
ellipsoids. Thus the solution obtained here is exactly equivalent to the 
solution given by Walter. 

It is a simple matter, in any numerically specified example, to solve equa¬ 
tion (6) and thus to determine whether the steady motion is stable or un¬ 
stable, and, if the steady motion is stable, whether the apsidal motion is 
one of advance or regression. A numerical instance of an unstable case 
has been given by Walter.ft An example of a stable case, with regression, 
is furnished by two homogeneous rigid bodies of equal masses, with mean 
radii (averaged over the surfaces) of 0.3, and having the same ellipsoidal 
figures that they would have if, instead of being rigid, they were fluid, and 
were in equilibrium under the action of the tidal and centrifugal forces and 
their own gravitation.fft I am indebted to Dr. Kopal for suggesting a 
numerical example in which there is found to be stability and an apsidal 
precession. In this example, the masses of the homogeneous rigid ellip¬ 
soidal bodies are m\ « 10 and m% ** 1; the mean radii are 0.15 and 0.05, 
respectively. The bodies 1 and 2 have for their semi-axes the equilibrium 
values 0.15036, 0.15017, 0.14947 and 0.05018, 0.04995, 0.04986, respec¬ 
tively, in the directions of the principal axes a*, b it It is found that X* ® 
0.999983. In both examples, a « 1. ' 

3. Summary .—Walter has studied the nature of the nearly elliptical 
motion of a pair of rigid bodies, whose small librations in the orbital plane 
are taken into account. Walter's solution of this problem, although in¬ 
applicable probably to real binary stars, is nevertheless of dynamical inter¬ 
est. His solution, which has been adversely criticized on dynamical 
grounds, is here completely confirmed. Under appropriate circumstances 
instability, apsidal precession or apsidal regression may each occur. 

ft Reference 1, page 8. 

fff The formulae for computing such ellipsoidal figures may be found in Sterne, refer¬ 
ence 5, page 460. 

1 Walter, Vertif. der Univer$iUUs~Stemwarte, Kdnigsberg, 3 (1933). 

* Kopal, M . N t 98, 448 (1938). 

* Cowling, M. N, 98 , 734 (1938). 

* Walter, Zs. fUr Astropkysik , 17, 320 (1939). 
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• Sterne, M. N„ 99, 451 (1939). 

• Sterne, M. N„ 99, 662 (1939). 

7 Sterne, M. N.. 99, 670 (1939). 

8 Plummer, Dynamical Astronomy, Chapter II. 

• Whittaker, Analytical Dynamics. 


A THEORY OF LENGTH AND ITS APPLICATIONS TO THE 

CALCULUS OF VARIATIONS 

By Kari. Menger 

University of Notre Dame 
Communicated August 12, 1939 

1 . Variational Distance and Geometric Distance. —Let S be a limit class, 
i.e., a set for whose points convergence is defined. By a curve we mean a 
continuous mapping of a closed interval of real numbers into S . On the 
basis of the definition of convergence for points we can define convergence 
for sequences of curves. 

Let a distance be associated with each ordered pair of elements of S . 
Under which conditions can we say that each curve in 5 has a length de¬ 
rived from this distance, and that this length is a lower semicontinuous 
(l.s.c.) functional of the curves? By length of a curve C derived from a 
distance we mean a finite or infinite number to which the lengths of all 
sufficiently dense subpolygons of C formed by means of the distance come 
as close as we please. 

It is convenient to assume 1 that the definition of convergence in S is 
based on a distance $(p, q) associated with the pairs of points of S. But 
this distance plays merely an auxiliary role, and is by no means necessarily 
the same as the distance from which we derive the length of curves in whose 
existence and semicontinuity we are interested. We call 6(p, q) the geo¬ 
metric or 5-distance, and denote by 8i(p, q) the distance from which we de¬ 
rive the length. The latter will be called variational or 5i-distance. In the 
applications to problems of the calculus of variations the geometric dis¬ 
tance by which we determine the neighborhood of points and curves will 
be the ordinary Euclidean distance which when used in defining the length 
of a curve yields its ordinary Euclidean length. The variational distance, 
however, when used in defining the length of a curve C yields the integral 
along C of the integrand of the variational problem. 

2. The Semicontinuity of the Variational Length. —We make the follow¬ 
ing assumptions: 

I. 6 is normal: 6(p, p) « 0 for each p . 
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II. 8 is uniformly continuous: For each e > 0 there exists a 8(t) > 0 
such that i 8(p, p ') j + !$($?, q f ) | < S(e) implies \8(p t q) — 8(p', q ') | < «. 

IIIi. 8\ is an upper substitute for 8: For each number > 0 there ex¬ 
ists a number 5($i) > 0 such that |$(p, g) | < 8(8 X ) implies 5i(p, 5 ) < 5). 

IVj. 8} is locally of limited contraction: For each polygon that is suffi¬ 
ciently small in the geometric sense the variational length is not much 
smaller than the variational chord. By polygon we mean a finite ordered 
set P = [pupzt ..., p n }, by the variational length of P the number Xx(P) =* 
28 1 (pi, pm), by the variational chord of P the number jui(P) “ h(pu />»), 
by the geometric diameter 8(P) the largest of the numbers 8(pi, pj). Then 
the assumption IV 3 reads as follows: For each number £i > 0 there exists 
a $(£ 1 ) > 0such that 8(P) < 6 (£i) always implies Xi(P) ^ u\(P) — £1 |mi(P) I- 

Neither 8 nor $1 is required to be symmetric or non-negative. Some pairs 
of points may have positive, other pairs negative distances, as is actually 
the case in the applications to indefinite problems of the calculus of varia¬ 
tions. Neither 5 nor 5i is required to satisfy the triangular inequality or, 
what is equivalent, the condition “Length not smaller than chord for any 
polygon.” For 8 we merely assume the much weaker condition II, for 
8\ the condition IVi “Length not much smaller than chord for sufficiently 
small polygons.” We do not require 8 x (p t q) 4 = 0 for distinct points. 2 

By a curve C « p[a t 0 ] we mean the association of a point p(y) with each 
number 7 of a closed interval [a, fi] such that lim 7 » “ T implies lim 
8(p(y n )> P( 7 )) ■* 0 . We call P - ipu p 2 > .. pn} a subpolygon of Cif 
pi » p(ji) where a * 75 < 72 < ... < y n = 0. We set vc(P) « Max. 
(y <41 — 7 «)« A sequence of subpolygons P Xt Pz, ... of C will be called 
distinguished if lim vc(Pn) * 0 . For each distinguished sequence we form 
lim sup Xj (P n ) and call Xi(C) or upper variational length of C the least upper 
bound (l.u.bd.) of these numbers. A distinguished sequence Pj, P 2 , ... 
for which lim \\(P») « Xi(C) will be called a maximal sequence of C. Be¬ 
sides the variational length Xj(P) of a polygon P =* [pi, p 2f ...,/>*) we 
form its absolute variational length \\ x |(P) = 2 \8i(pi, pi±\) |. 

Existence and semicontinuity theorem . Under the assumptions /, 77, IU h 
IV] let C be a curve containing a maximal sequence Pi, P 2 , ... for which s 


l.u.bd. 


l.u.bd. 


w < * * *'< c > * °' 

I X, |(P«) < 00 if Xi(C) « 0. 


and 


Then there exists a finite or infinite number Xi (C) suck that we have lim Xi(Q„) 
m Xi(C) for each distinguished sequence Qi, Qs, ... of subpolygons of C. The 
functional X^C) is l.s.c., that is to say, if C 1( Cj, ... is a sequence of curves 
which geometrically converge toward C, i.e., whose Fr£chet distances from 
C based on the geometric ^-distance converge toward 0, then lim inf 
Xj(C«) S: Xi(C).< Moreover Xi(C) is additive along each curve C for which 



476 


MATHEMATICS: K> MENCER 


Pane. N. A. S. 


\*(C) is finite, i.e., if the segment C* of C *■ p[a, 0j is the sum of two con¬ 
tiguous segments C x and C 2 , say Ci * p[a' t y], C% = p]y, 0'], C *» p[ ot ; , 0'] 
where a £ a & y £ < 0, then Xi(C') = X x (C x ) + Xi(G). 

3. 77te Faria/tcwa/ Length of Curves of Bounded Length of Comparison — 
In the calculus of variations we have to consider line integrals that are 1 ) 
l.s.c. only in the class of those curves whose Euclidean lengths have a com¬ 
mon finite bound, 2 ) not too small when compared with the Euclidean length 
of the curve along which they are taken. An analysis of the proofs shows 
that this length with which the line integral is compared need not be de¬ 
rived from the geometric distance. We may introduce a length of com¬ 
parison \ 2 (C) derived from any third distance h(p, g). In the following we 
shall call h{p, q) the distance of comparison . h(p> g) need not be * 8 (p, g) 
nor * hip, q). If &(/>, g) satisfies III 2 and IV 2 , i.e., if is an upper substi¬ 
tute for 5 and locally of limited contraction, then the existence and semi¬ 
continuity theorem holds for the length of comparison X*(C). Concerning 
the variational distance h(p , g) we now assume IIIi and (instead of IVi) 

IV 12 . h is locally of limited contraction for polygons of small length of 
comparison: For each & > 0 and {2 > 0 there exists a 5(£ x , &) > 0 such 
that 8(F) < 8(h, £ 2 ) always implies 

A.CP) £ mCF) - 61 «(P) 1-6(1 H*(P) I + | A S |(P)J. 

Second semicontinuity theorem. From I, II, IIh , IV%, III\, I Viz it follows 
that for each number \ 2 < ® the functional Xj(C) is l-s.c. on the set of all 
curves for which \ 2 {C) ^ X 3 . 

A third theorem derives the conclusion of the second even if IV« is 
weakened; We may admit O-sets of exceptional points such that polygons 
beginning with one of these points may be as much contracted as we please 
provided that in the neighborhood of these points all closed polygons have 
a non-negative variational length. 

4. The Class of Curves of Bounded length of Comparison. —We now make 
two further assumptions about h, the first of which implies, in particular, 
that 82 is essentially positive, viz.: 

V*. 82 separates distinct points positively f i,e<, for any two distinct points 
p and g the greatest lower bound of the numbers Xj(P) for all polygons P 
joining p and g is > 0 . 

VI*. The space is locally connected with regard to X 2 , i.e., each point p can 
be joined with each point whose geometric distance from p is sufficiently 
small by a curve C for which X 2 (C) is arbitrarily small. 

From IIIt VI* it follows that in a compact space for each number X* < • 
the set of all curves C for which Xa(C) £ X*, is compact . The lower semi- 
continuity and additivity of Xa(C) which by virtue of the existence theorem 
follow from III* and IVj, together with V* and VI*, allow us to apply a 
theorem on functionals of curves 5 generalizing Hilbert’s theorem that in a 
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compact space the set of all curves whose lengths have a common finite 
bound is compact* 

5- A Theorem of General Analysis.—Let & be a function defined (though 
not necessarily finite) on the limit class L, and a a function defined on a subset 
L a of L containing , in particular, all elements e o/L for which /3(e) < «>. 
If a and ft satisfy the conditions 

(1) For each number ao < oo the function 0 is bounded above on the set 
of all elements e for which a(e) ^ ao, 

(2) For each fa < *> the set of all elements efor which /3(e) ^ fa, is com¬ 
pact, 

and if K is a subset of L a closed in the set of all efor which /3(e) < «>, then K 
contains at least one element eo that is limit of a minimizing sequence for a on 
K, i,e. t a sequence ej, e 2 , .., for which a(eO, a(e 2 ), ... converge toward the 
greatest lower bound of a on K. 

If in addition to (1) and ( 2) a and 0 satisfy 

(3) For each fa < «> the function <x is l.s.c. on the set of all e for which 
0 (e) <> 0 O| 

then each element eo that is limit of a minimizing sequence for a on K actu¬ 
ally minimizes a on K. 

This theorem 6 is implicitly contained in the work of Tonelli who applies it 
to the case that L is the limit class of all curves of the plane, a(C) a line 
integral along C, 0(C) the Euclidean length of C. Applying the theorem 
to a(C ) « Xi(C), 0(C) «« Ajz(C) we see that the conditions (2) and (3) are 
satisfied. In order to guarantee (1) we assume 

Vllia. The variational length is not too small compared with the length of 
comparison, i.e., for each number X* < co the function Xj(C) is bounded 
above on the set of all C for which Xj(C) £ Xi* 

From I, II, Illr'Vh, III U IV n , VIIit follows that in a compact space each 
closed doss K of curves with finite length of comparison X*(C) contains a limit 
element of a minimizing sequence for the variational length X*(C) on K, and 
that each such limit element actually minimizes the variational length on K. 

6 * Applications to the Calculus of Variations .—In the calculus of varia¬ 
tions we deal with a geometric distance b(p, q) satisfying the postulates of 
a metric space in the sense of Fr&het, and a function q)* the integrand. 

As the variational distance of p and q we consider the number v(p, q). 
b(p, g). Since 5 is a metric space conditions I and II are satisfied. Condi¬ 
tion IIIx bolds whenever the integrand ^ is a bounded function and, in 
addition to that, for many unbounded integrands. If 5 is a metric space 
in which directions are defined, and if <p(p , q) » <?{p, q f ) whenever the 
directions from ptoq and from p to q f are identical, then <p can be considered 
as a function of a point p and a direction d. This is the case in the classical 
problems. They deal with a domain in a Euclidean space or a manifold 
and a function <p(p, d) of a point and a direction. The semicontinuity and 
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quasiregularity conditions concerning <p formulated in the author’s previous 
papers 7 guarantee the condition IVi for the variational length mentioned 
above, or the condition IV 12 connecting this variational length with the 
length of comparison X 2 (C) derived from the distance 5 2 (/>, q ) « 5(p, q ), Le. ( 
with the geometric length. In this way the results of the previous papers 
subsume under the theory of length developed in the present paper. 
Moreover we see that instead of comparing the line integral (the variational 
length) with the ordinary Euclidean length we may compare it with any 
line integral of comparison derived from a distance $ 2 (/>, q) that satisfies 
the conditions IIl 2 -VI 2 . 

1 It would be sufficient to make topological assumptions concerning the underlying 
limit class. Sec 4 . 

1 Nor have we to assume for the proofs of the theorems on length that &(p, q) 4= 0 if 
p 4= But this assumption is necessary if we wish to guarantee that the curves of the 
metric theory are continuous curves in the sense of topology. 

3 I am indebted to A. N. Milgratn for suggestions in connection with this condition. 
Tt is necessitated by the admission of variational distances of both signs, and corre¬ 
sponds to the concept of absolute convergence in the theory of series. The condition 
may also be formulated in the following way: If \i(C) < <», then l.u.bd. IX] I (P„) < «>; 

IX IfjP ) * 

if Xt(C) — 00, then l.u.bd. ----- < 00, 

Xi(" n ) 

* Let 8 f (p, q) be any normal and uniformly continuous distance for which 6{p, q) is 
an (upper and lower) substitute, i.e., such that |$(p f g) | is as small as we please provided 
that b'{p, q) | is sufficiently small. Then by replacing the geometric £-distance by the 
5'-distance we do not affect the existence, the numerical value or the semicontinuity of 
Xi(C), Essentially, we deal thus with line integrals under topological conditions. 

In order to get an upper scmicontinuous functional Xi(C) we have to make assumptions 
dual to IIIi and IV4. 

8 The theorem and the conditions V and VI are contained in the author's paper in 
Ergebnisse eines mathemalischen Kolloquiutns 8, Vienna (1937), p. 22. The local connect¬ 
edness with regard to X* should not be confounded with the Fdocal connectedness re¬ 
cently introduced by Morse. 

* See the paper quoted in 8 p. 13. We shall denote by (4) the condition that for any 
convergent sequence of elements ei, e it ... for which lim a(e n ) ** », we have lim 0(e n ) « 
00. Then we can supplement the principle of Tonelli by the following statement; In 
presence of the conditions (2) and (4) the condition (1) is equivalent with the following 
condition : Each sequence e u e%, ... for which there exists a number 0' such that (S(e n ) < 
0' < » for all n, contains a converging subsequence. 

1 See the paper quoted in 8 and Proc. Nat, Acad, Set., 23, 246-248 (1937). 
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GENERAL TRIHORNOMETRY OF SECOND ORDER 1 

By Edward Kasner and John De Cicco 

Departments of Mathematics, Columbia University and Brooklyn 

College 

Communicated July 28, 1930 


In this paper, which is a continuation of the paper by the authors, 
“Conformal Geometry of Horn Angles of Second Order/' these Pro¬ 
ceedings, 24, 393 -400 (1938), we shall give the laws connecting the nine 
conformal invariants of a trihorn of second order . 2 We shall consider 
only general trihoms (as defined below). 

Instead of letting fa y, z) denote the first three derivatives of the curva¬ 
ture with respect to the arc length (as was done in the preceding paper), 
we shall find it more convenient to define fa y, z) by the equations 

x = 2y', y y/f>y ff t z = 2(y /ff - y*y') t 0) 


where (y' t y”, y Hf ) are the first three derivatives of the curvature y with 
respect to the arc length of any curve C of the horn-set (y) at the common 
point. A horn-set ( 7 ) can be regarded as a three-dimensional space, 
called the K 9 -space t where any point of K& is a curve C(x , y, z) of the horn- 
set ( 7 ). The group of conformal transformations of the plane induces a 
special affine five-parameter group G 6 between the iG-spaccs . 8 

A general line (linear series) consists of the » 1 points of a AVspace which 
satisfy two linear equations of the form y = px + r, z « qx + s, where 
p t q, r, s are constants such that q — p 2 4 = 0. A general plane (flat con¬ 
gruence) is composed of the <*> 2 points which satisfy a single linear equa¬ 
tion of the form z ~ ax + by + e, where a, b , c are constants such that 
4a + b 2 =)= 0 . 

Under the group G&, two points (a horn angle of second order) of a given 
K 5 -space possess the fundamental invariant 



_ fa - _ 

fa - #i)fa - si) - fa - yi ) 2 





also the sign of x% — xi is invariant. We call Mvz the distance between any 
two points of the Kr space. 

Two intersecting general lines of a given AVspace possess the two 
unique independent quantities 


<*u 


- & 

(Pt - PxY' 


0-21 


gl ~ Pi* 

(Pt - Pi) % ' 



We call ou(asi) the direct (reverse) dihorn angle between the ordered pair of 

general lines' (Li, Lt). 
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A general triangle (trihorn of second order) consists of three points (Ci, 
Cj, Cn) with Xi < < x$ such that they determine a general plane, and 

the three sides L\ — (C 2 , C»), L% » (C*, Ci), L$ <= (Ci, C®) are general 
lines. A general triangle possesses nine finite non-zero conformal in¬ 
variants: the three distances Mm M% i, the three direct dihom angles 

a \ 2f a® 3 f os 1 and the three reverse dihom angles <* 21 , a**, o w . We shall 
state the laws involving these quantities without giving the proofs. 

Theorem 1. The ratio aji/a k i is always positive . The four dihom 
angles ay l} a ki , o k j are connected by the single equation 



+ (- 1 )' 





Theorem 2. The four dihom angles a iir a jk , a kj satisfy the single 
relation 



Theorem 3. The four dihom angles Ojj, a jk , a Jk> are connected by 
the single relation 


ik = 


1 + oi* = 1 + (-" iy 


O’] [ 


1 + atf + (— 1 )‘a#< 




Theorem 4. 7’/?e /<wr dihom angles ay, a jk , a ki , a# satisfy the single 

equation 


1 + (- 1 ) 


' O’l t 


l + a«+ (—l)‘(a*j — a*,) 


m • 


(D) 


, Theorems 1, 2, 3 and 4 are the analogues of the angular identity of a 
triangle in ordinary plane geometry. In a general triangle, every three of 
the six dihorn angles are independent, but every four are related by a single 
formula of the type (.4), (£), ( C) or (D). 

Theorem 5. The Law of Sines. The nine parts of a general triangle 
are connected by the equations 

ai,a,i 

SBC 

ana** 

(B) 
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The three expressions of the form (a^ — a#)* + 2(ojj + ot$) + 1 are finite , 
non-zero quantities of the same sign . 

Theorem 6 . The Law of Cosines (Type I ). The five parts M jfc> 

Mj k , a ki , a ik satisfy the single relation 



_ — (aikMjj + OLkjMjkY _ 

^ikM\ + + Uik + a ki) 



Theorem 7 . The Law of Cosines (Type IT). The five parts My, Mj k , 
M ki> ajj, a kj are connected by the single relation 




1 + (~ 



akj Mjk + aijMij 



Theorem 8 . The Law of Cosines {Type III). The five parks My, Mj kf 
M ki , aj k , ofji satisfy the single relation 


— ajkajiMjkMjj [(<*>,'AT,-,) ~~ ' h + {WkMjjT^Y 

( 1 + ajk){.otjiMjk)' h + (1 + 



We note that there is a last Type IV of Law of Cosines (Theorem 9). 
This is the formula (I) connecting the five parts M,->, Mjk t Mki , «o, 

We do not write this as it is a very complicated expression. It is obtained 
as the eliminant with respect to a dihom angle of the Laws of Cosines of 
Types II and III. 

In conclusion, we observe that every four parts of a general triangle 
(of which at most three are dihom angles) are independent, but every five 
parts are connected by a relation which is a consequence of the above 
stated laws. 


1 Presented to the American Mathematical Society, September, 1939. 

1 Kasner, "Conformal Geometry,” Proc. Fifth Internal. Cong. Math., 2, 81 (1912); 
"The Two Conformal Invariants of Fifth Order,” Trans. Amer . Math. Soc 44 , 25^31 
(1938); and "Geometry of Conformal Symmetry (Schwarzian Reflect ion) Ann. Math., 
SB, 873-879 (1938). 

1 As indicated by Comenetz, this may be generalized to a riemannian surface. (See 
his paper, "Conformal Geometry on a Surface,” Ann. Math., 39, 863-871 (1938).) A 
horn-set (?) consists of all curves on a riemannian surface S which pass through a 
common point in a common direction, and which possess the same geodesic curvattfre 
y. In (1), let x and y represent the same quantities, but let s denote the expression 
2 [y* f — ( Y * *f K)y f \ where K is the gaussian curvature of E at the common point. Any 
hora*set (?) of 2 may be regarded as a three-dimensional space where any point of 
Kt is a curve C(*, y,») of the horn-set (y). The same group between the A«-space$ is 
induced by the group of conformal transformations between all riemannian surfaces. 
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GROUPS WHICH CONTAIN LESS THAN TEN PROPER 

SUBGROUPS 

By O. A. Miller 

Department of Mathematics, University of Illinois 
Communicated August 7, 1939 

The groups which separately contain less than eight proper subgroups 
were considered in a preceding article of these Proceedings, 25, 3G7-371 
(1939). If an abelian group contains exactly eight proper subgroups its 
order cannot be divisible by three distinct prime numbers because if one 
and only one of its factors were then divisible by a square the number of 
these cyclic subgroups would be ten and if none would be divisible by a 
square there would be only six proper subgroups. If the abelian group G 
contains exactly eight proper subgroups and its order is divisible by two 
distinct primes this order is of the form pipt A , where pi and p% are distinct 
primes, when G is cyclic, and when G is non-cyclic it is the direct product of 
the four group and a group of an arbitrary odd prime order. If the order 
of G is a power of a prime number it is of the form p 9 , p being any prime 
number whenever it is cyclic. When it is non-cyclic it is one of the follow¬ 
ing two special groups: The non-cyclic group of order 49, the group of 
order 27 and of type 2,1. Hence there are exactly five abelian groups 
which separately contain eight proper subgroups. 

If a non-abclian group G contains exactly eight proper subgroups then 
at least one of these subgroups is invariant under G since G cannot be a 
simple group. If only one of the proper subgroups of G is invariant and 
the other seven are conjugate under G there are two possible groups which 
result from the following theorem: There is one and only one group of order 
pk tt , p being an odd prime number and k being a prime divisor of p — 1, 
which contains exactly p conjugate non-invariant subgroups whenever these 
subgroups are not all relatively commutative . This theorem results directly 
from the fact that such a group has a k a ~ l , 1 isomorphism with a transitive 
group of degree p which has exactly p non-invariant subgroups. The order 
of this transitive group is therefore pk since it contains one and only one sub¬ 
group of order p. When p » 7 the two possible groups are of orders 14 and 
21, being, respectively, dihedral and semi-metacyclic. In general this 
group contains p + 2a — 1 proper subgroups. 

If only one of the eight proper subgroups of G is invariant and the other 
seven are transformed under G according to an intransitive group its transi¬ 
tive constituents could not be of degrees 2, 5 since G contains only one in¬ 
variant subgroup. If they are of degrees 3 and 4, respectively, G may be 
the tetrahedral group of degree 7. It could be no other group since it is 
supposed to contain one and only one invariant proper subgroup and 
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hence the intransitive group of degree 7 according to which its non-in¬ 
variant subgroups would be transformed could not involve more than one 
proper invariant subgroup and the order of G evidently would exceed 6. 
If G would contain two and only two invariant proper subgroups its six 
non-invariant proper subgroups could not be transformed transitively 
since the number of invariant subgroups of a transitive group of degree six 
increased by the number of its other cyclic subgroups of this degree exceeds 2. 

Suppose that the six non-invariant proper subgroups of G are trans¬ 
formed under G according to an intransitive substitution group in which 
the number of invariant subgroups increased by the number of the other 
cyclic subgroups of degree 6 does not exceed two. If each of the constitu¬ 
ents would be of degree 2 the order of this intransitive group could not 
exceed 2 since it would have more than two invariant subgroups if its 
order was larger. If it were of order 2 it would be of degree 6 and hence 
G would again contain more than two invariant subgroups. The intransi¬ 
tive group of transformation could not have two transitive constituents of 
degree 3. As it also could not have two transitive constituents of degree 
2 and 4, respectively, it results that G could not involve exactly two proper 
invariant subgroups. 

If G contains three proper invariant subgroups and its five non-invariant 
subgroups are transformed transitively it may be the dieyclic group of order 
20 according to the italicized theorem noted above. In this case p = 5 
and a — 2. This could be no other group since the five non-invariant 
subgroups would have to be transformed according to the dihedral group of 
degree 5. The five non-invariant subgroups of G could not be transformed 
under G according to an intransitive group since the order of this group 
could not be 12 because G contains only three invariant subgroups. It 
could not be 6 for the same reason. Hence there is one and only one group 
which has exactly eight proper subgroups including three invariant ones. 

When G contains exactly four proper invariant subgroups its four non¬ 
invariant subgroups cannot be transformed under G according to a transi¬ 
tive group of degree 4. If they were thus transformed this transitive group 
could not be the alternating group of degree 4 since this group contains eight 
proper subgroups but only one of them is invariant. It could not be the 
octic group because this group transforms its four non-invariant sub¬ 
groups intransitively. It could not be the four group because the sub¬ 
group of G corresponding to the identity of this four group would involve 
just four proper subgroups which would be non-invariant under 6?. Hence 
G would involve more than eight proper subgroups since its order would be 
at most 36. Similar remarks apply to the case when the substitution group 
in question would be cyclic. Hence it results that when G contains four 
proper invariant and four non-invariant proper subgroups it transforms 
these non-invariant subgroups according to an intransitive group of degree 4. 
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The four non-invariant subgroups of G could not be transformed under 
G according to the group of order 2 since the two pairs of conjugate sub¬ 
groups would be relatively commutative. Hence G would involve more 
than eight proper subgroups. It therefore results that G transforms its 
four non-invariant subgroups according to the intransitive group of order 
4 and contains a cyclic subgroup which involves the commutator subgroup 
and transforms the four non-invariant proper subgroups in pairs. That is, 
the octic group is the only group which has exactly eight proper subgroups 
of which exactly four are invariant. According to the italicized theorem 
noted above there is one and only one group which has eight proper sub¬ 
groups, five of which are invariant, and transforms the three non-invariant 
and non-commutative ones transitively. If the three non-invariant sub¬ 
groups are relatively commutative then G is the non-abelian group of order 
27 which is conformal with the abelian group of type 2, 1. Since G could 
not contain exactly six proper invariant subgroups there are exactly twelve 
groups which separately contain eight and only eight proper subgroups . Five 
of these are abelian and the other seven are non-abelian . 

At the opening of this article it was observed that if an abelian group con¬ 
tains exactly nine proper subgroups its order is divisible by at most two 
distinct prime numbers and if the order of such a group is divisible by two 
distinct primes it cannot be cyclic since 9 + 2 is a prime number. If it 
were non-cyclic one of its Sylow subgroups would be non-cyclic. As this is 
impossible the order of G must be a power of a prime number when it is 
abelian and contains exactly nine proper subgroups. If G is non-cyclic it 
is of order 16 and of type 3,1. When it is cyclic its order is p 10 t p being an 
arbitrary prime number. There are therefore two and only two abelian 
groups which separately involve exactly nine proper subgroups. One of 
these is cyclic and the other is non-cyclic. We proceed to consider the 
non-abelian groups which separately involve exactly nine proper subgroups. 

Such a group G contains at least one invariant proper subgroup since it 
cannot be simple. If it would contain only one invariant proper subgroup 
its eight non-invariant proper subgroups would be transformed under G 
according to a group of degree 8 which would not involve more than one 
cyclic subgroup generated by a substitution of degree 8 nor more than one 
invariant subgroup. Such a group could not be transitive since none of 
the fifty transitive groups of degree 8 satisfies these conditions. 1 It could 
not be intransitive and have four transitive constituents of degree 2 since 
it would involve more than one invariant subgroup if its order exceeded 2, 
and if its order were 2 it would contain a cyclic invariant subgroup which 
would transform the eight non-invariant subgroups in pairs and hence G 
would involve more than nine subgroups. Its transitive constituents could 
not be of degrees 6 and 2 because it would contain only one invariant sub¬ 
group. Its transitive constituents could not be of degree 3 and 5, reapec- 
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tively, nor of degrees 4, 4 or of degrees 4, 2, 2. Hence it results that G 
would contain more than one proper invariant subgroup if it would contain 
exactly nine proper subgroups. 

If G contained just two proper invariant subgroups its seven non¬ 
invariant subgroups could not be transformed transitively under G because 
the order of G could not be divisible by 7, They could also not be trans¬ 
formed according to an intransitive group whose transitive constituent 
would be of degrees 5, 2 since its order could not be divisible by 5. The 
degrees of the transitive constituents of such a group could not be either 
3, 4 or 3, 2, 2 and hence G involves at least three invariant subgroups. If 
it involved exactly six non-invariant proper subgroups they could not be 
transformed transitively under G since G is supposed to contain only three 
invariant proper subgroups. They could also not be transformed according 
to the substitution group of order 2 and degree 6 because G would then 
involve more than three invariant subgroups. This would also be the case 
if all the transitive constitutions of this substitution group were of degree 
2 and the order of the group would exceed 2. 

The six non-invariant subgroups of G could not be transformed accord¬ 
ing to an intransitive group having two transitive constituents of degree 3 
or one constituent of degree 4 and one of degree 2. Hence G contains at 
least four invariant proper subgroups and if it has exactly four such sub¬ 
groups its non-invariant subgroups cannot be transformed transitively. 
They can also not be transformed intransitively under G because the 
transitive constituents would be of degree 2 and of degree 3, respectively. 
Hence it results that if a group contains exactly nine proper subgroups it 
contains at least five invariant proper subgroups. If it contains this num¬ 
ber of invariant proper subgroups its four non-invariant subgroups cannot 
be transformed transitively, but they are transformed intransitively ac¬ 
cording to the intransitive group of degree 4 and order 4 when G is the 
dicyclic group of order 16. 

The four non-invariant subgroups of G could not be transformed under 
G according to a substitution group of order 2 since such a group would 
involve an invariant cyclic group which would transform these four sub¬ 
groups in pairs. If G contained six invariant subgroups and three non¬ 
invariant subgroups it could not transform these three subgroups cyclically 
since it contains just nine subgroups. For the same reason it could not 
transform the three non-invariant subgroups according to the symmetric 
group of degree 3. If G contains two and only two non-invariant sub¬ 
groups it is known to be of order 16 and conformal to the abdian group of 
type 3,1. Hence there are four and only four groups which separately invoke 
nine proper subgroups. Two of these are abelian and the other two are non- 
abelian. 

‘ O. A. Miller, Collected Works, 1, 361-408 (1936). 
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DEVELOPMENT OF EYE-COLORS IN DROSOPHILA: 1 
BACTERIAL SYNTHESIS OFv+ HORMONE 

By Edward L. Tatum 

School of Biological Sciences, Stanford University 
Communicated July 21, 1939 

The development of eye-color in certain insects is controlled by specific 
diffusible substances 2 so far found only in insects. In Drosophila two 
substances, hormone and cn + hormone, are essential for pigment forma¬ 
tion, and are not produced by flies homozygous for the genes v and e», re¬ 
spectively. It is also known 8,4 that v bxv animals grown at low levels of 
nutrition become capable of producing v' ¥ hormone and therefore develop 
pigmented eyes. This so-called “starvation effect” is prevented by the 
addition of sugar to the diet, 

Khouvine, el a/., 8 reported that v bw larvae raised on peptone-glucose 
media containing tryptophane developed eye pigment while those grown 
on tryptophane-deficient media did not. These experiments, however, 
were not carried out under aseptic culture conditions. Since studies of 
nutrition in our laboratory have shown that such media will not support 
growth of Drosophila larvae under aseptic conditions, it seemed probable 
that growth of microorganisms made Khouvine's media adequate. These 
microorganisms may also have been concerned in the expression of the 
tryptophane effect, possibly through starvation. 

TABLE i 

Effect of Tryptophane and Growing Bacillus sp. on Eye-color of v bw D . mclano - 

gaster 

Figures in Parentheses Give Number of Adult Flies. (1.5 Per Cent Agar Medium 
10 Cc. in 35 Cc. Vials.) 


ADDITIONS TO HKDIUH 

CULTURAL 

CONDITIONS 

PROLONGATION OP 
LARVAL LIPS IN 

EYE-COLOR* 



DAYtt 

2.5-3.0 


Sterile 

3-5 

(9) 

Dry yeast, 0,5 per cent 

Inoculated with 


2.0-3.0 


Bacillus sp. 

4 

(6) 

Dry yeast, 0.5 per cent and 

Sterile 

2-5 

0.0-1.0 




(27) 

sucrose, 2.0 per cent 

Inoculated 

1-2 

0.6-2.0 




(17) 

Dry yeast, 0.6 per cent, 



0.0-1.0 

sucrose, 2.0 per cent and 

Sterile 

1-6 

(40) 

tryptophane, 10 mg. per 

Inoculated 

1-2 

2.0-6.0 

10 cc. 



(39) 


* For significance of eye-color values cf. Tatum and Beadle.* 
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Preliminary experiments designed to test the effect of tryptophane on 
eye-pigment development in v bw Drosophila under aseptic conditions, as 
described elsewhere, 6 gave entirely negative results. One culture, however, 
was accidentally contaminated with an aerobic bacillus, and a marked effect 
on eye-color of the flies developing in it was observed. This unidentified 
Bacillus sp. was obtained in pure culture, and the effect of its growth on the 
development of eye-color was then investigated more thoroughly. The re¬ 
sults given in table 1 show that neither the bacillus nor tryptophane sepa¬ 
rately had any significant influence on pigment production. However, in 
the presence of both the organism and tryptophane, eye pigmentation was 
greatly intensified. This shows conclusively that tryptophane is able to 
modify eye-color only through the intermediation of microdrganisms. 

These experiments did not eliminate a possible action of the organisms 
and tryptophane through starvation of the larvae, although the sugar con¬ 
centration used should inhibit the starvation effect, 6 Accordingly, another 
experiment was made, using a medium containing 1.5 per cent agar, 0.5 
per cent yeast, 3 per cent sucrose and 10 mg. tryptophane per 10 cc. Sepa¬ 
rate cultures were inoculated with the bacilli on the first, second and third 
days after hatching of the larvae. Even those flies developing on the me¬ 
dium inoculated on the third day developed eye-pigment (34 flies, eye-color 
3.5 to 5.0 6 ), although calculation of the total time to eclosion indicated that 
the bacteria had been introduced after most of the larvae had passed the 
72-hour “critical period.’* After this time larvae are not modified by 
starvation. 4 It therefore seemed probable that the observed effect on eye- 
color was not caused by starvation. A more nearly direct test was made 
by transferring 72-hour-old, sterile, fully fed v bw larvae 6 to a 3-day-old 
culture of the Bacillus sp. growing on dry yeast sucrose-agar with trypto¬ 
phane. Larvae over 72 hours old cannot be influenced by starvation. 
Nevertheless, the adult flies from this experiment showed definitely modi¬ 
fied eye-color (22 flies, eye-color 1.0 to 3.5). In another similar experiment, 
the Bacillus sp. was grown on yeast sucrose-agar with tryptophane and the 
culture was autoclaved after 3 days. Fully fed, 72-hour-old, sterile v bw 
larvae were then placed aseptically on this autoclaved medium. The flies 
edosed in normal time (215 hours from egg-laying) and were strongly 
modified, 36 flies, eye-color 3.0 to 3.5. Corresponding tests showed that 
$u 2 -v, v;bw flies were also strongly modified; 10 d\ eye-color 3.0 to 
3.5; 13 9 9, eye-color 3.5 to 4.0. Normal eye-color values of this stock, 
cf cf ■* L0, 9 9 *= 2.0 6 . On the other hand, cn bw flies were not affected 
at all (15 flies, eye-color 0.0). 

The eye-color modification observed in these experiments was definitely 
not associated with a starvation effect. The concentration of sucrose used 
in all experiments would have inhibited almost completely any effect of 
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starvation.* Moreover, pigmentation was also produced in larvae which 
were too old to be affected by starvation. 4 

It has been found 7 that starvation of v bw larvae modifies the fat body 
so that after transplantation it will induce pigmentation of the eyes of a 
normal v bw host. Fat bodies from v bw larvae cultured on autoclaved 
tryptophane medium on which the bacterium had been grown were trans¬ 
planted into normal v bw larvae. The results showed that the fat bodies 
were not modified as they would have been by starvation (12 flies, eye- 
color 0.0). 

The evidence indicates conclusively that the eye-color change is due to 
the ingestion by the larvae of a specific substance, with activity, which 
is produced by the Bacillus sp. only in the presence of tryptophane. The 
v + and cn + hormones are known to be effective when taken in through the 
digestive system. 8 Extracts have been prepared from the autoclaved bac¬ 
terial culture and injected into v bw larvae. Although these extracts were 
quite toxic, 20 pupae developed far enough to show eye-color (1.0 to 2.5). 
Six edosed flies showed eye-color ranging from 0.5 to 2.7. The modifica¬ 
tion of v bw flies following injection of extracts is the most specific and criti¬ 
cal available test for v+ eye-color hbrmone. The method of extraction from 
the agar medium showed that the substance produced by the bacteria was 
soluble in water and ethyl alcohol, but insoluble in acetone and chloroform 
and was heat-stable. It therefore behaved in the same way as does 
hormone obtained from Drosophila pupae. 6 Another characteristic of v 4 
hormone is that it is transformed into cn + hormone by v bw flies. A pre¬ 
liminary test showed that the bacterial product, which has only hormone 
activity, was also changed into cn hormone in this way. Fully fed, 72- 
hour-old v bw larvae were fed on the autoclaved bacterial culture. Forty- 
eight hours after pupation, 15 of these were boiled, crushed and fed 8 under 
aseptic conditions to five cn bw larvae. Four flies developed and showed a 
definite eye-color modification of 0.3. ' 

It should be pointed out that the active bacterial product resembles 
hormone in yet another way. All active v+ (and cn 4 ') hormone fractions 
as yet prepared from Drosophila pupae 6 have been decidedly yellow in color. 
The active preparations from the bacteria show the same dear yellow color. 
It seems probable that this color is associated with the hormone itself, since 
the bacteria grown in the absence of tryptophane do not produce the active 
substance, and the yellow color is not developed. 

A number of experiments have been carried out to determine the optimal 
conditions for the production of the effective substance by the unidentified 
bacillus. The organisms were grown 3 days on each medium. After auto¬ 
claving and slanting the medium, 72-hour-old, fully fed v bw larvae were 
introduced. The results (table 2) show that the active substance is pro¬ 
duced only under aerobic conditions (solid mediuxh or aerated liquid 



Vol. 25, 193d 


BIOCHEMISTRY: E. L. TATUM 


489 


TABLE 2 

Production of Substances with v + Activity by Bacillus sp. in 3 Days of Growth 

Under Various Conditions 

Medium: dry yeast, 1.0 per cent; sucrose, 3.0 per cent; agar, 1.5 per cent; and trypto¬ 
phane, 10 mg.; total volume, 10 ce. in 35 cc. vials. Figures in body of table represent 
eye-color values, those in parentheses give number of adult flies. 

COMPLETE BACTERIAL, CELLS CULTURE MEDIUM LIQUID CULTURE LIQUID 

CULTVRB FROM CULTURE WITH BACTERIAL MEDIUM,** CULTURE MEDIUM,** 

MEDIUM MEDIUM* CELLS REMOVED NON-AERATED AERATED 

3.0-3.5 0.5 3.0-3.5 0.0 3.0-3.5 

(25) (15) (17) (19) (3) 

* Cells added to fresh medium, autoclaved and tested. 

** 1.5 per cent agar added to medium just before autoclaving. 

medium), and that it readily diffuses from the bacterial cells into the me¬ 
dium. 

The influence of the tryptophane concentration was then investigated, 
using solid medium and growing the bacilli 3 days before autoclaving the 

TABLE 3 

Influence of Tryptophane Concentration on Production of Sub.stance with v + 

Activity by Bacillus sp. 

(Basic agar medium and significance of figures as in table 2) 

TRYPTOPHANE CONCENTRATION IN MO. PER 10 CC. 

0 1 5 10 20 40 70 

0.0 0.1-0.5 2.0-3.0 3,0-3.5 3.0-3.2 2.5-3.0 2.0-3.5 

(25) (30) (22) (27) (25) (19) (21) 

culture and then adding 72-hour-old v bw larvae. The results (table 3) 
show that the optimal concentration of tryptophane under these conditions 
was 10 mg. per 10 cc. of medium. Higher concentrations did not increase 
the intensity of eye-pigmentation. Presumably, the bacteria can produce 
only a certain amount of the effective substance in 3 days, even when pro- 
vided with au excess supply of tryptophane. 

The results of a series in which the bacteria were allowed to grow on a 
medium containing 10 mg. tryptophane per 10 cc. for different periods of 
time before autoclaving, showed that the eye-color intensity increased with 
the time of bacterial growth (table 4). All the flies developing on the me- 

table 4 

Influence of Time of Growth of Bacillus sp. on the Production of Substance 

with v + Activity 

(Medium and significance of figures as in table 2) 

TIME OP BACTERIAL GROWTH IN DAYS 

1 3 5 7 10 

1.0-2.0 3,0-3.6 4.0-4.5 4.5-5.0 5.0 

(15) (25) (22) (16) (23) 
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dium cultured for 10 days showed the maximum possible modification 
(eye-color 5.0). 

The influence of cultures of known microorganisms on eye-color modifica¬ 
tion has also been tested (medium containing l per cent yeast, 3 per cent 
sucrose, 1.5 per cent agar and 10 mg. tryptophane per 10 cc., and 3 days’ 
growth before autoclaving). Only the unidentified Bacillus sp . has proved 
effective. B. subtUis , B. mesenlericus , B. terminalis , megatherium, Ps . 

aeruginosa , E. coli and 5. cerevisiae were without effect under the experi¬ 
mental conditions used. It is possible, however, that under other condi¬ 
tions some of these organisms might also be effective. 

Discussion .—The diffusible hormones which control insect eye-color de¬ 
velopment have been considered to be specific substances produced only by 
insects. The results described in this report show that under suitable con¬ 
ditions certain bacteria synthesize a substance which has v' hormone 
activity in Drosophila. The final proof of the identity or non-identity of 
this active substance with v 1 hormone will be possible only when both are 
isolated in the pure state. However, all the available evidence indicates 
that the chemical and biological properties of the two substances are 
identical. 

1 Work supported by funds granted by the Rockefeller Foundation. 

* Ephrussi, B., G6n6tique Phystologique, A ciualitcs Scientifique et Industridles, 789, 
Hermann et Cit\ Paris, 1939. 

* Khouvine, Y., Ephrussi, B., and Chevais, S., Biol. Bull., 75, 42/5 (1938). 

* Beadle, G. W., Tatum, E. L., and Clancy, C. W., Biol. Bull, 75, 447 (1938). 

6 Tatum, K. h . (in press). 

6 Tatum, E. L., and Beadle, G. W., Jour. Gen. Physiol 22, 239 (1938). 

7 Beadle, G. W., Tatum, E. L., and Clancy, C. W. (in press). 

8 Beadle, G. W., and Law, L. W., Proc. Soc. Exper. Biol, and Med., 37, 621 (1938). 


NUTRITIONAL REQUIREMENTS OF DROSOPHILA 

MELA NOG ASTER' 

By E. L. Tatum 

School op Biological Sciences, Stanford University 
Communicated July 24, 1939 

In spite of the rapid recent advance in knowledge of the nutritional and 
vitamin requirements of higher animals, plants and microorganisms, insect 
nutrition is in almost the same chaotic state as was vitamin research twenty 
years ago. The earlier work on insect nutrition was done before the com¬ 
plex nature of the B group of vitamins was known, and was often not car¬ 
ried out under aseptic conditions. The results obtained were therefore 
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inconclusive. Trager and Sufcibarow 2 have reviewed the significant litera¬ 
ture, and a brief summary here will suffice. 

Many if not all insects require for growth and development food ma¬ 
terials supplied in nature by yeast or other microorganisms. There is no 
reason to suppose that insect larvae have different basic nutritional require¬ 
ments. Some, such as the mosquito, may be slightly more exacting in 
their requirements than Drosophila and some other insects. Baumberger 3 
showed that autoclaved yeast was a completely adequate food for Dro¬ 
sophila, but Hinman^ and Trager 6 found that mosquito larvae need for 
growth an additional factor present in living yeast and in liver extracts. 

There is no evidence or indication that insect larvae need any of the 
known vitamins other than those of the B group. Thiamin (Bj) and ribo* 
flavin (B 2 ) have been shown to be essential for mosquito larvae 2 and for 
Drosophila . 0 It has been suggested that nicotinic acid and vitamin B« may 
also be required by mosquito larvae . 2 

Several species of insects need certain fat-I ike substances in addition to 
these B vitamins. Ilobson 7 reviewed the earlier work on this requirement 
and showed that the unsaponifiable fat fraction essential for Lucilia could 
be replaced by pure cholesterol. Van’t Hoog K showed that cholesterol (re¬ 
placeable by certain other sterols) was also required by Drosophila. 

Even in the presence of these above-mentioned substances, Drosophila 
and mosquito larvae will not grow and develop unless yeast or liver frac- J 
tions are added to the food. Trager and Subbarow 2 obtained two fractions 
from liver extract by treatment with barium hydroxide and alcohol. These 
were separately almost inactive for mosquito larvae but were effective when 
recombined. One of these liver factors could also be adsorbed on charcoal 
and eluted. Lafon* concluded that yeast contains one factor easily ad¬ 
sorbed and inactivated by hydrolysis, which accelerates growth of Dro¬ 
sophila larvae, as well as a second factor indispensable for growth, which is 
not adsorbed and is not inactivated by hydrolysis. Lafon was unable to 
elute the first factor from the adsorbent, but showed that it was readily 
utilized by the larvae when fed in the adsorbed state. 

The investigation of the nutrient requirements of Drosophila melano¬ 
mas ler has been undertaken in this laboratory in connection with the study 
of the role of diet in eye-pigment development in this insect. The pre¬ 
liminary results indicate rather conclusively that yeast contains three dis¬ 
tinct substances or groups of substances essential for Drosophila. The 
activity of these factors does not depend on their content of any of the 
known vitamins. The need of riboflavin by Drosophila larvae has been 
substantiated, and in addition, nicotinic acid has been found to be required 
for normal growth. 

Materials and Methods ,—The feeding experiments in this investigation 
were carried out under aseptic conditions, using vermilion brown (v bw) 
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Drosophila melanogaster. The eggs were collected over a 3 to 4 hour pe¬ 
riod, sterilized in alcohol as described elsewhere 10 and placed on the freshly 
autoclaved test media. All cultures were held at 25°C. and observed every 
24 hours. After pupation of the larvae, sterility was checked by streaking 
a loopful of the medium on to yeast extract-sucrose agar slants. Any cul¬ 
tures which were not bacteriologically sterile were discarded. 

All media contained 1.5 per cent purified agar. This and the other de¬ 
sired constituents were placed in 35-cc. vials. The final volume of medium 
in each vial was 10 cc. The vials were stoppered with cloth-covered cotton 
plugs, sterilized in the autoclave and finally the medium was slanted, agi¬ 
tating while cooling if necessary to keep any insoluble materials in suspen¬ 
sion. 

Preliminary Experiments .—The preliminary investigations of the nutrient 
requirements of Drosophila larvae centered around attempts to develop a 
synthetic or at least a semi-synthetic medium which would support growth 
under aseptic conditions. A basal medium was used which contained 0.15 
per cent inorganic salts;* 0.5 per cent sucrose; and 2 per cent acid hydro¬ 
lyzed casein supplemented with 2 mg. of tryptophane per 10 cc. The sub- 

TABLE X 


Substances Tested in the Basal Medium and Found to Be Inactive for Growth 

of Drosophila Larvae 

concentrations tbhtkd pbr 10 cc. 


SrnSTANCK AOUKD 

Butler fat 
Cholesterol 
Lecithin 
Thiamin (Bi) 
Riboflavin (B a ) 
Nicotinic acid 
Adermin (Bg) 11 
Yeast nucleic acid 
Glutathione 


1 to 50 mg. 

0.1 to 2 mg. 
0.01 to 10 mg. 

2 to 20 y 
5 to 50 y 
0.1 to 10 mg. 

1 to 10 y 

X to 100 mg. 

0.1 to 20 mg. 


stances listed in table 1 were tested separately and together in this basal 
medium. 

Although this list includes all of the factors suggested in the literature as 
essential or concerned in larval growth of insects, the test larvae in most 
cases failed to grow and died in from 1 to 7 days. In the few cases in which 
larval growth did take place, the medium was found to be contaminated 
with microorganisms. In most of these experiments the animals were put 
on the test medium before hatching from the eggs. However, in a few 
instances 60-hour-old larvae grown on sterile medium containing 5 per cent 
dry yeast were transferred aseptically to the test media. Even then they 
did not continue to grow, indicating that essential factors present in yeast 
were not stored in the larvae in a quantity sufficient to permit continued 
growth on deficient media. 
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Centrifuged and filtered yeast autolysate 12 gave good larval growth both 
alone and when added to the basal medium. However, experiments with 
Difco yeast extract in 1-3 per cent concentrations as a source of yeast fac¬ 
tors gave only very poor growth. It seemed probable that Difco yeast 
extract was deficient in only one yeast factor since it is known to be quite 
adequate for growth of most bacteria and as a vitamin source. Therefore, 
all of the previously mentioned substances were retested by adding them in 
various combinations to the basal medium together with 2 per cent Difco 
yeast extract. None of these substances could replace the deficient factor 
in Difco extract, nor were they even under these conditions limiting factors 
for the growth of Drosophila larvae. 

The unsuccessful attempts to substitute chemically known constituents 
for yeast indicated rather conclusively that for growth larvae of Dro¬ 
sophila require, in addition to the vitamins and other substances tried, 
certain other factors supplied by yeast. One of these is presumably lack¬ 
ing in Difco yeast extract. Therefore, an effort was made to determine 
what yeast fractions and factors were necessary. 

Yeast Fractions Required by Drosophila .—In order to determine the yeast 
requirements of Drosophila larvae, various fractions of yeast and yeast 
extracts were prepared. They were tested by adding them to a basal 
•medium containing per 10 cc.: Bj, 2 7 ; B 2 , 5 7 ; B#, 10 7 ; Nicotinic acid, 
1 mg.; Cholesterol, 1 mg.; Lecithin, 1 mg.; Hydrolyzed casein, 0.2 g.; 
Tryptophane, 2 mg.; Sucrose, 0.05 g.; Inorganic salts, 0.015 g.; Agar, 
0.15 g. 

The numerous experiments will not be described in detail. The different 
yeast fractions gave, on testing, results which seem to be best explained by 
the assumption that Drosophila requires at least three distinct yeast fac¬ 
tors or groups of factors for normal growth and development. These are 
not represented by the substances in the basal medium and are necessary 
in addition to any of these substances which may be required by Dro¬ 
sophila larvae. 

The three factors have been designated arbitrarily I, II and III. A brief 
description of the occurrence, preparation and most convenient source of 
each is given in table 2. Factor I is easily adsorbed, and was contained 
relatively free of the other factors in the filtered and washed filter mass and 
yeast residue obtained in the preparation of Difco yeast extract. 1 * This 
factor apparently corresponds to Lafon’s adsorbed factor, and, similarly, 
it was available to the larvae in the adsorbed state, and was added to the 
test media in this form. Factors II and III are contained in Difco extract 
and may be separated by precipitation of factor III with barium hydroxide 
and ethyl alcohol. However, the filtrate containing factor II prepared in 
this way is rather toxic, and factor II may be obtained in better condition 
by extracting it from dry brewers' yeast with hot 95 per cent ethyl alcohol. 
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TABLE 2 


Sources and Properties ok the Yeast Factors Required for Growth of 

Drosophila Larvae 


FACTOR PKttSBNT IN 

T Dry brewers' yeast 
Yeast autolysate 

II Brewers’ yeast 
Yeast autolysate 
Difco yeast extract 
III Brewers' yeast 
Yeast autolysate 
Difco yeast extract 


TREATMENT OF SOLU¬ 
TION with Ba(OH)t 
+ KTUYL ALCOHOL* 

Not precipitated 


Not precipitated 


Precipitated 


EXTRACTION OP 

DRY Y 1 C AST WITH 

HOT KTltYL ALCOHOL BUST SOURCE 

Not extracted Filter mass 18 from 

preparation of 
Difco extract 

Extracted 95% alcohol extract 

of dry brewer's 
yeast 

Not extracted Ba(OH)a and alcohol 

precipitate* of 
Difco yeast extract 


* Barium removed with sulfuric acid. 

\ 

v> 

Factors I and III are not extracted by this treatment. Factor III is con¬ 
tained in the barium hydroxide and alcohol precipitated fraction from either 
Difco extract or fresh yeast autolysate. The separation of two essential 
factors by this treatment is in agreement with the results of Trager and 
Subbarow, 2 on the requirements of mosquito larvae. 

The three groups of factors are quite distinct in their chemical and physi¬ 
cal properties as is shown by their separation and also in their nutritional* 
action. This is illustrated by the typical results given in table 3, which de- 


TABI.E 3 

Effect of Yeast Factors on Growth of Drosophila Larvae on the Vitamin 

Supplemented Basal Medium 


DAYS TO 
PUPAR1VM 

FACTORS ADDED OROWTH OF LARVAE FORMATION DEVELOPMENT 


I 

II 

III 

I and II 

I and III 

II and III 
I. II and TIT 


None ... . 

Very poor ... . 

Slight ' ... . 

Full sue larvae in 6, 7 days 10,11 Dead as early pupae 
Full size larvae in 12 days 14-16 Dead as larvae or early pupae 
Full size larvae in 9 days 10,11 Normal adults 
Full size larvae in 6 days 6, 7 Normal adults 


Factor I ■■ Washed filter mass from Difco extract. 

Factor II «■» Alcohol extract of dry brewers' yeast. 

Factor III *» Ba(OH)a and alcohol precipitated fraction from Difco yeast extract. 


scribes the effects of various combinations of the factors on the growth of 
Drosophila larvae on the vitamin-supplemented basal medium. Bach 
fraction was added in an amount equivalent to 5 per cent dry yeast. It 
should be pointed out that the nutritive effect of any one of the possible 
combinations of these three factors was always the samei irrespective of 
the source and method of preparation of the different extracts used. None 
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of the individual factors was capable of supporting growth. In the pres¬ 
ence of factor I, larval growth was possible when either II or III was added. 
With the combination of factors I and II, larval growth was almost normal 
in rate, and many of the larvae pupated normally but failed to develop 
further. With the combination of II and III, larval growth was quite 
slow, but pupation and further development proceeded in a normal fashion. 
This combination corresponds to Difco yeast extract. When all three 
factors were added, growth rate and development were almost normal. 
These results may best be explained as follows: Each factor is inactive 
individually. One factor (I) is not essential in the presence of the other 
two, but greatly accelerates the larval growth rate. In the presence of the 
first factor the two other factors (II) and (III) are interchangeable for the 
requirements of larval growth, but both are essential for complete meta¬ 
morphosis and development to the adult form. It is possible that none of 
these fractions has yet been completely freed of the others, and that the 
relationships of more highly purified fractions may be still more clear cut. 


TABLE 4 


Riboflavin Requirement 


Medium: Yeast Factors I, II and III (as in table 3) in basal medium without vitamin 
supplements. 50 eggs used for each series. 


ADDITION TO MEDIUM 


AVERAGE TIME FROM BOO 
NUMBER OF LAYING TO UMUKOBNCS, 

ADULT FLIK8 DAY 8 


0 

Bj, and nicotinic acid 
B s (5 y per 10 cc.) 

Bi, B a , B 9 and nicotinic acid 


20 

18 

15 

21 

38 

13 

40 

12 


Riboflavin Requirement ,—A complete study of the vitamin requirements 
of Drosophila larvae will be possible only when the three yeast fractions are 
obtained in a pure state. However, the combination of the three yeast 
fractions in the basal medium without the supplementing vitamins gave 
very slow growth. The addition of 5 7 of B 2 per 10 cc. completely restored 
the adequacy of this medium for growth of the larvae. (See table 4.) 
Any other essential vitamins were present in the yeast fractions used. 
This need for riboflavin is in accord with the findings of previous investiga¬ 
tors . 2,9 

Nicotinic Acid .—It was found that the alcohol-extracted dry yeast used 
for the preparation of factor II, when tested by itself, gave larval growth 
greatly inferior to that on unextracted dry yeast. Larval growth was some¬ 
what slower than normal and larval mortality was quite high, particularly 
after the third day of growth. Thi$ deficiency was not due to the lowered 
factor II content, since vitamin supplements restored the nutritive value 
as completely as did the addition of the extracted fraction containing factor 
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II. The essential substance was found to be nicotinic acid. As is shown 
in table 5 , the addition of 10 7 nicotinic acid per 10 cc. of medium contain¬ 
ing 1 per cent of alcohol-extracted yeast restored growth to normal and pre¬ 
vented the larval mortality characteristic of this deficiency. It is possible 
that a slightly higher total nicotinic acid content is required, since the alco¬ 
hol extraction was not exhaustive, and since some larvae completed de¬ 
velopment without added nicotinic acid. In these tests any other essential 
vitamins were contained in the alcohol-extracted yeast. 

TABLE 6 

Nicotinic Acid Requirement 

Medium: alcohol extracted dry yeast, 1.0%; agar, 1.5%; sucrose, 1.0%. Numerals in 
body of table indicate number of adult flies cclosed. (50 eggs used in each series.) 


ADDITION TO 10 CC. 
MEDIUM 

10 

DAYS PROM BOO LATINO 
11 

12 

TOTAL NUHHKR 
OP ADULT PUBS 

0 

0 

3 

12 

15 

Bi, B a , Be and nicotinic acid 

19 

25 

0 

44 

Alcohol extract of dry yeast 

24 

17 

l 

42 

2 7 nicotinic acid 

2 

8 

3 

13 

10 y nicotinic acid 

U5 

29 

0 

44 

100 7 nicotinic acid 

20 

22 

0 

42 


So far no evidence as to the other vitamin requirements of Drosophila 
larvae is available, but it seems probable that those added in the basal 
medium are sufficient. Vitamins A, C and I) are probably not essential 
since yeast, a complete food, contains little or none of these vitamins. 

Summary. —1. Drosophila larvae require, for normal growth and de¬ 
velopment under sterile conditions, at least three factors or groups of fac¬ 
tors normally supplied by yeast. 

2 . These factors are needed by Drosophila larvae in addition to their 
carbohydrate, amino acid, cholesterol and known vitamin requirements. 

3. Factor I is primarily concerned in the acceleration of larval growth 
rate and is dispensable when the other two factors are supplied. 

4. In the presence of I, factors II and III are interchangeable as re¬ 
gards larval growth. 

5. In the absence of either II or III development is normal until pupa¬ 
tion, but complete metamorphosis does not take place. 

6 . Nicotinic acid and riboflavin have been found to be vitally concerned 
in the growth of Drosophila larvae. 

* Composition of salt mixture: K 4 HPO 4 , 26 g.; KH*PO*, 25 g.; MgS0 4 , 10 g.; 
NaCl, 0.5 g.; MnS0 4 , 0.5 g.; FeS0 4( 0.5 g.; and CaCU, 0.5 g. 
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THE RELATION OF THE EYES TO THE INTEGUMENTARY 
COLOR CHANGES IN THE CATFISH AMEIURUS 

By G. H. Parker 

Biological Laboratories, Harvard University 
Communicated September 1, 1939 

It is commonly stated in special papers and in monographs on chromato- 
phoral activities that one eye is as efficient as two in the control of animal 
color changes. Such is the case, so far as I know, in the killifish, Fundulus 
heteroclitus . When one-eyed individuals of this species are closely com¬ 
pared with normal individuals, those with single eyes are found to change 
from pale to dark and the reverse in the same time and at the same irate as 
the normal fishes do. I have never been able to distinguish any significant 
color difference in two such lots of individuals. A remarkable example of 
the effect of a single eye on color changes was discovered by Pouchet (1877, 
1880) in the trout which on the loss of one eye becomes dark contralaterally. 
This discovery was confirmed by von Frisch (1911) who attributed to ab¬ 
normal conditions the inability of Steinach (1891) to obtain similar results. 

The common fresh-water catfish, Ameiurus nebulosus , conforms in its 
one-eyed condition neither to the usual type of color response as exemplified 
in* Fundulus nor to the exceptional one shown in the trout. In testing 
Ameiurus for chromatic reactions in relation to its eyes four classes of indi¬ 
viduals were prepared: fishes from which both eyes had been removed, 
fishes from which the right eye had been excised, others from which the left 
eye had been taken and finally fishes in which both eyes were intact. Cat- 
fishes of all these four classes were subjected to darkness, to an illuminated 
black background and to an illuminated white one. The integumentary 
chromatophores in the catfish are all melanophores; these are either located 
in the epidermis and small in size (micromelanophores) or they rest on t£e 
underside of the derma and are relatively large (macromelanophores). |n 
the color responses of this fish the conditions of both sets of mdanophot^s 
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have been recorded. The approximate diameters of these color cells were 
measured under different conditions in thousandths of a millimeter and the 
cells chosen for these measurements were from the central part of the caudal 
fin at the region where the first branchings of the fin-rays occur. 

Totally blind catfishes under all the environmental conditions noted 
maintain a coal-black tint indefinitely. The pigment in their melanophores 
is fully dispersed, giving these cells an apparent diameter of about 145 
microns. The fine, thread-like branches of the micromelanophores in 
blinded Ameiurus are completely filled with pigment and the branches 
from one cell so combined with tho,se from others as to form a finely 
meshed network. Each micromelanophore and its branches spread over 
a total area whose diameter is approximately 90 microns. 

Normal fishes with both eyes functional and over an illuminated white 
background eventually took on a pale, translucent, greenish yellow tint. 
In such fishes the average diameter of the macromelanophores was found to 
be about 42 microns and that of the micromelanophores about 13 microns. 
Normal fishes over an illuminated black background became very dark 
though not coal-black. In such individuals the diameters of the macro¬ 
melanophores averaged 136 microns and of the micromelanophores 82 
microns. A well-developed micromelanophore network was present. The 
change from dark to pale in these fishes required about 32 hours and from 
pale to dark about 18 hours. One-eyed catfishes when first prepared 
turned very dark but never coal-black as did those fishes from which both 
eyes yhad been removed. The opposite sides of sucli fishes were of the 
same tint irrespective of which eye had been taken out. Measurements 
on catfishes which had lost the right eye yielded for the macromelanophores 
an average diameter of 98 microns and for the micromelanophores 31 
microns, and for those that had lost the left eye 93 microns and 36 microns, 
respectively. When one-eyed pale catfishes were placed on an illuminated 
black background, they very slowly turned fully dark requiring some 
seven to eight days for the change instead of less than a day, the 
period taken by normal catfishes for such alterations in tint. When 
one-eyed dark catfishes were placed on an illuminated white background, 
they turned moderately pale in the course of a few days, but in my experi¬ 
ence they never attained (to full paleness and often returned to an inter¬ 
mediate tint or even to a fairly dark one. In such lengthy tests some of 
which were carried over several weeks, the fishes varied considerably being 
sometimes darker even up to full darkness and at other times paler but 
without reaching the full limit of this change. In a series of tests in which 

J te optic nerve of one side of the head was severed instead of the removal of 
le eye of that side, the reactions of the catfishes thus unilaterally blinded 
ere to all appearances the same as those of an individual blinded by 
enucleation. Thus there is no reason to suppose that the eye-ball of the 
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catfish gives out a hormone concerned in any direct way with the color 
changes of this fish. 

It is evident from this account that a one-eyed catfish is neither like a 
one-eyed kiilifish which in its color changes follows exactly the normal two- 
eyed fish nor is it like the trout with its unilateral coloration. Ameiurus in 
this respect is unlike any other chromatic animal thus far described. 

The work done on this fish in the last few years, part of which has already 
appeared (Parker, 1934; Abramowitz, 1936; Osborn, 1938; Wykes, 1938) 
and part of which is still in progress, indicates that there are two important 
receptors concerned with its color changes, the eyes and certain photorecep¬ 
tors in its skin. It seems probable that through the action of light on the 
integumentary photoreceptors the pituitary complex is made to discharge 
intermedin whereby the fish is darkened. Through the eyes the environ¬ 
mental color conditions are met in that in black illuminated surroundings 
the dispersing melanophore nerve-fibres are excited thus supplementing the 
darkening effect of intermedin. White illuminated surroundings acting 
through the eyes excite the concentrating chromatophoral nerve-fibres and 
thus blanch the fish. There is also some evidence to show that the eye is 
concerned with the inhibition of the action of intermedin. The eye, how¬ 
ever, seems not to have to do with the activation of the pituitary complex 
which appears to be excited only through the photoreceptors of the skin. 
From the standpoint of these results it is not surprising that eyeless cat- 
fishes are extremely dark irrespective of the white or black illuminated 
background on which they may rest, for with the loss of the eyes they ap¬ 
pear to have lost the means of inhibiting pituitary activity and with the 
illumination of the skin this activity seems to be excited to the utmost. 

In one-eyed catfishes, as already stated, the animals at first are dark and 
then after a day or more they become variable ranging in tint from con¬ 
siderable paleness to a strikingly dark tone. These diverse conditions are 
often exhibited more or less by the same individual fishes some of which 
keep their original dark tint while others take on a paler phase. It would 
appear as though the invariable darkness of the completely eyeless fish 
and the balanced color regulation of the normal individual gave way in the 
one-eyed forms to an imbalance of chromatic function characteristic of each 
specimen. In some the one eye appears to exert no check on the inter¬ 
medin even in an illuminated white environment and the fish in conse¬ 
quence is very dark, but in others there is a vacillating and incomplete con¬ 
trol of intermedin and other factors and the fish exhibits a state now dark, 
now pale, though never reaching complete paleness. It has been suggested 
that this fluctuating condition might be due to different degrees of irritation 
in the orbital wound, thus affecting possibly the cut end of the optic nerve. 
To test this I reopened and re-excited the orbital wounds in three darkish, 
one-eyed catfishes and in three pale ones. In none of these fishes, however, 
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did the general tint of their skins change through a test period of six hours. 
Hence I am not inclined to favor the view that variations in the state of the 
orbital wound are the occasion of the color differences in these one-eyed 
individuals. What causes such differences in tint I do not know. 

Irrespective of the applicability of such general schemes to Ameiurus nebu- 
losus as those already mentioned the fact remains that individuals of 
this species with one eye exhibit chromatic responses that conform neither 
to the general rule found for this condition in other animals nor to the 
peculiar type of response seen in the trout. Specimens of Ameiurus pos¬ 
sessing only one eye appear to have a form of reaction peculiar to them¬ 
selves, a form which may depend upon the large part played by intermedin 
in the chromatic changes of this fish as contrasted with the essential absence 
of intermedin from such animals as Fundulus. 
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THE NATURE OF CHROMOSOME DIVISION AND THE 
DURA TION OF THE NUCLEAR CYCLE 

Bv A. Marshak* 

Radiation Laboratory, University of California 
Communicated August 20,1939 

If each somatic chromosome in metaphase contains four chromonemata, 
the pairs of chromonemata disjoining in anaphase may be those which were 
originally separated at the onset of the preceding prophase l >* or in the 
second preceding prophase. M Thus if pairs of chromosome fragments 
in which each member of the pair contains only one chromonema ate ob¬ 
served in the first anaphase following irradiation of the resting stage, they 
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may be of two types. On the first hypothesis they will arise from disjoin¬ 
ing half-chromatids, and on the second from the half-chromatids going to 
the same pole. A preliminary study of such fragments offers evidence in 
support of the first hypothesis. 

All the cells observed were from root-tips of six-day-old seedlings of 
Vida faba , germinated on moist filter paper at 23°C The methods used 
in treating and examining the material have previously been described * 




FIGURE 1 

Right arrow points to a half chromatid fragment which con 
gists of a half turn of a single chromonema The left arrow 
points to the chromosome or chromatid which lacks this seg 
meat Magnification 2600 X 


The fragments are occasionally filamentous, but are most frequently 
spherical and are never more than half the diameter of the anaphase 
chromosome or of the anaphase chromatid, using an alternative terminology . 7 
Where the chromonemata of the normal chromosomes are wdl defined, 
these fragments never contain more than a portion of a single chromonema 
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(Fig. 1). Following Nebel, 6 they will be referred to hereinafter as minute 
fragments. 

In table 1, column 6, the frequency of anaphase cells containing one or 
more minute fragments is given as per cent of the total anaphases ob¬ 
served after treatment with 122 roentgens. There is a very sharp maxi- 
mun in frequency at about 18 hours after irradiation. This is to be con¬ 
trasted with a maximum frequency for other types of abnormalities which 
come at about 3 hours after irradiation.* Furthermore, following a com¬ 
parable dose of x-rays about 50 per cent of the anaphase cells show some 
type of chromosome abnormality at 18 hours after irradiation while only 



FIGUJtK 2 

Minute fragments after treatment with 122 r of x-rays. 


Ordinates—per cent cells with minute fragments X 10. 

Abscissae—time in hours after irradiation. 

5 per cent have minute fragments. When the dose is increased to 300 r 
the maximum frequency is about 13 per cent or a little more than twice 
that observed with 122 r. 

With ordinary chromosome fragments 20 “n” units of neutrons give the 
same per cent abnormal anaphases as 130 r. Table 2 gives the frequency 
of minute fragments after treatment with 20 "n” of neutrons. There ap¬ 
pears to he complete agreement not only in the time at which the maximum 
number of abnormalities is observed but also in the height of the peak as 
compared with the x-ray data .(Figs. 2 and 3). However, in three other 
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experiments, using the same dose, the height of the peak was about 2 to 5 
times as great (table 3). The significance of these fluctuations in the height 
of the peak is not understood. Since the temperature and the conditions 
during the neutron bombardment were kept constant, the fluctuations 
must be attributed to other factors. In all experiments the seeds were 
treated with calcium hypochlorite for half an hour, washed in distilled 
water and then soaked in distilled water for 24 hours, rinsed and transferred 
to filter paper in a moist chamber. In the earlier experiments the paper 
was soaked with distilled water, in the later ones with a 10 per cent dilution 

TABLB 1 


V. faba — m Fragments 
122 r 


ftLlDIt HO. 

ROOTS 

HOUR 

TOTAL 

A N ArHA.KK 

ANAFHAKKS 
WITH Af 

m/tx 10* 

15/1 

2 

1 

1005 

0 

0 

2 

2 

2 

075 

2 

0.205 

3 

3 

3 

000 

6 

0.66 

78/1 

4 

4 

282 

2 

0.71 

2, 15/4 

7 

6 

430 

2 

0.46 

3, 15/6 

7 

9 

824 

8 

0.97 

81/1, 15/6 

0 

12 

1832 

14 

0.77 

81/2 

2 

16 

462 

10 

2.16 

81/3 

2 

18 

648 

35 

5.41 

4, 16/7 

7 

24 

1487 

42 

2.82 

6 

2 

36 

258 

6 

2.32 

6 

4 

48 

806 

2 

0.23 

7 

2 

60 

414 

3 

0.73 

16/8 

4 

74 

1020 

I 

0.10 

78/4 

2 

81 

300 r 

468 

0 

0 

82/1 

4 

12 

67 

7 

12.3 

2 

4 

15 

146 

13 

8.9 

8 

4 

18 

482 

64 

13.3 

4 

4 

24 

212 

23 

10.86 

5 

2 

36 

242 

20 

8.27 


of Hoagland's solution. It seems possible that there may be some correla¬ 
tion between observed fluctuations and the differences in cultural condi¬ 
tions. An "n” unit of neutrons produces 6.6 times as many ordinary 
chromosome abnormalities as one roentgen of x-rays. Approximately the 
same ratio is observed for minute fragments when comparable culture 
conditions are maintained. 

The series 106-111 were grown at the same time under the same condi¬ 
tions and seedlings selected at random were divided into two lots, one was 
given20 “n,” the other 50 “n.” The maximum minute fragments observed 
with 20 "n" was 24.0 per cent, and with 50 4< n” 58,9 per cent. The ratio 
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of the doses, 2.5, is about the same as the ratio of the effects, 2.45. This 
situation is similar to that observed with x-rays where the ratio of doses is 
2.46 and of effects, 2.46. Although the data are scanty, they indicate that 
the per cent cells with minute fragments at maximum sensitivity varies 
linearly with dose, or that the log per cent cells without fragments is a 
linear function of the dose. If these fragments were produced by two 
independent ionizations, they would be expected to vary as the square of 
the dose. Since this does not appear to be the case, it follows that most of 
the fragments are produced by a single ion pair or cluster. In this connec- 


TABLE 2 

4 

V . faba—m Fragments (Individual Experiments) 

20 "n” 


SLIDE NO. 

ROOTS 

HOUR 

TOTAL 

ANAPHASR8 

ANAPKAI1S 
WITH U 

jr/rxio* 

30/1 

2 

2 

296 

0 

0 

32/1 

4 

3 

573 

1 

0.18 

30/2 

4 

6 

358 

1 

0.28 

30/3 

4 

9 

754 

5 

0.665 

32/2 

2 

12 

539 

5 

0.93 

30/4 

2 

18 

889 

47 

5.29 

31/1 

4 

24 

847 

26 

3.07 

31/2 

4 

30 

754 

11 

1.45 

31/3 

4 

36 

410 

6 

1.43 

33/2 

4 

48 

736 

11 

1.49 

33/3 

4 

75 

879 

0 

0 

33/4 

4 

96 

650 

50 “n” 

0 

0 

109/1 

4 

3 

153 

4 

2.6 

2 

4 

15 

234 

59 

25.2 

3 

4 

17 

212 

41 

19.8 

4 

4 

18 

233 

84 

36.0 

110/5 

4 

19 

348 

164 

47.1 

6 

4 

21 

348 

144 

41.4 

111/7 

4 

24 

204 

120 

58.9 

8 

4 

30 

275 

72 

20.2 

9 

4 

47 

228 

39 

17.1 


tion, it is significant that although a few of the fragments are non-terminal 
in origin, most of them seem to be terminal. We are left with the problem 
of why the fragments so frequently represent only short sections of the 
chromonema. Perhaps when long sections are involved, the half chroma¬ 
tids remain adherent and appear as single chromatid fragments. 

Ordinary chromosome fragments form a small spherical body with ap¬ 
parently normal dxromonemata when the rest of the nucleus goes into the 
resting stage. When the nudeus enters the prophase, these mteroatidei 
become pycnotic and eventually disappear by anaphase. Some may per- 
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sist as spherical bodies which stain lightly and diffusely showing no duo* 
monematic structure and are usually outside the spindle. The minute frag¬ 
ments must therefore have been initiated in the prophase or resting stage 
immediately preceding the anaphase in which they are observed, for other¬ 
wise they would have disintegrated by the second anaphase and would 
certainly not show any chromonematic structure. Furthermore if minute 
fragments arose from disintegrating micronudei they should be seen as 
frequently as the large fragments at 3 hours after irradiation but are 
actually only one-tenth as frequent. Since the interval from prophase to 
anaphase takes only three hours, they must have been formed in the resting 
stage. After 48 hours subsequent to irradiation with light doses very few 
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HOURS AFTER IRRADIATION 

FIGURE 3 

Minute fragments after treatment with 90 “n” of neutrons 

Ordinates—per cent cells with minute fragments X 10. 

Abscissae—time in hours after irradiation. 

minute fragments or none at all are observed. Cells entering anaphase 
later than 48 hours after treatment must have been either in an early in¬ 
sensitive portion of the resting stage or in the preceding mitotic cyde at 
the time of irradiation. Since a considerable number of the cells in anaphase 
Shortly after 48 hours contain disintegrating micronudei the latter alterna¬ 
tive aaanMi the more likely. It follows from this that the maximum time 
from the beginning of the resting stage to anaphase after irradiation is ap¬ 
proximately 48 hours. This indudes the delay in nudear development 
produced by the x-ray or neutron ionization. With heavier doses, the de¬ 
lay is greater as shown by the higher per cent minute fragments at 86-48 
hours after treatment By studying the variation in the time at which 
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the minute fragments disappear and the pycnotic micronuclei appear, it 
should be possible to determine the limiting value at a dose approaching 
zero, which would correspond to the normal duration of the unirradiated 
resting stage. 

The sharp peak in the frequency of minute fragments at 18 hours after ir¬ 
radiation indicates that in the course of chromonematic development during 
the resting stage a condition is reached which is especially sensitive to x-ray 
and neutron ionization. Since the new chromonemata are not separated 
from the old till 15 hours later this sensitive condition probably corresponds 
to a critical stage in the synthesis of the new chromonemata. 

Where the chromonemata were clearly defined, it was possible to classify 
the minute fragments. Of the unpaired fragments, 9 arose from the termi¬ 
nal portion of the half-chromatid, 2 were non-terminal in origin, and 6 were 
of indeterminable origin. Of the paired fragments 36 were derived from 
disjoining half-chromatids (a), 4 may have arisen from sister half-chroma- 
tids but overlapping made it impossible to eliminate the possibility that 
more than one chromatid was involved (b ). The origin of 27 pairs could 
not be determined. In the last group 16 had the members of each pair 
completely free of each other and 11 were attached at one end. The con¬ 
ditions (a) and (/>) are shown diagrammatically below. 

a b 




3 


If the old pair of chromonemata be represented by solid lines, the newly 
formed ones by dotted lines, and the alteration produced in the new or 
old chromonema by x, the methods by which types a and b might be pro¬ 
duced are indicated in the following diagram. 



Since the four chromonemata are visibly separated and approximately 
equidistant by metaphase, we may assume that the forces leading to the 
separation break the chromonemata in the regions previously altered by 
the ionization. The position of the fragments cannot then be used as an 
index of the behavior of chromonemata but the orientation of the deficient 
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strands from which they arose can. To obtain the condition indicated in 
2 t two independent ionizations are necessary, since these strands are sepa¬ 
rated by distances of the order of one micron when they were exposed to 
the ionizing radiation. This is not in agreement with the observed linear 
relation of the frequency of the fragments to dose. In 1 the alteration in¬ 
volves a mother and daughter strand. At the time of exposure the two 
strands must have been close enough together to be altered by a single ion 
pair or cluster, a condition which is quite probable since there is no indica¬ 
tion from microscopic examination or x-ray analysis that the strands 


TABLE 3 


»urm no, 

\ . faba—m 

koors 

Fragments (Individual Experiments) 

20 “n” 

TOTAL ANAPHASES 

HOl'K ANAPHINUN WITH M 

m/tx 10* 

107/2 

4 

15 

496 

71 

14.3 

3 

4 

17 

520 

80 

15.4 

5 

4 

19 

388 

79 

24.0 

6 

4 

21 

465 

79 

17.0 

7 

4 

24 

363 

24 

6.6 

8 

4 

30 

664 

27 

4.1 

100/9 

5 

48 

678 

10 

2.4 

97/1 

2 

3 

251 

9 

3.58 

2 

2 

17 

251 

33 

13 15 

3 

2 

18 

371 

39 

10.5 

4 

2 

19 

350 

38 

10.85 

5 

2 

21 

240 

10 

0.60 

22/1 

2 

I 

786 

0 

* p * 

2 

2 

2 

349 

0 

i a * 

3 

4 

3 

623 

0 

• * * 

4 

4 

6 

312 

0 

t 4 • 

23/1 

4 

9 

626 

8 

1.28 

2 

4 

12 

490 

10 

2.04 

3 

4 

205 

95 

10 

-11.58 

24/1 

2 

20.2 

298 

16 

5.70 

2 

2 

30. 

485 

13 

2.68 

3 

2 

48. 

268 

7 

2.61 


separate till 15 hours later. If at anaphase a new and old strand go together 
to one pole, the condition lw is expected. If the old pair is disjoined from 
the new pair, 1# is expected. 

The fact that 36 were of type a and only 4 doubtful cases of type b offers 
conclusive evidence that the new pair of chromonemata which are synthe¬ 
sized in the resting stage are disjoined from that pair in the succeeding 
anaphase and not in the second succeeding anaphase. If the fragments of 
unknown origin and the four doubtful cases are considered as arising from 
sister chromonemata, there still is a somewhat greater number arising from 
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daughter strands. Since the latter are impossible on the second hypothesis, 
it seems necessaiy to rule that out in favor of the first. 

I am deeply indebted to Dr. P, C. Aebersold for arranging and measuring 
the neutron exposures. 

Summary .—Chromosome fragments containing a portion of only one 
chromonema are found after treatment of root tip of Vicia faba with neu¬ 
trons or x-rays. There are very few during the first 12 hours and later than 
48 hours after irradiation. At 18 hours a sharp maximum in frequency 
is observed which is attributed to a critical stage in the synthesis of new 
chromonemata in the “resting” nucleus. The maximum duration of the 
interval from the beginning of the resting stage to anaphase after treatment 
with 122 r or 20 “n” is probably about 48 hours. A method for determining 
the duration of the normal interval is indicated. Pairs of these fragments 
can be seen to be derived from disjoining half-chromatids, which is taken 
as evidence that the new pair of chromonemata formed in the resting stage 
are separated from the old pair in the succeeding anaphase. 
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A COMPARISON OF THE SENSITIVITY OF MITOTIC AND 
MEIOTIC CHROMOSOMES OF VICIA FABA AND ITS BEARING 

ON THEORIES OF CROSSING-OVER 

By A. Marshak* 

Radiation Laboratory*, University op California 
Communicated August 20, 1939 

The sensitivity of the mitotic chromosomes in Vicia faba to x-rays has 
been determined. 1 It has also been shown that synthesis of the new 
chromonemata occurs in the nuclear resting stage. 8 Assuming that the 
sensitive chromonematic length remains the same, it is possible to predict 
the sensitivity of meiotic chromosomes in pachytene to be expected on the 
basis of different theories of chromosome pairing. The observed sensitivity 
gives good agreement with only one of these. 

The per cent normal mitotic anaphases at the time when the maximu m 



Vol. 25, 1939 


PHYSIOLOGY: A . MARSHAK 


511 


number of abnormalities is observed (about three hours after irradiation) 
is an exponential function of the dose in roentgens of the form Y = e~ kx > 
For Viciafaba the slope of the curve is about 10.7 X lO" 8 . 1 The chromo¬ 
somes of the most sensitive stage of the first meiotic division (pachytene) of 
Gasteria also give an exponential curve and the cross-section of the x-ray- 
sensitive portion of the chromoneraa is of the same order of magnitude as 
that of Pis urn and Vida. 1 Direct comparisons, however, of mitotic and 
meiotic chromosomes have not been made with Gasteria since the seeds 
are not easily germinated. The sensitivity of meiotic chromosomes in 
pollen mother cells of Vida faba was therefore determined. 

The plants were oriented so that only the ends of the stalk bearing the 
flower buds were in the x-ray beam, and any large leaves overlying the buds 


V. FABA MEIOSIS — SOR 



The per cent normal anaphase I as a function of time after treatment with 50 r. 

were taped down out of the way. Scattering or absorption corrections were 
therefore negligible. The source of x-rays was a self-rectified, oil-cooled 
General Electric Company Maximar tube with a tungsten target, operated 
at 220 KVP and 15 ma.f The beam, filtered through 0.5 mm. Cu and 
1 mm. Al, had a half value thickness of 1.25 mm. Cu. The material to be 
irradiated was 70 cm. from the target, a lead diaphragm with a 6 X 6 cm. 
aperture being placed at the end of the cone at 35 cm. All buds were fixed 
in a mixture of equal parts of glacial acetic acid and 95 per cent alcohol 
and were prepared for microscopic examination by smearing the buds in 
aceto-c&rmine. 

Bach anther has all of its pollen mother cells in approximately the same 
stage, but the anthers of any one bud are not all in the same stage of de- 
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velopment. It was therefore not possible to remove one anther from each 
bud and thus determine the distribution of stages irradiated as was done 
with Gasteria. However, it was found on examination of buds from a 
series of stalks that there was a fairly regular separation of about four buds 
between buds having one or more anthers in pachytene. For example, 
when the fourth or fifth bud of one inflorescence had pollen mother cells 
in pachytene, the first or second buds of the inflorescence immediately 
above it also had cells in pachytene. The distribution of first meiotic ana¬ 
phases at twenty-four hours after irradiation parallels the distribution of 
pachytene stages a day earlier. It is therefore highly probable that these 
anaphase cells were in pachytene at the time of irradiation. 

Plants were given 50 roentgens and examined at different intervals after 
irradiation. Only cells in the first meiotic anaphase were counted. They 
were classified into two categories, one in which the cells showed no chromo¬ 
some abnormalities, the other containing cells with one or more chromo¬ 
some attachments or fragments. The results are shown in figure 1. 
The maximum per cent abnormalities is observed at about 24 hours after 
irradiation. The most sensitive stage is thus the same in Vicia and Gasteria . 8 
A high per cent of abnormalities* is observed for a relatively long time, 18 
hours, as compared with an interval of only about two or three hours in 
mitosis. The period from three to six days after irradiation has not been 
sufficiently explored to determine whether or not a second sensitive period 
is present as in Gasteria 3 or in Tradescantia* 

A series of plants were given different doses of x-rays and all the buds 
were fixed at 24 hours after irradiation. Counts of normal and abnormal 
first meiotic anaphases were made in the usual way. In figure 2 the loga¬ 
rithm of the per cent normal anaphases is plotted as a function of dose in 
roentgens. The per cent normal anaphases is clearly an exponential func¬ 
tion of the dose of the same form as that observed with somatic chromo¬ 
somes. The slope has the value 10.0 X 10”"* which may be considered the 
same within the limits of error of the experiment as the 10.7 X 10~* ob¬ 
tained for the somatic chromosomes of Vicia,X Taking the density of air 
at 20°, 76 cm. Hg as 0.001205, the density of tissue as that of water at 
20°C» (0.99823) and the charge on the electron as 4.77 X 10~ 10 e. s.u. the 
sensitive volume for the meiotic chromosomes will be 


10 X 10~* 

828 X 2.09 X 10® 


« 5.78 X 10”* 16 cm.* 


For somatic chromosomes the sensitive volume is 6.18 X 10"" w cm.* 
The dose agreement of the slopes of the sensitivity curves suggests that 
comparable conditions in relation to x-ray ionization exist in pachytene 
and the onset of the somatic prophase. In mitotic chromosomes the condi¬ 
tion of maximum sensitivity may be attributed to the presence of two pairs 
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of chromonemata with the members of each pair within molecular distance 
of each other but with the pairs separated by much greater distances. 
Assuming that the x-ray-sensitive chromonematic length remains the same, 
the same sensitivity will be expected at pachytene if each bivalent at 
pachytene contains four chromonemata and these are equidistant and 
within molecular distance of each other. 2 If only homologous chromatids 
pair closely, the pairs remaining relatively far apart, only half the somatic 
sensitivity is to be expected. 1 However, if close association occurs between 
pairs and if each chromatid is twice as broad or contains two chromonemata 
the same sensitivity as in mitosis is to be expected. 8 * 4 These conditions 
are shown diagrammatically below. 


MITOSIS 8 8 + 8 8 

1 

MEIOSIS P P 

k 1 k ' 

2 

00 

/V» 

3 
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80 

MEIOSIS/" Y 

/MITOSIS /2 

X 

1 

u... . .-.J 

X • X 

X • 

X-X 
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In a diagonal fusions between homologous half-chromatids are not al¬ 
lowed but are allowed in b. Pachytene separation is in the direction of the 
top and bottom of the page. 

In condition 4 , if abnormalities can be formed by attachments diago¬ 
nally between homologous half-chromatids the sensitivity will be twice that 
of somatic chromosomes. If structural conditions prevent diagonal ad¬ 
hesions, the mitotic sensitivity is expected. 

From the x-ray data alone, one may choose between the four situations 
only on the basis of agreement of meiotic and mitotic sensitivities, which 
is obtained with conditions 2 t 3a and 4a. In the absence of further x-ray 
evidence, selection or elimination of either of these possibilities must be 
made on the basis of other existing cytological and genetical data. If the 
separation between strands seen at pachytene in some species (e.g., Zea 
mays) is between pairs of synapsed chromatids, condition 4 is a probable 
one; but if the separation is between pairs of sister strands, i.e., separation 
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along the plane of synapsis, 4 becomes improbable. The behavior of the 
knobbed chromosomes of Zea indicates that the latter method of separation 
occurs.® 



FIGURE 2 

The logarithm of the per cent normal anaphase I at 24 hours 
after treatment with different doses of x-rays. 

The observation of a high frequency of abnormalities over a period of 
about 18 hours suggests that the condition of high sensitivity exists for a 
period of that duration or that the time taken to reach first anaphase after 
synapsis may vary by as much as 18 hours. The latter alternative seems 
rather unlikely from the following consideration. Not only in different 
species of plants but in insects as well, 6 ' 7 where it is difficult to imagine 
conditions external to the chromosomes as being the same, the time at which 
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the maximum abnormalities are observed is about 24 hours after irradiation. 
If under such different external conditions, the time from pachytene 
to first anaphase is approximately the same, it appears unlikely that 
relatively slight variations in the external environment of the same species 
will produce the large time variations needed in this case. The problem 
needs further investigation before a definite conclusion is reached, but for 
tlie time being it does not seem unjustified to accept the second alternative. 
High sensitivity must then be maintained throughout the entire period from 
synaptene to the end of pachytene. If the pairs of homologous chromatids 
become visibly separated in pachytene as in Zta } schemes 1 and 4 would 
have to be eliminated. In scheme 2 it is difficult to see why sister strand 
crossing-over should not occur and genetic data make this highly improb¬ 
able. Only 3 is left as an adequate condition. If in 3 the chromatids had 
already divided, crossing-over between half-chromatids could occur. Dis¬ 
carding this as an impossible condition, each chromatid must be single 
and yet have a sensitive volume twice as great as that of the somatic 
chromatid. This condition would obtain if each chromatid had already 
synthesized a new strand which had not separated from the mother strand, 
a condition which has been shown to exist in the mitotic resting nucleus. 8 
Recapitulating, the sequence of events is as follows: There are two chro- 
monemata in each chromosome of the somatic resting nucleus. Each of 
these pairs of chromonemata synthesizes a new pair which in mitosis be¬ 
comes separated from the mother pair at the end of the resting stage. The 
resting stage preceding meiosis is not terminated in this manner; instead the 
new and old strands remain together and pair with the chromatids of their 
homologues. In pachytene the pairs of homologous chromatids separate 
and eventually, sometime after the end of pachytene, the half-chromatids 
separate. Darlington's theory of crossing-over requires that division of the 
synapsed homologues precede crossing-over. 9 * 10 If that theory be applied 
to the present system, crossing-over would take place between half-chroma- 
tids. The evidence is therefore against Darlington’s theory. 

On the basis of scheme 2a some of the known facts concerning crossing- 
over could be accounted for. Crossing-over would take place during synap¬ 
sis and early pachytene. Sister strand crossovers would not occur since 
there is no molecular approximation of these strands. There would also 
be no half-chromatid crossovers. There would be a positive correlation 
between the frequency of crossovers and chiasmata since chiasmata would 
be formed during the pachytene separation at each point of crossing-over, 
e.g,: 
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Interference in any one pair of chromatids may occur if twisting of the 
homologous chromatids is prerequisite to crossing-over: 



This would not account for interference in the other pair of chromatids, but 
if alternate pairing takes place, e.g., a pairs with b at one level, then with 
h' at the next, the interference is effectually transferred to the other pair* 

Since the synapscd strands come to within molecular distances of each 
other, crossing-over would likewise have to be put on a molecular basis, and 
a truly adequate theory of crossing-over should define the molecular forces 
involved. We must therefore consider that the mechanism of crossing- 
over still remains unexplained and may have to remain so until the mo¬ 
lecular structure is understood. One simple consequence of the postulated 
condition at synapsis may prove useful. This is that synapsis must take 
place between other faces of the sensitive portion of the chromonemata 
than the ones along which the u*w strands are synthesized. 

Summary. —The maximum number of chromosome abnormalities is ob¬ 
served at about 24 hours after irradiation with x-rays. The most sensitive 
stage in the meiotic cycle is pachytene. The sensitivity curve for meiotic 
chromosomes has almost exactly the same slope as that for somatic chromo¬ 
somes. The relation of these observations to theories of crossing-over is 
discussed. 

* Fellow of the John Simon Guggenheim Memorial Foundation. 

f The laboratory is indebted to the General Electric Company for the use of this x-ray 
equipment. 

X Sax considers that in Tradescantia meiotic chromosomes are more sensitive to x-rays 
than mitotic chromosomes, but he gives no quantitative comparisons. 1 * * 4 * * * * * 10 

1 Marshak, A., Proc . Nat. Acad. Set., 23, 362-369 (1937). 

* Marshak, A., Ibid., 25, 502-610 (1939). 

8 Marshak, A., Jour. Gen. Physiol., 19, 179-198 (1936). 

4 Sax, Genetics, 23, 494-516 (1938). 

8 Creighton, H., and McClintock, B., Proc. 0 Int . Cong. Genet., 2, 392 (1032). 

* White, M, J. D,, Proc. Roy. Soc. London, B, 119, 61-84 (1935). 

» White, M. J. D., Ibid., 124, 183-105 (1938). 

* Marshak, A., Proc. Nat. Acad. Set., 25, 602-510 (1939). 

* Darlington, C. D., Jour . Genet., 31,185-212 (1936). 

10 Darlington, C. D., Recent Advances in Cytology, p. 549, P. Blakis ton’s Sons and Co., 
Philadelphia (1937). 
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THE MAGNETIC PROPERTIES OF THE COMPOUNDS 
ETHYL1SOCYA NIDE-FERROIIEMOGLOBIN AND 
I MID A ZOLE-FERRIHEMOGLOBIN 


Bv Charles D. Russell and Linus Pauling 


Gates and Chelun Laboratories of Chemistry, California Institute ok 

Technology 


Communicated September 35, 1939 


In the course of the series of magnetic investigations of hemoglobin being 
carried out in these Laboratories we have studied two new compounds, 
ethylisocyanide-ferrohemoglobin and imidazole-ferrihemoglobin, obtaining 
the results reported below. 

FJhylisocyanide-ferr ahem oglobin . - The compounds oxyhemoglobin, car- 
bonmonoxyhemoglobin, 1 nitric oxide hemoglobin 2 and ferrohemoglobin- 
cyanide ion 8 have been shown to be diamagnetic, from which it is inferred 
that the iron atoms of the heme groups form octahedral covalent bonds in 
these molecules. Another compound of ferrohcmoglobin, that with methyl 
isocyanide, has been reported by Warburg, Negelein and Christian, 4 and 
it would be of interest to determine from its magnetic properties whether 
or not the bonds formed by the iron atoms in this molecule also are of the 
octahedral covalent type. It is probable that similar compounds are formed 
with all of the lighter alkyl isocyanides, and we have found it convenient to 
study the reaction of ferrohemoglobin with ethyl isocyanide rather than 
that with the methyl derivative. 

Ethyl isocyanide combines easily with ferrohemoglobin to give a com¬ 
pound with an absorption spectrum consisting of two narrow bands, at 
about 5540 and 5250 A.; this spectrum resembles closely those of the other 
compounds of ferrohemoglobin. Ethylisocyanide-ferrohemoglobin is com¬ 
pletely diamagnetic, and accordingly contains no electrons with unpaired 
spins. The substance is shown by the magnetic titration described in the 
experimental part to have the ratio isocyanide to heme iron equal to unity. 
It is probable that the bond to the isocyanide molecule connects the iron 
and carbon atoms, corresponding to the structure 



This structure is analogous to those proposed for the other ferrohemoglobin 

compounds. 
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Imidazole-ferrihemoglobin .—The interaction of imidazole and hemoglobin 
is of interest because of the likelihood that the bond between heme iron and 
globin involves the imidazole group of the side-chain of a histidine residue. 
We have found that imidazole combines with ferrihemoglobin to form a 
compound with spectrum differing little from that of ferrihemoglobin 
hydroxide (alkaline methemoglobin). The data from magnetic titrations at 
pH 6.86, 8.20, and 10.30 can be interpreted on the assumption of the simple 
equilibrium 

HHbIm+ <=± HHb+ + Im (1) 

in which the symbol HHb+ is used to represent the ferrihemoglobin cation 
(containing one heme); there is accordingly no evidence from our experi¬ 
ments for heme-heme interactions. The apparent equilibrium constants 
can be converted into equilibrium constants for Reaction 1 by use of data 
for the ferrihemoglobin : femhemoglobin-hydroxide equilibrium 6 and the 
imidazole:imidaziIium-cation equilibrium (pK 6.95). 7 

The values found at 25°C. for the equilibrium constant K = [HHb*] 
[Im]/[HHblm f ] are the following; 

pH 6.86 * K * 2.5 X 10~* 

8.2 2.0 X 10-* 

10.3 0.31 X 10~* 

The probable error in K is about 10% in each case. 

The trend in the values of K with change of pH may be due to the pres¬ 
ence in imidazole-ferrihemoglobin of an acid group with pK about 9.5, re¬ 
quiring consideration of the equilibrium 

HHblm* ?=± Hblra + H+ (2) 

Here we use the symbol Hblm to represent imidazole-ferrihemoglobin after 
loss of one hydrogen ion per heme. Assuming that this acid group is not 
effective for ferrihemoglobin itself (within the pH range 6.86 to 10.3), we 
calculate the ratios 2.3 : 3,2 : 0.31 for K at pH 6.86, 8.2 and 10.3, respec¬ 
tively, in satisfactory agreement with the values reported above. 

The equilibrium between imidazole-ferrihemoglobin and its products of 
dissociation accordingly involves this heme-linked acid group with pJC 9.5 
as well as the acid group with pK 8.15 which corresponds to the addition of 
hydroxide ion to ferrihemoglobin ion to form ferrihemoglobin hydroxide. 
The latter acid group is absent in imidazole-ferrihemogiobin, since pre¬ 
sumably imidazole competes with hydroxide ion for coordination with the 
iron atom. 

The molal susceptibility of imidazole-ferrihemoglobin could be evaluated 
only roughly by extrapolation, the three values 2940, 2180 and 1290 X 
10** c. g. s. u. being obtained. These correspond to the values 2.66, 2,29 
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and 1.76 Bohr magnetons for the magnetic moment of the heme group. 
Although the values are not very precise, there is little doubt that they show 
the presence of one unpaired electron per heme, with some orbital moment 
as well as spin moment. (It is possible that the trend of the values is the 



ml. of 0.147 M. isocyanide solution -*■ 

FIGURE 1 

Magnetic titration curve for ferrohemoglobin and ethyl isocyanide, 
showing the formation of the compound ethylisocyanide-ferrohemo- 
globin. 


result of a change in magnetic moment accompanying ionization of the 
heme-linked acid group.) The bonds to iron in this molecule are hence of 
the octahedral covalent type, as in ferrihemoglobin cyanide, hydrosulfide, 
and azide. 

We plan to investigate the reactions of ferrihemoglobin with substituted 
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imidazoles, histidine, and other substances in order to obtain further in¬ 
formation about the heme-linked acid group. 

We are indebted to Dr. Harrison Davies and Dr. C. D. Coryell for advice 
and assistance during this work, and to Mr. Ray Clinton for the preparation 
of ethyl isocyanide. 


Experimental Part. —The magnetic measurements were made in the way described 
in earlier papers. 1, 5 Values of the force exerted by the magnetic field on the two- 
compartment tube were measured in each experiment for two standard field strengths; 
the values for the higher field strength were then multiplied by a suitable factor and 
averaged with those for the lower field st rength to give the values of Aw (in mg.) reported 
in the tables. The values reported are corrected for diamagnetism by use of Aw values 
of the corresponding carbon monoxyhemoglobin solutions obtained by reduction with 
sodium hydrosulfite (Na^SjCh) and saturation with carbon monoxide, and are also cor¬ 
rected for dilution by added reagent solutions. The hemoglobin concentrations were 
calculated from the Aw values with use of data given by Taylor and Coryell 6 for fer- 
rohemoglobin and Coryell, Stitt and Pauling 6 for ferrihemoglobin. Measurements were 
made at 20°C. for the ferrohetnoglobin series and 25°C. for the ferrihemoglobin series. 

Ethyli$ocy<inide-ferrohemoglobin.—-After a preliminary series of measurements had 
shown the compound ethylisocyanide ferrohemoglobin to be largely undissociated under 
the conditions of the experiment, the following series was made: 20 ml. of a solution of 
bovine hemoglobin, concentration in heme iron 0.0160 niolc/1., were placed in one com¬ 
partment of a differential susceptibility tube and Aw determined. Successive additions 
of 0.50 ml. portions of an aqueous solution of ethyl isocyanide, concentration 0.147 
mole/1., were then made from a 3-nil. glass syringe. Aw being determined after each 
addition. The corrected Aw values are given in table I and shown in figure 1. 


TABLEl 

Addition of Ethyl Isocyanidk to Ferrohemoglobin 


TOTAL VOl Utftt OK 
AODKO ISOCYANIDU 
SOLUTION 

0.00 ml. 
0.50 
1.00 

1.50 

2.00 

2.50 
3.00 

3.50 
4.00 

4.50 


Aw, COKHBCTBD 

32.35 mg. 
9.61 
6.66 
3.69 
0.96 
0.13 
0.11 
0.04 
0.06 
-0.14 


Initial volume of ferrohemoglobin solution, 20 ml. 

Initial concentration of ferrohemoglobin solution, 0.0160 mole of heme iron/1. 
Concentration of ethyl isocyanide solution, 0.147 mole/1. 

Temperature, 20°C. 


It is seen that the decrease in Aw is linear in the volume of added isocyanide solution, 
showing the absence of an appreciable amount of uncombined isocyanide. The mole 
ratio isocyanide/heme iron at the break in the curve is 1.00. The average value relative 
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to carbonmonoxy hemoglobin of Aiv for the last five points, 0.04 mg., differs from zero by 
less than the probable error of the measurements, showing ethylisocyanide-ferrohemo- 
globin to contain no unpaired electrons. 

Imiduzole-ferrihtmoglohin ,—After preliminary experiments had shown ferrihetnoglohin 
to combine with imidazole, magnetic titrations were made with solutions buffered to 



0 12 3 4 5 


ml. of 0.355 M. imidazole solution —► 

FIGURE 2 

Magnetic titration curve for ferrihemoglobin and imidazole at pH 
0.80. The full line is the theoretical curve for the value 2.5 X 1CT 1 
for the dissociation constant of the compound. 

pH 0.86, 8.20, and 10.30. In each experiment 20 ml. of boviue ferrihemoglobin solution 
containing phosphate or borate buffer were placed in a differential magnetic tube, Aw 
was measured, and then successive portions of imidazole solution were added, with 
measurement of Aw after each addition. In the experiment at pH 6.86 the imidazole 
Solution was brought to this pH before the titration by addition of a small amount of 
hydrochloric acid. The data for this experiment are given in table 2 and represented in 
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figure 2. The second column of the table contains the values of Aw corrected for dia¬ 
magnetism of all constituents and for dilution. In interpreting these values the asymp¬ 
totic value 1.80 for Aw for the compound imidazole-ferrihemoglobin was selected as 
leading to no trend in the values of K. The third column contains the concentration of 
free un-ionized imidazole, calculated from the total added imidazole by correction for 
the amount combined with fcrrihemoglobin and for ionization (44.8% un-ionized at pH 
6.86, corresponding to pK* * 6,95 7 ). The fourth column contains values of the equi¬ 
librium constant K. 

Similar experiments were carried out in duplicate at pH 8.2 and pH 10.3, with the 
following results: 

pH 8.2: Auwmptote * 1.62mg.; K X 10® « 17,2.3; average2.0. 

pH 10.3: Att/wyropfe,* ®* 1,00 mg.; K X 10* ** 0.27, 0.34; average 0.31. 

TABLE 2 

Addition of Imidazole to Ferrihemoglobin at pH 6.86 

TOTAL VOLUME OF 
APDBD IMIDAZOLE 


SOLUTION 

Att/, CORKBCTttO 

(tu) 

K X 10* 

0.00 ml. 

8.50 mg. 

0.00000 

1 t fe 

0.40 

fl.ll 

0.00159 

2.7 

0,60 

5.18 

0.00253 

2.4 

0.80 

4.61 

0.00309 

2.6 

1.00 

4.41 

0.00503 

3.1 

1.20 

3.74 ' 

0.00611 

2.4 

1.40 

3.42 

0.00732 

2.2 

1.60 

3.30 

0.00860 

2.4 

1.80 

3.29 

0.0101 

2.7 

2.00 

3.03 

0.0112 

2.4 

2.50 

2.74 

0.0144 

2.2 

3.00 

2.64 

0.0175 

2.4 

4.00 

2.42 

0.0232 

2.3 

5.00 

2.39 

0.0286 

2.7 



Average 

2.5 


Initial volume of ferrihemoglobin solution, 20 ml. 

Initial concentration of ferrihemoglobin solution, 0.00974 mole of heme iron/1. 
Concentration of imidazole solution, 0.355 mole/1. 

Asymptotic value of Aw for imidazole-ferrihemoglobin, 1.80 mg. 

for imidazole-ferrihemoglobin, 2940 X 10“« c. g. s. u. 

Temperature, 25 1 * * 4 * 6 C. Phosphate buffer. 

1 L. Pauling and C. D. Coryell, these Proceedings, 22, 159 (1936). 

* C. D. Coryell, L. Pauling, and R. W. Dodson, Jour. Phys. Chm. (in press). 

* F. Stitt and C. D. Coryell, Jour. Am. Chem. Soc. t 61, 1263 (1930). 

4 O. Warburg, £. Negelein, and W. Christian, Biochem. Z. t 214, 26 (1929). 

1 D. S. Taylor and C. D. Coryell, Jour . Am * Chem. Soc. t 60, 1177 (1938). 

* C. D. Coryell, F. Stitt, and L. Pauling, Ibid „ 59, 633 (1937). 

T A. H. M, Kirby and A, Neuberger, Biochem . Jour., 32,1146 (1938). 
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CRYSTALLINE ECHINOCHROME AND SPINOCHROME: THEIR 
FAILURE TO STIMULATE THE RESPIRATION OF EGGS AND OF 

SPERM OF STRONGYLOCENTROTUS 

By Albert Tyler 

William G. Kerckhoff Laboratories of the Biological Sciences, California 

Institute of Technology 

Communicated August 28, 1939 

The blood cells (elaeocytes) of sea-urchins contain a red pigment to which 
MacMunn 1 gave the name echinochrome. McClendon 2 found that this 
pigment is also present in the test and, in the species Arbacia punctulata, in 
the eggs as well. Cannan* showed that it could be reversibly oxidized and 
reduced. Vl&s and Vellinger 4 made use of it (called it Arbacine) as a 
natural pH indicator in the eggs of Arbacia. Stem 5 (referring to unpub¬ 
lished data) considers it to be bound as a chromoprotein in the blood cells. 

The present author’s interest in echinochrome arose from Friedheim's* 
report that it would cause a 16-fold increase in the respiratory rate of un¬ 
fertilized sea-urchin {Strongylocentrotus lividus) eggs. In view of the 
magnitude of the reported effect and the fact that the substance is a 
naturally occurring pigment, it seemed desirable to examine its action on 
fertilized sea-urchin eggs. This was of especial interest in connection with 
studies 7 on the energetics of development. However, my attempts to 
duplicate Friedheim's results on unfertilized sea-urchin eggs have proved 
unsuccessful. Friedheim did not give in his articles the method of prepara¬ 
tion except to state that he extracted the tests of Sphaerechinus granularis 
with sea water. In the present work sea water extracts of Strongylocen¬ 
trotus purpuratus were found to be inactive. The material was then pre¬ 
pared in crystalline form, and the purified echinochrome also was found to 
have no stimulating effect on the respiration of sea-urchin eggs. 

Recently another effect has been attributed to echinochrome: Hart¬ 
mann, Schartau, Kuhn and Wallenfels 8 have announced that it is the sub¬ 
stance causing activation and chemotaxis of the spermatozoa in Arbacia 
pustulosa . They state that the limit of physiological activity lies at a 
dilution of 1:2,000,000,000. On examination of the action of purified 
echinochrome on the sperm of Strongylocentrotus purpuratus I have found 
no such action as Hartmann, et al. 9 reported for Arbacia. 

The crystallization of echinochrome was first reported by Ball. 9 It was 
also crystallized by Lederer and Glaser 10 who, though evidently unac¬ 
quainted with Ball’s brief abstract, assigned to it the same empirical for- 
mula, CiaHioOr. Lederer and Glaser also obtained another pigment which 
they call spinochrome and which differs from echinochrome in containing 
one more atom of oxygen. By a similar procedure I was able to obtain 
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crystalline spinochrome from Strongylocentrotus purpuratus . It, too, 
showed no stimulating effect on the respiration of the eggs and the sperma¬ 
tozoa. 

Preparation of Crystalline Echinockrome and Spinochrome. —Ground sea- 
urchin tests are first extracted with neutral alcohol and then ether. This 
removes very little of the echinochrome or spinochrome. The test ma¬ 
terial is then added in successive small portions to 0.57V HC1 under ether, 
fresh portions of concentrated HC1 being added as the CO* evolution ceases. 
The pigments go almost quantitatively into the ether layer. Shaking the 
ether solution with aqueous NaHCOs brings the pigments into the hypo- 



F1GURB 1 

a, Echiuochrome crystals X 100; b, Spinochrome crystals m rosettes X 50; c, Spinochrome 

crystals X 100. 


phase, from which they are returned to fresh ether upon acidification. The 
dried ether solution is then run through a column of CaCO*. Two main 
layers appear, an upper bluish violet layer and, below this, a red layer. 
These two layers remain contiguous even after repeated chromatographic 
adsorption. The upper layer contains principally the spinochrome, the 
lower layer the echinochrome. The pigments are “eluted” by dissolving 
the CaCOs in acid under ether. The ether is then dried arid evaporated to 
small volume. The addition of petrol ether precipitates the pigment. 
The precipitate is then fractionally vacuum-sublimed. The sublimate 
generally deposits in crystalline form, and the corresponding bonds of the 
chromatogram yield principally echinochrome or spinochrome, respectively. 
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Recrystallization is effected from hot toluene, hot benzene or evaporation of 
an ether solution containing ligroin. 

The crystals of echinochrome (Fig. la) are bright red elongate needles 
melting at 220° to 221 °C. Spinochrome (Fig. 1/;, c) forms very thin, pale- 
violet, elongate plates, strongly birefringent and melting at 187° to 188°C. 

The investigations of Ball, 9 Ledcrer 19 and Kuhn 11 show echinochrome to 
be a substituted naphthoquinone with the following structure, in the leuco 
form: 


OH OH 

H.C/V^OH 


HO' 


\/\/ 

OH OH 


OH 


In spinochrome the location of the extra atom of oxygen has not as yet 
been determined. 

Both echinochrome and spinochrome are only slightly soluble in water 
or dilute acid. They go readily into solution in alkali. They are very 
soluble in alcohol, acetone and ether, less soluble in benzene and toluene, 
insoluble in petroleum ether. The addition of lime water to an aqueous 
solution of either of these dyes precipitates them almost completely as the 
calcium salts. It is evidently in this form that the pigments are present 
in the test of the sea-urchin. A colorimetric comparison of the initial ether 
extract with standard ether solutions of the purified material shows the pig¬ 
ment concentrations to be roughly 0.5 mg. per gram of dried test. 

Action on Respiration of Unfertilized Sea-Urchin Eggs .—Oxygen consump¬ 
tion was measured with the Barcroft-Warburg apparatus. Conical vessels 
of 15 cc. total volume and with one side arm were employed. The main 
chamber contained 3.0 cc. of egg suspension and the side arm 1.0 cc. of the 
solution to be tested. The egg suspensions and solutions were buffered 
with 0.01 molar glycylglycine. 12 

To test the action of sea-water extracts, tests of Strongylocentrotus 
purpuralus were ground up in sea water. Upon filtration this gives a pale 
purple opalescent “solution.” The addition of this to unfertilized Stron¬ 
gylocentrotus eggs produced no change in their rate of oxygen consumption, 
as the following figures show: 

A B 

Cu. mm. Oj consumed per hour before adding solution.. .28.0 20.5 

after.30.0 29.0 

The action of purified echinochrome and spinochrome, prepared as 
described above, was examined both in ordinary sea water and in calcium- 
free sea water. In ordinary sea water most of the echinochrome or spino¬ 
chrome precipitates out, presumably as the calcium salt. The addition of 
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saturated solutions (plus excess solid) of these substances to unfertilized 
sea-urchin eggs in sea water produced no marked change in the rate of oxy¬ 
gen consumption, as the following figures show: 

ECHlNOCHROttB API NOCH VOICE 

Cu. tntn./hr. before addition 40.0 37.5 37.5 39.5 

Cu. mm./hr. after addition 39.0 38.5 40.0 36.5 

In calcium-free sea water at pH 8, fairly concentrated solutions of echino 
chrohie and of spinochrome could be prepared. The action of these solu¬ 
tions was tested over a range of concentrations since there might be an 
optimum concentration above which no stimulation is obtained, as is the 
case with the substituted phenols. 1 ** 14 Echinochrome and spinochrome 
were added to unfertilized Strongylocentrotus eggs in calcium-free sea 
water to give concentrations ranging from 0.01 mg./cc. to 1.0 mg./cc. To 
check on the stimulability of the respiratory rate of the eggs in calcium-free 
sea water the action of pyocyanine was also examined. The following table 
gives a sample of the data obtained. 


BCKllfOCHItOME 9P1NOCHKOMK FYOCVANIN* 


Mg./cc. 

0.01 

0.1 

1.0 

0.01 

0.1 

1.0 

0.6 

Cu. mm./hr. before 

36.5 

37.5 

35.5 

36.0 

37.0 

39.0 

38.5 

Cu. mtn./hr. after 

37.0 

41.5 

' 40.5 

40.5 

34.0 

35.0 

307.5 


Although pyocyanine gave an eight-fold rise in the respiratory rate of the 
eggs in calcium-free sea water, echinochrome and spinochrome failed to 
show any definite effect. 

It is somewhat questionable whether the dyes penetrated the eggs in 
these solutions. While in the solution, it is difficult to tell if the eggs are 
stained. Upon removal and washing, the eggs are unstained, which may 
mean rapid diffusion or failure to penetrate initially. If the solutions are 
acidified to below pH 3, the eggs are colored red by the dyes, and the color 
remains upon returning the eggs to ordinary sea water. But the eggs are 
killed by such treatment. 

In the eggs of sea-urchins of the genus Arbacia, the echinochrome may 
very well be present in the form of the chromoprotein, as Stern has indi¬ 
cated is the case in the blood. Possibly the eggs of Strongylocentrotus and 
other forms which do not contain echinochrome also lack the protein ca¬ 
pable of combining with it. 

Friedheim 6 reported obtaining stimulation of the respiratory rate of 
rabbit red blood cells as well as of eggs of 5. Hindus. The present negative 
results with eggs of 5. purpuratus are, then, evidently not due to species 
differences. It would appear that in the crude extracts of Sphaerechinus 
tests employed by Friedheim something other than echinochrome was re¬ 
sponsible for the stimulating effect. 

Action on the Respiration of Sea-urchin Spermatozoa .—When sea-urchin 
spermatozoa are placed in calcium free sea water they are rapidly immobil- 
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ized. For the respiration measurements, the spermatozoa were therefore 
suspended in ordinary sea water (buffered) and the solutions of the dyes in 
isotonic NaCl (buffered) were added. As a control, isotonic NaCl alone 
was added, and, as check on the stimulabUity of the respiration, an egg 
water in isotonic NaCl was employed. The addition of the solutions of the 
dye to sea water results in their precipitation as the calcium salts. With 
high concentrations of dye practically all of the calcium would be removed 
from the sea water. With low concentrations, on the other hand, very 
little dye would remain in solution. 

Two sets of experiments were run, one with low and one with high con¬ 
centrations of the dye. With low concentrations (10 y/cc.) of echino- 
chrome and spinochrome, there was no noticeable effect on the rate of 
oxygen uptake of the spermatozoa. With high concentrations of the dyes 
(10 mg./cc.), the rate is definitely inhibited as the data in the following 
table show. 


Cu. mm. Oa 
before 
addition 

Cu. mm. Oi 
after 
addition 


ISOTONIC 

NACX 



rchinockhomk 

RPINOCHROMK 

KQG WATER 

(CONTf 

0 to Va hr. 

103 

102 

97 

98 

98 

99 

Vs to 1 hr. 

81 

83 

73 

74 

77 

77 

1 to l l /s hr. 

69 

69 

69 

57 

66 

57 

l l /a to 2 hr. 

8 

11 

12 

12 

57 

41 

2 to 2 l /a hr. 

7 

8 

3 

7 

37 

35 

] 2V, to 3 hr. 

13 

11 

1 

2 

26 

21 

k 3 to 3 l /s hr. 

12 

11 

4 

3 

22 

19 


The activity of spermatozoa decreases with age of the suspensions, as has 
long been known. Along with that, the respiratory rate falls off as the 
above figures (control column and first three readings of the others) show. 
The addition of egg water causes an increase of about 40 per cent in the 
respiratory rate for the first half hour and practically no increase for the 
subsequent readings. The concentration of egg water employed was such 
as to give an agglutination reaction lasting 15 minutes. The sharp de¬ 
crease in respiratory rate following the addition of echinochrome and 
spinochrome is evidently due to the removal of calcium. Most of the dye 
was observed to precipitate out upon addition to the sea water sperm sus¬ 
pension in the vessels. This precipitate is very likely the calcium salt, 
once as mentioned before echinochrome and spinochrome form insoluble 
salts with calcium. With magnesium, which is present in higher concen¬ 
trations than calcium in sea water, no insoluble salt forms. The 3.0 cc. of 
sea water contains roughly 3 X 10~* moles of Ca ++ . In the 1.0 cc. of 
echinochrome solution added there are 3.8 X 10~* moles of the dye, and in 
the spinochrome solution, 3.5 X 10~® moles. Since one mole of echino¬ 
chrome or spinochrome might combine with 2 l /» moles of calcium, most of 
tiie c alcium would be removed from the solution. Examination of the 
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suspensions after the respiration measurements showed the spermatozoa to 
be almost completely inactive in the vessels with the dyes. This inactiva¬ 
tion occurs in 2 to 3 minutes in concentrations of the dyes employed here. 

The difference between the present results and those reported by Hart¬ 
mann, et a/., 8 may possibly be due to the fact that Arbacia eggs contain 
echinochrome whereas Strongylocentrotus eggs do not. It should be 
noted, however, that Strongylocentrotus egg water increases the activity of 
spermatozoa of the same species while echinochrome and spinochrome show 
no such action. The activating agent in the egg water of this sea-urchin 
as well as in the keyhole limpet is rather intimately associated with the 
sperm agglutinin which recent evidence 16 shows to be protein. Partial 
purification of the latter has not as yet removed the activating agent. 


1 MacMunn, C. A. Quart. Jour. Micr. Set., 25, 409 (1885). 

2 McClendon, J. F.. Jour . Btol . Chem., U, 485 (1912). 

* Cannan, R K Biochem . J., 21, 184 (1927). 

4 Vl&s, F., and Vellinger, E., Bull. Inst. Ocfonogr., No. 513 (1928). 
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* Friedheim, E. A, H., Arch. Set. Phys. et Nat. (Geneva) 14, 179 (1932); C. R, Soc. 
Biol., Ill, 505 (1932). 

7 Tyler, A., The Energetics of Embryonic Differentiation , Hermann et Cie., Paris 
(1939). 

8 Hartmann, M., Schartau, O., Kuhn, R., and Wallcnfels, K., Naturwissenschaften, 27, 
433 (1939). 
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THE FINITE STIELTJES MOMENTUM PROBLEM 

By Kurt Friedrichs and Gabriel Horvay 

New York University and Columbia Univhrsity 
Communicated July 24, 1937 

I. Introduction .—In view of the frequent application of Ritz's method 
to the solution of eigenvalue problems Lft = Aty increasing attention has 
been paid to the study of types of function sets which facilitate the per¬ 
formance of variational calculations. In several numerical calculations it 
was noted 1,2 * that the iterated function set X,ty 4 lead to relatively simple 
matrix elements of the form L n ■■ 35 m (<£, L*4i) and that the convergence of the 
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method was unexpectedly good. But it was realized only recently that the 
method commends itself also in other respects, viz., that the information 
contained in the momenta L n extends considerably beyond the results of the 
secular equation. 6 D. H. Weinstein 6 was the first to discover a result 
pointing in a new direction. He found that under suitable conditions the 
expression L\ — (L% — i L\) l/$ defined a lower bound for the lowest eigen¬ 
value of L. The form of the expression suggested that it is but a very 
special case of a more general set of relations, and the slight extensions of 
Weinstein's theorem obtained by MacDonald, 7 Stevenson 8 and Horvay 9 
confirmed this point of view. In this note we present the general relations. 
They were found to be intimately connected with the theory of the finite 
Stieltjes momentum problem. We formulate the latter as follows: given 
& finite number of momenta Lo, Lj, .. L n , find all the information which 
they imply about the spectrum of L. 

II. The Momentum Problem .—Let L be a self-adjoint operator operating 
on a certain class of admissible functions. 10 The part of the spectrum of L 
which is associated with states not accurately orthogonal to a function $ 
will be referred to as the simplified spectrum of L with respect to In 
what follows we shall assume that n point-eigenvalues Xi < X* < ... < X* 
constitute the part of the simplified spectrum of L which is ^ X n . 

Let ^ be a normalized admissible function such that Lty, ..L*“ty also 
are admissible. The momenta Lo « 1, Li, ..., L n of L, obtained in terms of 
yp, are supposed to be known. Let x x m be the elementary symmetric forms 
of order i in the m variables Xu x*, ..., x mt i.e., x* n ~ 1, x l m =* Xi + x 2 + ... + 
Xpff .. x m ** X\X 2 ... x m . Further set L m ^* ( ^(xi, * • *» r n ) ^ L m 
x x m L m +j~i + " • ■ • + (~ir*SI* and denote 

• • * Ai*+r,m 

• i ss , , ... 

w * # f 

An+r,w ^m+r+l ,M * * • 

Then the following fundamental theorem holds: 

^(Xi, ..X„) > 0 (0 ^ f, 0 ^ m, m + 2r $ »), (F.T.) 

provided that Xi, .... X* do not exhaust the entire simplified spectrum. (If 
they do, then the relation # fio > 0 must be replaced by “ 0 in ( F.T .).*) 
The relations > 0 do not restrict the eigenvalues X„ they express the 
well-known conditions for the solution of the proper Stieltjes problem. 
The inequalities 'Oifai) > 0 restrict Xi to values smaller than the lowest root 
of the secular equations, r Qi(%) * 0, which express the familiar minimum 
conditions of the variational method 6 applied to functions The 

relations tn > 1 have not been considered heretofore. 
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Proof of (F.T .).—It follows from the theory of self-adjoint operators 11 
that if the polynomial/(X) ~ £!faX* i c m =t= 0, m ^ «) is non-negative over 
the simplified spectrum of L (/(Xi) ^ 0, /(X 3 ) ^ 0, ...)»then the “average 
value” of /(X), </>, is positive: </> « (^,/(£)^) — > 0. Thus 

< (X — Xi)(X — Xa) ... (X — X*) > = L n — ■ * • +* 

(—l) m X£L 0 « A» >m (Xi f ..., Xj > 0. More generally < (Eo 7 «X') s (X - Xx) . *. 
(X - Xj > « X m ) >0. The determinant of this 

positive definite quadratic form, |£ m +<+^ w | = r S^ m (Ai, ..., X m ), is also posi¬ 
tive, q. e. d. 

The inequalities (F,T.) prescribe conditions which are satisfied by the 
eigenvalues of L. It is as yet an open question whether this set of inequali¬ 
ties is complete,** i.e., whether, conversely, to each set of numbers Ai,..., 
and L \, ..., Z* satisfying (F.T.) there exist an operator L and a function p 
such that Xi, ..., X* constitute the part ^ \ n of the simplified spectrum, L u 
.. . t L % the first n momenta of L in terms of p* 

III* Discussion of Special Cases. — Weinstein’s assumption and assump¬ 
tions of a similar type . 

In this section we shall consider in some detail the simplest conditions 
r Q #+l >0(r = 0,l; 5-0, 1). They give insight as to the relations which 
prevail in the general case. 

(1) = L\ — *1 vanishes for x\ = % = L\. The condition ®Oi(Xi) > 
0 leads to the well-known result Xj < °Xj. The “admitted region” of points 

< °Xi is denoted by *Ui is bounded by Xi = % on the right, 

extends indefinitely on the left. It contains Xi. 

(2) °Qj(xi, x») — Li — (xi + xt)Li -f xixt vanishes along the hyperbola 
°£>i ■» 0 in the [x it ar»] plane. Xi = c Xi, xt = # Xi are the asymptotes. The 
conditions °fij(Xi, Xj) > 0, X* > Xj, °flj(Xi) > 0 restrict the location of the point 
(Xi, Xi) to the admitted region °Us[xu xt] which is bounded from above by 
the hyperbola, from below by the line x» * x lt and from the right by the line 
*1 m %. Between the lines x» — x h », =» % it extends indefinitely on the 
left. Often, however, one may contend that the point (X!, Xj) is not likely 
to be outside of some conveniently drawn boundary line. (For example the 
experimental knowledge of the spectrum of an operator U not much differ¬ 
ent from L may suggest appropriate limitations within 0 14.) Several such 
limitations have been considered, (a) Weinstein’s condition,* L\ is closer 
to Xi than to X s , limits the admitted region to the right-side of the line 
#» — L\ ■» — (*i — jLi). The abscissa of the point farthest to the left gives 
L\ — {Li — Lj) v ’ as a lower bound for X t . (ft) The assumption of a lower 
bound p for P m — (Xj — £i)/(Xi — L\) corresponds to a slight weakening of 
Weinstein’s restriction* and implies that the point (X t , X>) is above the line 
Xt - L\ - -p(x i - Li). This lines goes through the point (£ Jf Li) and 
intersects the hyperbola = 0 for p > 0 in the point ( L\ — p -,/ *(jL, — 
!>*) , Li + p y \L% — L l ) l/ ') which is to the left of x\ m Xi. (e) The 
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restriction of the point (Xi, X*) to the region above a line x x *f x% «= const, 
drawn slightly below the experimental point (Xi\ X*') leads to Stevenson's 
formu a. 8 (d) If Ai is assumed to be known exactly, then the intersection 

of the ordinate x x * Xi with » 0 yields an upper bound for X*. 

Some of the formulae become simpler if one shifts the spectrum of L to 
have L\ as the orig’n. The operator D ~ L — L u with the simplified 
spectrum 6 n « X* — L\ and momenta D m — £?(*)(—gives A«l, 
A «= 0. Denoting z, « x n — Lu one can write °&i(zi) —z if °0t(2i f a») = 
—°0i(sx)[2s + Dt/zi]. We shall adhere to this notation in the examples 
which follow. 

(3) l Qi(«i) * ~~ A/A — A] « 0 is the secular equation obtained 

in terms of the variational function ^ + aD\p. The two roots of the equa¬ 
tion, Zi = % *= $A/A — {(£A/A) 2 + A} 1/1 and z x = % ~ I A/A 
+ {(j a/A) 1 + a} v * are separated by the root °$i = 0 of = 0. 

The conditions °Qi($i) > 0 and > 0 lead to the well-known result 

1 Z7i[si]» the admitted region of points z x < %, is bounded by z% ** 
% on the right, extends indefinitely on the left. It contains From the 
conditions > 0 and > 0; it follows that %% = — A < 5A and l 5i + 
l 5s *» A/A > One sees that A < 0 implies A = 0 > + fe)* 

The knowledge of l 6i yields an upper bound for P = —6*/5i, namely, P < 
A/$i < A/^n The value of P is of interest because it tells us how A, the 
zeroth approximation of &u divides the interval {5i, 5 2 ). If A is inside this 
interval then the ratio P is positive and is close to °° when A is close to $i 
(i.e., when ^ is a good approximation to the state associated with $i). 

(4) Hk(si,ft) - ~ *(Pt/D»)['Zi(*i )/ 1 %(*»)} - Dt + W'Oi 

(*t)3 where l Zi («) =» ‘Oot** — z(Dt — D\)/D$ — D{\. l J2j vanishes in the 
[sn a] plane along two branches which are separated by the hyperbola 
°0) = 0. Si, 2 , = %, % are the asymptotes. The conditions 5* > 8i, °0i 
> 0, l 0i > 0, °fli > 0, *0j > 0 restrict the location of the point (Sj, St) to the 
admitted region «,] which is bounded from above by the lower branch 

of ! Qj ** 0, from below by the line * zi and from the right by the line *i = 
%. Between the lines zt = 2 i, za = l 5i it extends indefinitely on the left. 
At the point (‘Si, *5,), “ftj = 0 touches the lower branch of *0* = 0 from 
above, and at the point ( ! <5i, 2 ij) this branch in turn touches the lowest 
branch of *0» *» 0 from above. 2 4i < *4, < *4« denote the three roots of the 
cubic equation *Qi(s) = 0. The rather weak restriction 4» > 0 (i.e., the 
zeroth approximation Li is already below Xj) leads to the lower bound 

JA/A - {(iA/A)* + A + Wl } ‘ A < h. 

The most important properties of the functions r O, + j(*i, ..., x, + 1 ) can 
now be stated in general by analogy. r Q,+i vanishes along r + 1 sheets 
separated by the r sheets, all different, of « 0. The lowest sheets 

oTfk+i - O.'-U+i = 0, .. 0 (omit expressions with negative 

indices) touch at the point (%, • •» r K+t) constructed from the a + 1 
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lowest roots r Xi < r X 2 < ... < r K+i of the secular equation r ft(ar) ■* 0. 
The first cr of tliese sheets touch along a common line connecting the points 
(%, ..'X„ +l ) and ('+%, .. r+1 X tr ^ 1 ), the first a — 1 of these along a 
common surface, etc. The point (\ Xf ..,, X, J+ *i) will be located in the ad¬ 
mitted region r U s +i[x i} ..., x s + x ], which is defined as the set of points 
X \ < x% < ... < satisfying the conditions p U 0 +i(xu #, +1 ) > 0 
(<r + 2p % s + 2r, a $ 5 ). The r61e of assumptions of Weinstein’s type is now 
apparent. One eliminates a portion of the admitted region by some surface 
and restricts the point (Xi, ..., \ s + j) to the remainder of the region. Thus 
it is possible to obtain lower bounds. 12 

IV. Discussion of the Admitted Regions .—The admitted regions r U st de¬ 
fined by the conditions x\ < x%< ... < x n and p il„ > 0 (2, + a ^ 2r + s, 
a $ s), are of fundamental importance in the theory because they serve to 
restrict the point (Xi, ..., \ s ) to a certain portion of the [x h ..., x s ] space. 
The functions r i\ owe their significance to the fact that the regions r U t are 
characterized in terms of them. Let (xu . » x*) be a fixed point in the 
intersection i.e., let (x u . x s ) be in r t/„ (xi, .x,.^) in 

r + 1 U s „ 1 . Then the theorem holds: 

Theorem Qj.—T he equation*Q J+J (x Xt ..., x„ x) ~ 0 has r + 1 real 
different roots x = jAi, *A 2 , ..'A r+1 separated by x st r “jAi, .. r ”lA,: 
x t < jAi < '"JAj < ^A« < ... < r *" x A r < !A r+1 . We shall postpone the proof 
of this theorem until the end of the section and shall first discuss its various 
consequences (Ou.in.c, i. 2 P a) under the assumption that the theorems (f)j 
as well as (?)n,i ,2 already hold for k + / ^ r + s, k $ r — 1. Since 
(j)i. n, m, <, i, 2.3 obviously hold for r = 0, s arbitrary, it will be sufficient to 
assume r ^ 1 in the proofs which follow. 

Corollary (J) r > 0 for # J+1 < r $ A h 

Proof. ^ 4 .! is a polynomial of order r + 1 in * 4 + u because the factor 
in the term of highest order, r fV (—ar, +l ) r+1 , is positive for (*i, ..., x,) 
t r U v This term predominates for large values of \x 5 +i\ and makes r Q ^ +1 
positive in the interval — «> < < r s A\, 

Theorem Q n . r U s +i is that set of points (*i, .. x $t x s +i) for which 
(xu . ..,x t )e r U s ' r + l U Jt ~ l a.ndx H < a J+1 < jAi. 

We observe that r U $ + x can evidently be characterized as the set of points 
(#ii •. * 1 x s +x) which satisfy r fi 4+ i > 0 and are in r “ l Z7, +1 « f t7 l - ,,+l £4-i- 
In view of ( r 7 l )n* the condition {x h ..., U^ x can here be replaced 

by the condition x, < x s+1 < r 7 l A t . According to Q h G) c the latter condi¬ 
tion together with > 0 can be replaced by x, < < jAi. This 

establishes the theorem. 

xA-u the lowest solution of r Q s +i(x u x„ x) « 0 in accordance with 
theorem Q h is called the first adjoint of # 1 , ..., x $ and will be denoted by 
f A,+i. The point (x u .. x t , ^,+ 1 ) is in r ~ l U s +i tr U t , The lowest solu¬ 
tion of x„ r A, +l , x) = 0 defined according to theorem 
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G+i)i> is called the second adjoint of X\ f . . x t and will be denoted by 
The point (*i, ...» x„ r A, +l> r ~* 1 A 5+2 ) is in r “ , £/ 1 +# - r “ 1 0i +1 . 
Continuing in this way, we obtain the adjoint set r A J+ll r *“ 1 A J+2 » 

°A J+r+1 . As will be shown below, the adjoint set and the set jAi, JA 2 , .. 
f s b r +\ nre identical. Denote by y and member of the adjoint set, by Aj the 
fth symmetric form of the remaining r adjoint quantities, by A‘+j the ith 
symmetric form of all r + 1 adjoint quantities. Then we have: 

Lemma Q. For the set x h . x t , 'A,.^, . u A s+r+l , the following 
formulae hold: 


+1 J+T +1 ^ 0* !•» » » *» l) 

iij' ■f's -f 2r 4 S. s 4*r + l ^ 

r+ % +1 (x u yWQ,]* + r ~% + l (*,.*„ y^+’Sl,] 8 = o 

(~%+t - 0 ). 


O* 

Q. 

0 . 


Before proving these relations, we shall draw a few conclusions. Upon 
eliminating the r adjoint quantities j* y from equations G)i we obtain 

x at y) = 0. This establishes the above-mentioned identity 
between the adjoint set and the roots of the equation r Q s + x (x u ..,, x $t x) « 
0 . If we eliminate from tlie equations G)i only s + r — <r adjoint quanti¬ 
ties and denote those not eliminated by y s 4.., < ... < y 9 + x we find that the 
determinants * 8,41 (p = s + r — <r t ..r) vanish. An immediate conse¬ 
quence is 

Theorem G)iii* Let y s + t < ... < y v+1 be a subset in r s A u ...»^A r+1 , 
then (x u 1 ) ** 0 (p ^ r, s^a^s + r^o + p). 

The special cases s = 0, 1, 2, ... lead to points, branches, sheets, ... 
in which the functions ' 8 , 4.1 vanish. We already met such relations in 
section III, where we discussed explicitly the cases r = 0 , 1 ; 5 ~ 0,1. In 
that section we also gave a generalization of the observed conditions sub¬ 
stantiated now by theorems G)j, w on identifying % with JA,. 

We now introduce the proof of lemmas G)r a, a- Consider the point (xu 
...,x $ /A s + x ). From G+i)i we obtain /-,+r+i+y.*+r+t ~ 0 for j = 0 ,1, ...» 
r — 1 while Z»,+*+i,,+ r +i « 0 results from G?l)a observing r 8 , 4 _ 1 (aci > .. 
x» ^^ 4 . 1 ) * 0 and (xt, ..x„ r A, +1 ) > 0. This proves Qi- In 

order to establish lemma ( r s )$ we observe that the value of the determinant 
r+, 0 * remains unchanged if we replace the last column ■^s+r+l+i,, (j 0,1, 


,,.,r + 1) by a linear combination of the columns, viz., L s+r+l+Jt ,+ r +i = 

^S+r+l+J, i ^■r+l^'t+r+j, 1 l+J, s (“"1) +j,s• 


All elements except Z, 1+ , r+t ,, +r+] vanish in this column, and the determi¬ 
nant reduces to the form given in Q,. If in a similar way we replace the 
last column in ,+ 1 Q, 4 .i (xi . x„ y) by L s + r+i +j :S+r+l , the preceding col¬ 

umn by L l+f+1+J , ,+,+i, employing the symmetric functions Aj, we find 
' ,+, 0 f +i » - r- 1 n j+l - [I f+Sr+S| s+ ,+i]*. Application of 0* gives Q». 
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We shall now derive Ct 1 )!- Let (x\ 9 ..., x g ) be in r+1 £7 # . By theorem 
G) r the sign of (x u ..., x„ x) is alternatively positive and negative 

as x runs through the values *A*, ..., jA r+x . By Q«, r+l fi 5+1 (xu ... t x t ,x) 
takes on the opposite sign at these values; furthermore it has a root below 
JAj and also has a root above £A r + 1# because the dominating term r + l Q § - 
(—x) r+a makes the expression positive for large values of —x and takes on 
a sign opposite to the sign of r+ 1 Q. v j*| (x u jA r+I ) for large values of 

+«. Consequently, the equation ( x u • ■ •, x$* x ) =* 0 has r + 2 roots 

't l Ai, ..'I^Ar+j separated by jAx, .,JA, +1 . It remains to be shown 
that x M < f t*Ai. Introduce the condition (x u ..^,- 1 )€ r+ 2 Z7 J _ 1 . Since 
* 8,-1 > 0 (p « G, 1 ..r + 2 ) the quadratic form s „ y 

is positive definite and the form J2ij i obJ>jL s+1 +,• t , +1 (x u x) 

= ~~ ( 6-1 — 6 r +s = 0 ) is 

positive definite a fortiori . Hence the determinant r+ 1 0 , +1 of this form 
is positive. For # * this results in r+i O,+ 1 (jiC| l ..jc # , x t ) > 0 
which in comparison with 1 (*i, jAi) < 0 indicates that the 

smallest solution of — 0 lies between x, and JA X . Thus we have 

shown that ( r t l )i is a consequence of © T and (?)i (i + l ^ r + s, k ^ r). 
Since theorem (J)i obviously holds for all values of s, theorem (J)i is estab¬ 
lished by induction. 

* We shall exclude this case in what follows. 

** Addition in the proof: The set is not complete; the higher eigenvalues are re¬ 
stricted by further conditions. 

1 H. R. Hasse, Proc . Cambridge Phil. Soc., 26,542 (1330), 

* E. Feenberg and J. K. Knipp, Pkys. Rev., 48,906 (1935). 

* D. T. Warren and H. Margenau, Ibid., 52,1027 (1937). 

4 ^ is a conveniently selected function satisfying certain conditions (see section II). 

* G. Horvay, Phys. Rev. 35,70 (1939). 

* D. H. Weinstein, Proc. Nat . Acad. Sci . 20, 529 (1934). 

7 J. K. L. MacDonald, Phys. Rev. 46,828 (1934). 

* A. F. Stevenson, Ibid., 53,199 (1938). 

* G, Horvay, Ibid., 56, 214 (1939). 

10 The word “admissible” implies that the function satisfy the prescribed boundary 
conditions. 

n J. v. Neumann, MalhemaUsche Grundlagen der Quantenmechanik , p. 74 (1934). 

’* One arrives at a useful generalization of the methods discussed in this paper by 
introducing parameters into the wavefunction For example in the function iKu) we 
may replace the independent variable u by <r\x where 9 is the so-called scale parameter; 
or we may consider the linear combinations ^ « ££*<*< of a set of functions With 
suitable modifications the method can be also adapted to these cases. One constructs 

the admitted regions r U 9 [x .. x t ; a ... I for all values of the parameters. The 

envelope of the boundaries of these regions delimits their common portion, the new ad¬ 
mitted region, which is no longer dependent on the parameters. Such procedures per¬ 
mit in many cases a considerable reduction in the size of the original admitted regions 
without necessitating too much extra labor. 



Vol. 26, 1938 PHYSICS: FRIEDRICHS AND STOKER 535 

THE NON-LINEAR BOUNDARY VALUE PROBLEM OF THE 

BUCKLED PLATE 

By K. 0. Friedrichs and J. J. Stoker 
Department or Mathematics, New York University 
Communicated August 22, 1939 

Introduction. - The problem of the buckling of thin plates under thrust 
in the plane of the plate with large deflections has become of increasing 
practical importance in recent years, because of the wide use of thin-walled 
structures, particularly in aircraft design. The mathematical formulation 
of the problem involves a pair of non-linear differential equations de¬ 
rived by v. K&rm&n. 4,7 Various writers 5,10 ' 1142,13 ' 14,16,2 ® have attacked the 
problem using perturbations and the energy method in order to obtain 
solutions valid at least for a limited range of the ratio of applied pressure to 
the lowest buckling pressure. Such solutions are given in the main for the 
rectangular plate, which is the most important for the applications. An 
exact solution for this case valid for an unlimited range of the above ratio 
presents seemingly insurmountable mathematical difficulties. For the 
circular plate (1), however, we have obtained rigorous solutions validfor an 
unlimited range. Important and interesting conclusions can then be 
drawn, which retain at least qualitative significance for the rectangular 
plate. In the latter case, for example, an edge effect has been observed 
experimentally 2,,,R,ia48 ' 18,w and made the basis of the definition of an 
“effective width*’ by v. K&rm&n. 8 In our case we find such an edge effect 
to be a natural part of the solution, and explain it by means of an asymp¬ 
totic treatment in analogy with the Prandtl boundary layer theory. For 
the flow of a viscous fluid around an obstacle, cf,, e.g., reference 15. 

1 , Mathematical Formulation .—We consider a plane circular plate with 
the radius R and thickness h simply supported and subject to a constant 
radial thrust at the edge. We assume the deflection w and the radial mem¬ 
brane stress to depend only upon the distance r from the center of the plate. 

Quantities which we call stresses here are to be understood as stresses 
divided by the modulus of elasticity J5. Quantities which are barred or 
which carry the subscript o refer to their values at the edge or center, 
respectively. 

Upon introduction of the negative radial membrane stress p and the 
quantity q « Rr~Hw/dr the v. K&rm&n equations can be reduced to 

Gp 30 + pq ** 0, 

where G * ~~ r* 

dr dr 
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rj = yA//? the "slenderness ratio," 
y = [12(1 — v 2 )]^ l/2 , and v is Poisson’s ratio. 

The boundary conditions at the edge (r = R ) are 

r dqldr + (1 + v)q = 0 and p ~ />, 

where the important quantity p is the prescribed pressure at the edge. 
Further we require p and q to be regular at the center (r « 0). 

Of the constants R , h , £, v, p, which characterize the problem, only two, 
v and the "thrust ratio” p/V, are essential in the sense that deflection and 
stresses in two plates having the same values of these ratios differ only by 
constant multipliers. Wc found it convenient to take for v the fixed value 
0.32; thus p/rj 2 is the only constant to be varied. 

2. Perturbation Method. —This method (2) consists in developing p t p and 
q with respect to a parameter e into a series 

p = p* + € 2 p^ + t*p^ + .. 
p — p* + 6+ t 4 p ( *1 + ..., 
q 5 = tqW -f -f _ 

One then obtains a sequence of'Si near differential equations for p* t g (l) , 
p( 2 ) t t which can be solved successively, though with great labor. 

The quantity p° proves to be a constant identical with the lowest value of p 
for which buckling begins and is the same as that obtained by the linear 
theory; its value is p* - 4.24 i? 2 . 

We computed q (i) to g (6) and p° to p&\ We found that the convergence 
is satisfactory only in a small range of values of p/p°] namely, for q up to 
p/p° = 1.2, 1.8, 2.5 if we include terms of the first, third and fifth order, 

respectively, and for p up to p/p* — 1.4, 2.2, 2.8 if we include terms of the 

second, fourth and sixth order, respectively (3). For the other stresses the 
convergence is not quite as good. Nevertheless we find some qualitative 
features already in this range (cf. section 4). 

3. Method of Integration of S. Way .—Another method is available for 
treating this problem, a method used by S. Way 21 for treating the 
bending of circular plates. It consists in setting up series for p and q 
in powers of r, assuming values for the first coefficient of each series, that is, 
for the values of p and q at the center of the plate. The values of p at the 
edge must then be determined by solving the transcendental equations 
resulting from a boundary condition. 

With this method it is possible to obtain solutions for a much higher 
range of values of p/p* with very much less labor in numerical computation 
than would be required by the perturbation method. We have carried out 
the calculations up to p/p 0 = 14.7; for this it was necessary to compute 
thirty terms in each series. The method has its disadvantages, however. 
One wishes to obtain a fairly even distribution for the values of p/p* and at 
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the same time one wants to know at least roughly where the solutions of the 
above-mentioned transcendental equations will be. In order to accomplish 
this with a reasonable amount of computation, it is necessary to make fairly 
accurate estimates of the values of p and q at the center. How to do this is 
not obvious, for the values of p and q change with increasing thrust ratio in 
a rather surprising way, e.g., the value of p at the center changes sign (cf. 
section 4). Our results obtained from the perturbation method (which 
requires no estimates in advance), proved to be an excellent guide for this 
purpose. 

4. Discussion of Results. —It was to be expected that the membrane 
stress (—/>o) at the center of the plate would decrease quickly, but it seems 
not to have been observed that this stress, originally a compression ( p 0 > 0), 
actually becomes a tension p$ < 0, This transition occurs for p/p* — 1.57, 
For p/p* a* 2.5, 14.7, the membrane stress is tension from the center up to 
r/R = 0.03, 0.S8, respectively. It is remarkable that the ratio p*/p of the 
membrane stress at the center to that at the edge attains a minimum, which 
has the value —0.70 and occurs for p/p* =* 5.5; for p/p 0 > 5.5 this ratio 
rises again. The circumferential membrane stress at the edge (—p c ) 
increases very rapidly with increase of p/p* and, for p/p* « 14.7, reaches 
the value — 12.3 p. The radial bending stress (p b ) at the outer surface of the 
plate first attains its maximum at the center, but from the transition value 
p/p* — 1.57 the maximum point shifts toward the edge; for example, when 
p/p 0 = 2.5, 14.7, it occurs at r/R — 0.00, 0.87, its value there is 1.35, 37.0, 
times its value at the center, respectively, and in both cases nearly equal to 
the circumferential membrane stress at the edge. For a fixed slenderness 
ratio n, the bending stress at the center has a maximum 10 22 i? 2 for p/p* * 
3.7; with further increase of the thrust ratio it tends to zero. The deflec¬ 
tion curves flatten out perceptibly in the middle portion of the plate with in¬ 
creasing thrust ratio, though this effect is perhaps less pronounced than 
might have been expected. 

5. Limit State and Asymptotic Solution.--Viz discuss here what occurs 

when p/p* tends to infinity, or, what is the same thing, when the thrust 
ratio j£>/V 00 * This passage to the limit may be achieved in different 

ways; for example, we might take a fixed plate (i? fixed) and allow p to in¬ 
crease indefinitely, or hold p fixed and consider plates with slenderness 
ratios v tending to zero. 

In order to determine the limit state one may proceed by letting n —>► 0 
in the original differential equations. One then obtains 

GP - pq = 0, 

which have as sole regular solution q = 0, p — constant. One is then 
tempted to fix this constant by setting it equal to the prescribed value p 
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at the edge. This means that in the limit state there would be a hydro¬ 
static compression throughout the plate. Such a procedure corresponds to 
the treatment of laterally loaded clamped “sheets" by Hencky, 6 cf. also \ 
and it may well be legitimate in such a case where no edge thrust is pre¬ 
scribed. In our case, however, wrong results would be obtained, since the 
stress in the interior of the plate tends rather to a state of hydrostatic ten¬ 
sion. That is, the above solution # — = const, remains valid, but the 

constant must be determined in a different manner. 

There is a transition from tension in the interior to the prescribed com¬ 
pression at the edge which takes place in a narrow strip, the breadth of 
which tends to zero with increasing pin 1 . In order to investigate the limit 
state mathematically, we treat this edge effect in a manner similar to that 
used for Prandtl’s boundary layer theory. We stretch the plate so that the 
width of the edge strip does not shrink to zero by introducing the new 
variable 

fi - (1 - r/RTp' h /n, 0 <p< p' h / n . 

We take P = p/p> Q = yq/p and the limit state is then characterized by the 
differential equations * 

d*P/dfi* - i<2 2 , tPQ/dp + PQ=* 0, 0 < 0 < ®, 

by the boundary conditions P — 1, dQ/dji = 0 (for ft — 0), and regularity 
for 0 — oo. 

The solution of this "asymptotic” non-linear boundary value problem 
can be obtained with relative ease, and furnishes limit values for the essential 
quantities (4). Some of the results and a comparison with our results for 
finite edge thrust are given in the following table (5). 


1 

P/fit 

l 

1.57 

< 2.5 

6.1 

14.7 

CD 

2 

Pq/ p 

1 

0.00 

-0.52 

-0.76 

-0.67 

-0.47 

3 


0 

3.92 

3.11 

1.55 

0.26 

0.00 

4 

ypb m 

0 

1.52 

1.34 

1.25 

1.21 

1.11 

5 

np./p' 1 ’'- 

0.49 

1.02 

1.28 

1.46 

1.55 

1.61 

6 

n/P, 

0 

1.19 

1,41 

1.53 

1.59 

1.61 

7 

Wt/Rp^ 

0 

1.90 

2.50 

2.96 

3.23 

3.29 


This table indicates that the solutions really do approach the asymptotic 
solution and, in fact, come quite near to it for rather low values of p/p*- 
The convergence toward the asymptotic solution becomes even more 
striking if one plots curves for the above quantities using all available calcu¬ 
lated numbers. Strictly speaking, the limit values —0.47 and 0 indicated 
in rows 2 and 3 refer to the inner edge of the boundary layer and not to the 
center of the plate. The constant — 0.47p is the one which should be taken 



Vol. 25, 1939 PHYSICS: FRIEDRICHS AND STOKER 539 

for fixing the edge value of p if one proceeds in the manner of Hencky as 
indicated above (6). Hence we are justified in identifying these limit values 
with those for the center. ^ 

We note that the passage the limit may be accomplished in such a way 
that slope and stresses remain small enough to insure the validity of the 
v. K&rra&n equations: from row 6 (which presents the most critical case) we 
see that it is only necessary to let rj and p tend to zero in such a way that 
p/rt remains sufficiently small. 

Another objection on physical grounds to the passage to the limit may 
well be raised. It is likely that there is a value of the thrust ratio for which 
the buckled state in its turn becomes instable, and what might be called a 
“second buckling’ 1 sets hi (7). If one were to pursue the “second buckling” 
into the non-linear range it is likely that it would eventually also become 
instable and a “third buckling” ensue, and so on. Various experimenters, 
working with rectangular plates, have found that the plates became 
wrinkled near the edges. 2,s ' 6,12 ’ 12,13,19 We feel that such wrinkles are to be 
explained as the result of a buckling of order higher than the first—an 
explanation which, as far as we know, had not yet been explicitly advanced. 

(1) The problem of the bending of a circular plate under lateral pressure has been solved 
by S. Way 11 by an exact method for a rather large range of applied load. We have em¬ 
ployed this method in part in our own work (cf. section 3). 

(2) The convergence of this process Is insured by a theorem of E. Schmidt. Cf., e.g.°, 

(3) Marguerre 11 mentions that his calculations for the rectangular plate, which implied 
two perturbations may perhaps be valid up to p/pP *» 20; Timoshenko 10 applies his 
Ritz method with three constants for p/fP ■* 59.7 and mentions that an additional con¬ 
stant would be necessary only if p/p° > 50. In our simpler case we find that values of 
p/pP of these magnitudes cannot be treated with even three perturbations. In fact such 
values of p/pP lead to solutions already in the asymptotic range (cf. section 5), 

(4) In the same manner, we can easily obtain the asymptotic solutions for the clamped 
plate under edge moment treated by Way. 81 We hope to investigate at a later date 
asymptotic solutions for plates loaded laterally and without prescribed edge thrust with 
the view to check the soundness of the Hencky method, 

r R 

(5) We note in addition the formula (pJn l )/CpJn % ) % ^ ~~+ 1*07, where p c * iM / P<4 r 

Jo 

is the average circumferential stress. This formula presents an analogy to the formula of 
v. Kirmftn,* in which, however, the power 7* takes the place of the power V*. 

(0) This differs from Prandtl’s boundary layer theory: there the limit state in the in¬ 
terior furnishes a quantity which must be used for determining the solution of the bound¬ 
ary layer equations. 

(7) Rough calculations indicate that the "second buckling" may take place for p/pP ^ 
15. This is a question which we expect to investigate at a later date. 

1 Bourgin, D. G., "The Clamped Square Sheet," Am. Jour t Math., 61,2 (1939). 
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GROUPS WHICH CONTAIN TEN OR ELEVEN PROPER 

SUBGROUPS 

Bv G. A. Miller 

Department of Mathematics, University of Illinois 
Communicated September 4, 1939 

The groups which separately contain less than ten proper subgroups, 
that is, subgroups which are neither the identity nor the entire group, 
were recently determined in these Proceedings, 25, 367-371 (1939). 
If an abelian group involves exactly ten proper subgroups its order cannot 
be divisible by more than three distinct prime numbers and when it is 
divisible by three such numbers one of its factors is the square of a prime 
number and it is cyclic. There is then one and only one such group for 
every possible set of three distinct prime numbers. There is a cyclic 
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group of order p\p% b and also one of order pt 2 pt z , pi and p% being distinct 
prime numbers, which has exactly ten proper subgroups. If a non-cyclic 
abelian group contains exactly ten proper subgroups and its order is 
divisible by two distinct prime numbers its order is of the form 9/>, where 
p is any prime number besides 3, and the subgroup of order 9 is non- 
cyclic. If a prime power cyclic group contains exactly ten proper sub¬ 
groups its order is of the form p u > p being an arbitrary prime number. 
As there is no prime power non-cyclic abelian group which contains 
exactly ten proper subgroups there are exactly five abelian groups uhich 
separately contain exactly ten proper subgroups . 

We proceed to prove that there is no prime power non-abelian group 
which contains exactly ten proper subgroups. It is known that every 
prime power non-cyclic group contains a non-cyclic invariant subgroup 
of order p 2 whenever this prime number p is odd. 1 This subgroup con¬ 
tains p + 1 subgroups of order p. The invariant subgroup of order p z 
of the group which contains this non-cyclic subgroup of order p 2 involves 
operators of order p 2 since the number of the proper subgroups of G is 
supposed to be ten. When p > 3 this subgroup of order p* contains more 
than ten proper subgroups and when p ~ 3 it contains eight proper sub¬ 
groups. Hence a prime power non-cyclic group cannot contain exactly 
ten proper subgroups except possibly when its order is a power of 2 since 
a group of order 3 4 clearly contains more than two proper subgroups which 
are not found in the given subgroup of order p*. 

If the order of the group is of the form 2 W and it contains exactly ten 
proper subgroups m > 4 since it is well known that none of the fourteen 
possible groups of order 16 contains exactly ten proper subgroups. More¬ 
over, all the groups of order 16 which do not contain an operator of order 8 
contain more than ten proper subgroups and each of the four non-abelian 
groups of order 32 which separately involve a cyclic subgroup of order 16 
contains more than ten proper subgroups. As a non-cyclic group of order 
16 contains at least nine proper subgroups there is no non-abelian group 
whose order is of the form 2 m which contains exactly ten proper subgroups. 
That is, every non-abelian group which contains exactly ten proper sub¬ 
groups has an order which is divisible by at least two distinct prime 
numbers. 

Such an order could not be divisible by as many as four distinct prime 
numbers, for if it were divisible by four such numbers the largest of these 
would be at least as large as 7. If it were 7 or larger the Sylow subgroup 
whose order would be divisible by this prime number would be invariant 
since a group of degree 8 whose order is divisible by 7 contains more than 
ten subgroups. The Sylow subgroup whose order is a power of the largest 
prime number which divides the order of the group G would transform 
each of the other Sylow subgroups in G into itself since it would transform 
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at least one such subgroup into itself because G involves only ten proper 
subgroups. As similar remarks apply to the Sylow subgroups whose 
order is divisible by next to the largest prime number which divides the 
order of G it has been proved that if a non-abelian group contains exactly 
ten proper subgroups its order is divisible by at most three distinct prime 
numbers, and if its order is divisible by three such numbers the Sylow 
subgroup whose order is divisible by the largest prime number which 
divides the order of the group is invariant and transforms into itself each 
of the other Sylow subgroups contained in the group. 

We shall now prove that there is only one system of non-abelian groups 
which is composed of groups which separately involve exactly ten proper 
subgroups and whose orders are divisible by three distinct prime numbers 
in each case. In such a group the Sylow subgroup whose order is divisible 
by the largest prime number which divides the order of the group is of 
prime order since the group contains only ten proper subgroups, and the 
group is the direct product of this Sylow subgroup and the group generated 
by its other Sylow subgroups. The latter group is necessarily the sym¬ 
metric group of order 6 since it must involve exactly four proper subgroups. 
Moreover, every direct product of this symmetric group and a group of 
order p $ where p is a prime number which exceeds 3, contains exactly ten 
proper subgroups. That is, the direct products of the symmetric group of 
order 6 and a group of prime order larger than 3 give aU the non-abelian 
groups which separately involve exactly ten proper subgroups and whose 
orders are separately divisible by as many as three distinct prime numbers. 

It remains to determine the non-abelian groups which separately involve 
exactly ten proper subgroups and whose orders ore divisible by exactly 
two distinct prime numbers. The Sylow subgroups whose orders are 
divisible by the larger of these prime numbers are again invariant under 
the group G but they could not transform into themselves the Sylow sub¬ 
groups whose orders are divisible by the smaller of these two prime numbers 
unless G is a Hamiltonian group. If it is not Hamilton an the larger of 
these prime numbers cannot exceed 7. If it is 7 then G is obtained by 
either establishing a 7,2 isomorphism between the dihedral group of order 
14 and the cyclic group of order 4 or by establishing a 7,3 isomorphism 
between the semi-metacyclic group of order 21 and the cyclic group of 
order 9. When the larger prime number which divides the order of G 
is 5 then G is formed by establishing a 5,4 isomorphism between the 
dihedral group of order 10 and the cyclic group of order 8. Finally, when 
the larger prime number is 3 then G is formed by establishing a 3,8 iso* 
morphism between the symmetric group of order 6 and the cyclic group 
of order 16. 

When G is a Hamiltonian group its order is not divisible by 16 since the 
Hamiltonian group of order 16 contains seventeen .proper subgroups. It 
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is therefore the direct product of the quaternion group and the group of 
an arbitrary odd prime order. By combining these results we obtain 
the following theorem: The total number of groups which separately contain 
ten proper subgroups is eleven, composed of five abelian ones and six non - 
abelian ones . Each of the five abelian groups is composed of an infinite 
system of groups of similar structure. Only two of the six non-abelian 
groups are composed of infinite systems of groups of similar structure. 
The remaining 4 non-abelian groups are individual groups of definite 
orders. 

The abelian group which contains exactly eleven proper subgroups is 
the cyclic group of order p n , p being any prime number. The fact that 
the order of such a group s a power of a prime number results from the 
fact that 11 + 2 is a prime number since the total number of the sub¬ 
groups of an abelian group is the product of the total number of the 
subgroups in its Sylow subgroups. It could not have as many as three 
invariants because a group of the type 1* contains more than eleven 
subgroups. It could not have two invariants of which one is a prime 
number since 11 is a prime number. Its invariants could not be two 
composite numbers since such a group involves more than eleven sub¬ 
groups. It therefore results that it must be cyclic and of order p 12 . 

If a non-abelian group contains exactly eleven proper subgroups it 
cannot be Hamiltonian and hence it involves non-invariant subgroups. 
Its order could not contain as many as four distinct prime factors for the 
same reasons as those which relate to the groups which contain exactly 
ten proper subgroups. In the present case the order could not be divisible 
by as many as three distinct prime numbers because 11 is a prime number. 
The order of such a group could not be a power of a single prime number 
for similar reasons to those stated in connection with the groups which 
contain exactly ten proper subgroups. Hence it results that if a non- 
abelian group contains exactly eleven proper subgroups its order is divisible 
by two and only two distinct prime numbers. 

The larger of these two prime numbers cannot be as large as 7 because 
G is solvable. For the same reason it cannot be as large as 5. The group 
G cannot contain more than one Sylow subgroup whose order is a power 
of 3 because if it contained four such subgroups it would be isomorphic 
with the tetrahedral group. The number of Sylow subgroups whose order 
is a power of 2 could not exceed 3 and hence these Sylow subgroups would 
be transformed either according to the alternating group of degree 3 or 
according to the symmetric group of this degree. As this is impossible it 
has been proved that the cyclic group of order p ls is the only group which 
contains exactly eleven proper subgroups . 

1 Miller, Blichfddt, Dickson, Finite Groups, p. 122 (1916). 
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LINEAR OPERATIONS AMONG SU MM ABLE FUNCTIONS 

Bv Nelson Dunford and B. J. Pettis 1 
The Department of Mathematics! Yale University 
Communicated August 23,1939 

Let S be an arbitrary space, £ a fixed Borel field of subsets E in S with 
S e E and a(E) a fixed non-negative completely additive measure function 
defined over £. Letting Eb denote those E « £ for which a(£) < °°, the 
triad [5, £, a] is a system if there exists a decomposition of S t i.e., if there arc 
a denumerable number S t of disjoint elements of Eb such that S = 2 ( S,. 
When the system [5, £, a] and the exponent q are fixed IJ(S) will denote 2 
the Banach space (B-space) composed of those numerical functions <j>(s) de¬ 
fined over 5, measurable with respect to £, and having \<t>\ | = 
da) Uq < co for 1 £ q < « and ||^|| = ess.sup. \$(s) < « for g = 
When (/ < 00 the adjoint space of L*(S) is L Q \S) and L q (S) is separable if 
and only if £ B is separable under the metric dist. (E, E f ) = a{E — £') + 
a{E f - E). 

Confining our attention in thi^ note entirely to linear operations U send¬ 
ing L(S) into a B-space X t we wish to communicate some results concerning 
the representations of U under certain restrictions on either U or X. 
These results yield general representations for various types of operators 
with range in L q (T) t where [T, Bf, 0] is a second system. When 5 and T 
are bounded real intervals and a and 0 are Lebesgue measure, previous 
representations have been given by Dunford,* Gelfand, 4 Vulieh/ Kantoro¬ 
vitch and Vulich 6 and others 7 for the general linear and general completely 
continuous 8 operation mapping L{S) into L q (T) $ 1 ^ q g <». The methods 
used by these authors have primarily depended, however, on the differ¬ 
entiation of real-valued or B-space-valued functions. Here, using the 
same general approach but different methods, we have extended these re¬ 
sults to the case of an abstract S; in addition weakly completely continuous 9 
operations are considered. By means of these representation theorems 
further light is cast upon certain kinds of operators. In particular a uni¬ 
form mean ergodie theorem for weakly c.c. operators in L(S) can be stated 
and applied to a well-known type of Markoff process to yield results some¬ 
what sharper than those heretofore known. 

Let x(s) be defined to a B-space X from almost all of S. Calling £o a 
null set if <x(Eq) « 0, *(s) is essentially defined toY C X if x(S — E 0 ) C Y 
for some null set JE 0 * If x(s) is essentially defined to a (weakly) compact 
set it is essentially {weakly) compact-valued . Finally, the measurable 
essentially bounded functions x(s) form a class denoted by A * (S)[X]. 
If x(,) t k*(5)[Jf] the B-space integral 10 f s x{s)d>{$)da exists for each 
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<£(.) t L(S) and defines a linear operation U from L(S) to X having for its 
norm — es$.sup.f|*($)||* 

1. General Operations to Restricted Spaces —The following theorem, 
which is basic for our representations of general operations on L(S) t may be 
considered as an extension of the Radon-Nikodym theorem 11 to set func¬ 
tions iti an adjoint space. 

Theorem 1 . Let x K be defined from f o X = fx] where X is the adjoint 
of Y = [yj. Supposethat (i) Y ! is a separable linear subset of Y, (ii)y e Y'and 
E' t £ b imply that x E (y) w completely additive and absolutely continuous over 


£(E'), 12 (iii) /Ae total variation v E ' of the set function <r E se sup. y ,y n 


x ir 


(y)| t ye Y' f y =j= 0, is finite over each E' € £ B - Then there exists anx^on S to 
X such that x E (y) ~ yRX S (y)da and * y* H ||x s ||da are true for GfE B 


and y € Y'. 

When E f c £* and y e F' the set functions v K and x s (y) are completely 
additive and absolutely continuous over £(£'). For each sequence {y,} in 
F' the decomposability of S and the Radon-Nikodym theorem then imply 
that <fo(s), exist such that v b ~ J*g<fa( s )doc and x x (yf) — S 

( s)da hold for every E e £ £ . Hence || ^ 4> 0 (s) | \yj\ | holds uniformly in j 
a.e. in S. Taking {y,} additive and dense in F' and applying a lemma of 
Doob 18 or a well-known moment theorem it follows that for almost every s 
an element x s exists in X such that \\x B \\ £ <t>o(s) and x $ {yf) = 4>j(s). By 
the Hahn-Banach theorem it may be supposed that \\x t \\ « sup. y |*,(y)|, 
yt Y', ||y|| « L The denseness of {y, } and Lebesgue’s convergence theo¬ 
rem, together with simple variation inequalities, lead to the desired con¬ 


clusions. 

Theorem 1 yields abstract representations for operations to X when (1) X 
is the adjoint of a separable space, (2) X is a separable adjoint space or (3) 
X has a weakly compact unit sphere. 14 In case (2) the general linear opera¬ 
tion U is U{4>) « f a x{s)<t>{s)da where x(.) e A m (5)[X] and under (3) this is 
the general separable 16 operation to X. The general linear operation 
U(4>) « x+ has the form x+(y) * J'sx s (y)<t>(s)da when (1) holds. In all 
three instances |C/| * e 9 s.sup. ||jc,|| and x(.) is essentially unique for each 
U. Case (1) has this corollary: if either £ B or is separable then U is 
linear to L m (T) if and only if U(4>) = f»K( s t 0 4>(s)dct where K(s, t) is 
measurable and essentially bounded over S X T; moreover | U | » ess.sup. 

| K(s t t) |. 18 Case (3) is applicable when X « D(T) , 1 < q < od (Theorem 8) . 

In representing the general linear operation from L(S) to L(T) our meth¬ 
ods restrict T to be a finite or infinite real interval with end-points c and d t 
— » £ c < d £ «. Let BViT) be those numerical functions v{t) which 
are each of bounded variation over the interior of 7\ Each v(.) in BV(T) 
has the limits v(d — 0) and v(t + 0) existing for every t*T. If v(>) in B V- 
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(T) satisfies the additional conditions that v(c + 0) ■* 0, v(t + 0) » v(t) for 
itT and v(d — 0) * v{d) if d c T, we say that v(.) is in C*{T). With a suit* 
able norm BV(T) is a JB-space in which C*(T) forms a closed linear mani¬ 
fold equivalent to the adjoint of C(T), C(T) being the separable space of 
real functions y(t) which are continuous over T and have y(c + 0) and 
7 (d — 0) existing finitely. From Theorem 1 there can be drawn with the 
aid of several lemmas 

Theorem 2. Any linear operation U(tf>) * v+ from L(S) to C*(T) has a 
representation 

U($) ~ « /.K(s l t)^(s)da l *(.)«L(S), (2.0) 

where (2.1) K(s,.)€C*(T )for each s, (2.2) K(.,t) « L m (S) for each t, (2.3) K is 
measurable and ess.sup. |K(s,t) j < », (2.4) ess.sup., [Var t K(s,t)] m M < <» , 
and (2.5) the two mixed (Stielljes and Lebesgue) integrals y (t)d t {7s K 
(s,t)<£(s)daj and 7s {Tc d 7(t)dtK(s,t)} </>(s)da exist and are equal whenever 
7 (.) € C(T) and <£(.) e L(S). Conversely if K(s,t) satisfies the conditions (2.6) 
K(s,.)«C*(T) for almost every s ( (2,7) K(s,t) is measurable in s for every t in a 
dense subset of T, and (2.8) ess.sup. |TT d 7 (t)d t K(s,t)| < <» for each 7 (.) € C- 
(T), then K has the additional properties (2.2)-(2.5) and the operation U of 
(2.0) is defined and Unear from L(S) to C*(T). The norm of U is the con¬ 
stant M of (2.4). 

Since the indefinite integral Jl <t>(t)dt is in C*(T) for each in L(T) 
Theorem 2 yields 17 

Theorem 3. Any linear operation U to L(T) has a representation of the 
form 

W) - 1 f,K{s,t)4>(s)d a , *t L(S), (3.0) 

at 

■where v /jK(s,t)0(s)da is absolutely continuous in t for each 4> and K has 
properties (2.1)-(2.5); the norm of U is the constant M of (2.4). Conversely, 
if K(s,t) satisfies (2.6)-(2.8) the operation U of (3.0) is defined and linear to 
L(T) and K has the properties (2.2)-(2.5); here |u| M with equality holding 
if s,t)da is absolute continuous in t for each E e 

Some operations from L(S) to L(T) cannot be written as U{<f>) ** JlH- 
(s, t)4>(s)da where II is measurable. However, if U is linear to L(T) and 
among its representations (3.0) there is one with 1? measurable and K(s,.) 
essentially defined to a separable set in B V(T) then U can be written as 
U(4>) = t)p(s)du where H is measurable, | U\ — ess.sup., Jf | H- 

s d 

(i, t)\dt and for almost every s the equality — K(s, t) <=if(s, t) holds a.e. in T. 

2. Restricted Operations to General Spaces .—With the aid of known re¬ 
sults in the theory of convex sets in B-spaces the following proposition can 
be established. 
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Theorem 4, If x(.)«A*(S)[X] the integral 4 /Jx(s)^(s)da * Ufa) de¬ 
fines a separable operation U that has its range in X, takes weakly compact 
sets into compact sets , and has |u| ~ ess.sup.j |x(s)||. Moreover , U is (weakly) 
cx . if and only if x(.) is essentially (weakly) compact-valued . 

Theorem 4 combined with a differentiation theorem 18 furnishes 

Theorem 5. Let S be a finite or infinite n-dintensional Euclidean interval 
and let a be Lebesgue measure . Then U is a (weakly) cx . operation to X if 
and only if Ufa) = Jsx($)<t>($)da where x(.) is an essentially (weakly) com¬ 
pact-valued element of A* (S) [X]. 

Using these two theorems it is rather simple to discuss inclusion relation¬ 
ships among classes of operations mapping L(S) into a given X. For ex¬ 
ample let S = [0 # 1] and X * L(S). Taking a bounded but not weakly 
compact sequence { x n } in L(S) and defining *($) to be x n for 5 « « (1/n — 

1, 1/n], Ufa) = Jsx(s)<t>(s)da takes weakly compact sets in L(S) into 
compact sets in L(S) but it is not weakly c.c. On choosing {x H \ to be 
weakly compact in L(S) but not compact, U becomes weakly c.c. but not 
c.c. An example due to von Neumann 19 exhibits an operation in L(S) de¬ 
fined by a bounded kernel yet not c.c.: the construction amounts to 
choosing the functions x n (s) to be uniformly bounded over 5 (and therefore 
weakly compact) but not compact as a set in L(S) . The Haar orthonormal 
set is such a sequence. 20 

Theorem 4 enables us to state the following uniform mean ergodic theo¬ 
rem for certain operations in L(S ). 

Theorem 6. Let T =* S, S - £ and 0 ~ <*, and suppose Ufa) * Js x ($)‘ 
<t>($)da where x(.) is an essentially weakly compactvalued element of A“(S)~ 
[L(T)]. These conclusions can be reached: (I)(i) there is a measurable 
kernel Kj(s,t) defined over SXT such that Ki(s,.) x(s) in L(T ) for almost 
every s and Ufa) = t /jKi(s,t)^(s)da/(?r £«L(S), (ii) |u) = ess.sup.||x(s)|| = 
ess.sup. yV|Ki(s ? t) |dj8, (iii) U is separable , weakly cx. and takes weakly com¬ 
pact sets into compact sets , and (iv) U* is cx. for n ^ 2 and hence the fixed 
points of U form a closed Unear manifold Y having a finite dimension number N. 

Suppose in addition that the norms |U*| are bounded . Then (II) (i) lim 

]V m — V,| = 0 where V m = -— 2“U*, (ii) the limit operation V = lim V m is 

m 

c.c. from L(S) to L(S), (iii) V* * V and VU" - U“V - V for n = 1, 2, 
and (iv) Y is the set affixed points for V and Y ■» V(L(S)). 

Setting Xo ( s ) ■■ V(x(s)) we also have (IIl)(i) x«(.)«A “ (S) fY], V(^) <= 
and |v| * e88.sup.||xo(s)||, (ii) xo(s) * U°(xo(8)) *= V(U“- 
(x(s))) ■» V(xo(s ))for every n and almost aU s, (iii) x#(s) « where 

« Y, |h|| « 1, m t L"(S), and ^/:w(s)0j(s)da = 5ij, theKronecker delta, 
and (iv) in L*(S) the dosed linear manifold Y* determined by the Hi's is the 
set affixed points for both U* (the adjoint of U) and the c.c. adjoint V* of V, 
and Y* has dimension N. 
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The following statements are true concerning the measurable kernels K 0 (s,t) 
ss Sf/ii(s)*(t), Ki(s,t), and K^s.t) sa Kn-^s'JKits'^tJda, n « 2, 3, 
...: (IV)(i) V(*) - ^K 0 (s,t)*Ks)da and «•(*) - 7iX(s,t)*(s)da /or 

n « i f 2, .. (ii) for almost every s equality Ko(s,t) = JlK n +i(8, s / )Ko- 
(s',t)da « Js&o(s f s')K n (s',t)da holds for n * 0, 1 , 2, ... and for almost all 
t, and (iii) K n (s,.) is essentially weakly compact-valued in L(T )for n * 1 and 
essentially compact-valued for n ^ 1, 

1 

FinaUy there is a null set Eo suck that (V)(i) lim Sx |Ko(s,t) — ~ ZjKj- 

<& n 

(s,t)|d/3 « 0 uniformly over S — Eo, (ii)tim~ S? fc /^K i (s,t)dd = JiKo($,t)dfi 

n n 

uniformly over (S — E 0 ) X 9 and (iii) lim St \Js $(s)Ko(s,t) do — Ss^~ 

n tl 

2?Ki(s,t)da (d/3 — 0 uniformly over those <f> in L(S) having Jl |^(s) |da £ 1. 

Theorem 6 is a consequence of Theorem 4, a mean ergodic theorem of 
Kakutani 21 and Yosida, 32 and some lemmas on convex sets. An immediate 
corollary of Theorems 5 and 6 is that if 5 is a Euclidean interval Theorem 6 
holds for any operation V that is weakly c.c. in L(S). 

Let [5, £, a] and [T t E, ft] be two systems with T * S f K C£,/)na and 
Kb separable; let P be the essentially non-negative elements of L(S) and 
Pi = P[\\P\ | ~ 1]. Suppose 7r(s, F) is defined over SXK and has these 
properties: (1) ir(s, F) is measurable in s for each F<Kb> (2) for each s 
7 r(r, F) is non-negative and completely additive over JH and ir(s, 7') = 1 and 
(3) if Pi 3 .. ... and ^(lim F n ) * 0 then lim /5(s, F n )= 0 uniformly 

n n 

over S. As Doob has shown, 1 * v(s, F) is a set of conditional probability 
functions for a certain class of temporally homogeneous Markoff processes. 
For each s there is an element x(s) of Pi whose indefinite integral is x(r, F ); 
moreover, this function *(.) is a weakly compact-valued element of A "(5)- 
[L(T)]. Hence if U(4>) = Jgx(s)$(s)da Theorem 6 furnishes 
Theorem 7. Conclusions (I)-(V) inclusively of Theorem 6 are all true for 
this operation U. In addition we have (VI) (i) x(s, F) ■» ^Ki(s,t)d/J for 
every s and every F, Ka(s, t) S 0 and ./^^(s, t)d/9 * 1 for each s and n, 
(ii) |U*|= (V | = 1/or n * 1 , 2 ,..., (in) t/P x H then Pi »V a (4>) and V(«) for 
n =* 1,2, ..., (iv) N is a positive integer and (v) the elements <f>i, ..., $> N of Y 
may be chosen in Pj. 

Theorem 7 constitutes an extension of certain results obtained by Doob,* 4 
Kakutani and Yosida** and others. 

The following statements are true concerning operations to L 9 {T), S 
and T being arbitrary. An analogue forg « « exists but is omitted here. 

Theorem 8. For a fixed q < ® suppose K(s, t) has these properties: 
(i) K(s, t) is measurable, (ii) 7^|K(s, t) j^d/? < ® for almost all s and (iii). 
ess.sup. |^K(s,t)^'(t)d|3j < <*> for every ^'(.)«L*'(T). Then (iv) ess.mp.. 
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(^|K(s,t) j q d^) 1/q ssr C < oo t (v) uw “ JsK(s, t)^(s)d« is a separable 
operation from L(S) to L q (T), (vi) U takes weakly compact sets into compact 
sets , (vii) the norm ofJJ is the constant C of (iv) and (viii) ifq > 1 U is weakly 
cx. Statement (viii) is not always true when q =* 1, but if in this case K satis¬ 
fies besides (i)~(iii) the condition (ix) a nidi set Eo exists such that 

(a) lim — 0 uniformly on S — Eo, and 

0(F)-o 

CD 

(b) for each decomposition j T*} of T lim 2 \Jr\ K(s,t)d£ ' = 0 uniformly on 

o T? m —*• »m 

o ~~ rto, 

then U is weakly c.c on L(S) to L(T). For 1 g q < <» U is cx. if the kernel K 
satisfies besides (i) (Hi) the condition (x) for some null set Eo the set K (s,.)» 
s c S — Eo, is compact in L q (T). Conversely, if U is an arbitrary separable 
operation from L(S) to L q (T), 1 < q < a kernel K exists satisfying (i)- 
(viii). If S is Euclidean and U is weakly c.c . to L(T) there is a K satisfying 
(i)—(ix). If Sis abstract and U is cx. to L q (T), 1 ^ q g <», there is a K for 
which (i)-(x) hold. 

Let S be the real axis and T = [0, lj. Suppose K(s) is periodic over S 
with period 1 and K{.) eL Q (T), 1 g q < <». From Theorem S it follows 
that U(<f>) — JsK(s “ t)<f»(s)ds is defined and c.c. from L(S) to L Q (T) and 

\u\ * 

Finally there is 

Theorem 9, Suppose x(.) e A*(T)[X], If K(s,t) satisfies conditions 
(i)-(iii) and (ix) of Theorem 8 for q * 1 then U(<£) - 
(s)da}djS is a cx. operator from L(S) to X. t 

One of the corollaries to Theorem 9 has this for a special case: if S = T 
= W = [0,1] and all measures are Lebesgue's and if K(s, t) and K'(t t w) 
are each bounded and measurable then = Jsd > (s){Jr^( s * 

(i t , w)di\ds is c.c. from L{S) to L 9 (W) t 1 S Q < 00 • = 1 this reduces to 

a recent result of Servint. 26 

1 Sterling Fellow. 

* We shall write L(S) for L l (S) and q' for the conjugate exponent of q. 

* Trans. Amer. Math. Sac., 40,474-494 (1930). 

4 Recueil Math. (Moscou), 4, 235-284 (1938). 

* Ibid., 2, 275-305 (1937). 

* Comp. Math., 5,119-166 (1937); Ibid., 5, 430-432 (1938). 

7 For further references see Kantorovitch and Vulich, loc. cit. 

8 The phrase "completely continuous" will be abbreviated to "c.c." 

8 An operation is weakly completely continuous (Kakutani and Yosida) if it is linear 
and takes bounded sets into weakly compact sets. A set is weakly compact if every 
infinite subset contains a subsequence converging weakly to an element of the space. 

*• According to the equivalent definitions of T. H. Hildebrandt, S. Bochner and N. 
Dunford. 

11 Or as an extension of Gelfand’s Theorem 2, loc. cit., p. 261. 
l * &(/£') is the Borel field of all elements of C which are subsets of E*. 
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« Duke Math . Jour,, 4 , 762-774 (1038). 

14 See Gelfand, ioc. cit, 

u An operation U from Y to X is separable if it is linear and t/( Y) is separable in X, 

14 See Gelfand and Kantorovitch and Vulich, loc. cit. 

17 See Gelfand, Vulich, and Kantorovitch and Vulich, loc. cit. 

» B. J. Pettis, Duke Math. Jour., 5, 264-269 (1939). 

19 Einar Hille and J. D. Tatnarkin, Ann. Math., 35, 446-466 (1934). Also see J. 
Servint, Compt, Rend. URSS, 18 , 256-267 (1938) and K. Yosida, Y. Mimura and S. 
Kakutani, Proc. Imp. Acad. Tokyo, 14,369-362 (1938). 

90 Servint’s example uses the Haar set. 

11 Proc . Imp. Acad. Tokyo, 14 , 296-300 (1938), 

"Ibid., 14 , 292-294 (1038). 

** Trans. Amor. Math. Soc., 44 , 87-160 (1938). 
u Loc. cit. 

» Proc . Imp. Acad, Tokyo, 14 , 333-339 (1938). 

H Loc. cit. Also see the joint paper of Yosida, Mimura and Kakutani. 
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A STUDY OF FEATHER CHARACTER IN LIMBS TRANS¬ 
PLANTED BETWEEN EMBR YOS OF DIFFERENT BIRD SPECIES 

By Herbert L. Eastlick 

Department of Zo0u>oy, University of Missouri 1 
Communicated October 14, 1039 

This paper reports some observations made upon pigment and feathers 
in transplanted limbs of avian embryos. The transplants include all pos¬ 
sible reciprocal combinations between guinea fowl, duck, turkey and chick 
embryos and, in addition, grafts of chukar partridge and quail limb buds to 
embryonic chick hosts. For a preliminary report of this work see Eastlick. 1 

Three- to four-day embryos were used as donors and hosts. An opening 
5-7 mm. square was cut in the shell directly over the host embryo, the 
vitelline membrane slit and the amnion tom open whenever necessary. A 
limb bud was severed from a donor embryo, transferred to the lateral body 
wall of the host and either placed into the intra-embryonic coelom (Ham¬ 
burger*) or attached to the right lateral body wall of the host (Eastlick 4 ). 

Transplants placed into the intra-embryonic coelom usually interfere 
with the retraction of the yolk sac so that the host dies before hatching. 
However, in one case a host to which a duck leg had been transplanted was 
autopsied 26 days after hatching and a graft 5 cm. in length was found 
within the coelom. Transplants to the lateral body wall interfere much less 
frequently with the development of the host so that many are able to hatch 
and survive. The oldest host of this type, a chicken bearing an extra duck 
leg, was 15 weeks old on October 12. So far, 48 chick hosts bearing extra 
limbs from various avian embryos have hatched; this represents approxi¬ 
mately 17% of the total number of embryos with flank grafts allowed to 
reach the age of hatching. 

Chick to Chick Transplants. —In these experiments White Silkie Bantam 
embryos were used as donors while the hosts were White Leghorn, New 
Hampshire Red and Barred Plymouth Rock embryos. Silkie feathers, with 
the possible exception of the proximal portions of the major wing and tail 
feathers, are distinctive since they have a plume-like or “hairy” appearance 
due to the absence of hooklets (barbicels) on the baibules. Of the 115 
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transplants made, 62 were successful and 8 hatched. Two of the trans¬ 
planted legs possess Silkie type feathers since barbicels are lacking at 8 
weeks of age, while the other leg has feathers which are intermediate be¬ 
tween donor and host types in that some of the barbules have barbicels 
while others do not. All of the transplanted wings possess feathers of the 
intermediate type with the distal ends of the feathers usually presenting a 
frayed appearance while the proximal ends are of host type. The frayed 
condition is brought about by the barbules tending to separate because of 
the absence of barbicels or the lack of a number sufficient to hold them to¬ 
gether. Frequently two or more adjacent barbules have numerous hooklets 
and resemble the host feather type while other barbules in the immediate 
vicinity are bare. It is suggested, tentatively, that this result is brought 
about by the mesoderm of the host invading the graft and progressively 
altering the development of the donor follicles in some unknown manner. 
More experiments will be made in an attempt to gain further information 
on this point. 

It is well known that Leghorns are fast feathering, that Barred Rocks 
feather slowly while Silkies segm to be intermediate. The data secured in 
this study suggest that the feathers of a transplanted limb maintain their 
inherent (donor) growth rate rather than assuming that of the host. For 
example, a Brown Leghorn wing bud transplanted to a Barred Plymouth 
Rock produced feathers which developed more rapidly than the plumage 
of the host (Fig. 1). Moreover, the feathers of Silkie wings developed on 
White Leghorn hosts did not grow as fast as the wing feathers of the host 
but a Silkie leg grafted to a Barred Rock produced feathers which grew more 
rapidly than those on the host’s own legs. 

These results differ from those obtained by Willier and Rawles 6 who made 
skin grafts of White Silkie Bantams to other breeds and found that the trans¬ 
planted Silkie skin developed feathers which possessed the form, arrange¬ 
ment and growth rate of the host. Willier and Rawles transplanted a re¬ 
stricted piece of ectoderm plus small amounts of adhering mesoderm, while 
in the present study the entire limb bud with its ectoderm and mesoderm 
was used. It is suggested that the amount of mesoderm which is included 
with the donor tissue may account for the divergent results which have been 
secured in the two laboratories. 

When a comparison is made between grafts of White Leghorn and Silkie 
limb buds, the latter may be distinguished by their smaller size at com¬ 
parable stages and the presence of feathers along the outer portions of the 
shank and foot in more advanced stages. 

Two chickens have hatched in which Silkie limbs were transplanted to 
New Hampshire Red hosts. In both of these the melanophores of the host 
invaded the transplant and pigmented the feathers. 

When a posterior limb bud of a 60-hour Silkie Bantam was removed by 
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making the cuts at the level of the posterior cardinal vein and transplanted 
to a White Leghorn host, the resulting graft lacked dermal pigment on the 
shank and possessed colorless skin due to the absence of subcutaneous 
chromatophores. It is suggested that these two types of pigment cells 



FIGURE 1 

Twenty-one day Barred Plymouth Rock host whose right wing is from 
a Brown Leghorn donor. The feathers on the graft have grown more 
rapidly than those on the host’s wing (left). 

FIGURE 2 

Nine-day Barred Plymouth Rock host bearing a White Pekin duck 
leg. Melanophores of the host have pigmented the down on the transplant. 


are derived from the neural crest since ail grafts which included any of the 
crest were pigmented. 

No antagonistic reactions have been observed between donor and host 
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in these transplantations which is in marked contrast to the intense inflam¬ 
mation and destruction of the epidermis of duck, guinea hen, chukar par¬ 
tridge and quail limb buds on chick hosts. 

Reciprocal Transplants between Chick and Duck Embryos .—Of the 132 
operations made by grafting Mallard and White Pekin duck limb buds to 
White Leghorn and Barred Plymouth Rock hosts, 62 were successful and 
15 hatched. Typical web-footed duck legs developed upon the chick hosts. 
The extra duck legs persist after the hatching of the host and, for a time, 
grow more rapidly that the host's own legs. 

Transplants of White Pekin limb buds to the flanks of Barred Rock hosts 
invariably develop pigmented down. The raelanophores of the chick 
migrate into the extra leg in large numbers as is shown by the fact that the 
skin of the shank, toes and web of the graft as well as the feathers became 
pigmented (Fig. 2). White Pekin transplants made to White Leghorn hosts 
always develop non-pigmented feathers. Mallard limb buds transplanted to 
White Leghorns develop pigmented down when neural crest cells are in¬ 
cluded with the donor tissue but non-colored down when the crest cells 
are excluded. Similar results have been obtained by Eastlick 4 in trans¬ 
plants of limb buds between pigmented and non-pigmented chick embryos. 

Mallard melanophores are able to migrate extensively in White Leghorn 
hosts for in a number of cases the pigment cells wandered out from the 
transplant and pigmented the feathers on the right wing and the major 
portion of the down on the right lateral body wall of the host. In such cases 
the feathers beyond the limit of the transplant are unquestionably of host 
origin and are merely pigmented by the donor melanophores. The down 
was replaced by feathers having the same form, distribution and rate of 
growth as host feathers on the unoperated side. 

The down on the extra limb, which probably is of donor origin, is lost fol¬ 
lowing an intense inflammation in the epidermis of the graft. This reaction 
does not proceed beyond the limits of the duck skin as may be noted by the 
difference in color of the skins of the donor and host. Later feathers which 
appear to be of host origin develop and cover the graft. A more extensive 
account of the tissue reaction and replacement phenomena will be re¬ 
ported later. 

Of the 60 operations in which chick limb buds were transplanted to duck 
hosts, 20 cases were successful but none survived beyond the time of 
batching. White Leghorn grafts attached to the mesenteries of Mallard 
hosts remain non-colored while transplants made to the lateral body wall 
always possess pigmented down. In the former, melanophores of the host 
were unable to migrate into the graft while they succeeded in doing so in 
the latter cases. At present it is not clear why melanophores are unable to 
migrate across the mesenteries. Transplants of Barred Rock limb buds to 
White Pekin ducks were colored or non-coldred depending upon the pres- 
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ence or absence of neural crest cells. Barred Rock melanophores are able 
to migrate extensively since the wing and body wall of a number of hosts 
became pigmented when the transplant included neural crest cells. 

Sixteen reciprocal transplants have been made between Mallard and 
White Pekin embryos in which 11 cases were positive but none hatched. 
The White Pekin transplants remained non-colored when attached to the 
mesenteries but became pigmented when attached to the lateral body wall 
of the hosts. Mallard transplants which contained neural crest cells some¬ 
times pigmented large areas of the Pekin hosts but when neural crest cells 
were absent from the donor tissue, non-colored grafts resulted. 

Reciprocal Transplants between Guinea Fowl and Chick Embryos .—Of the 
96 guinea fowl to chick transplants which were made, 49 were successful 
and 9 hatched. Pearl guinea fowl embryos were used as donors in all cases 
and most of the hosts were White Leghorns although a few were Barred 
Rocks. It was noted that the majority of grafts possessed non-colored feath¬ 
ers even when the protocols stated that neural crest cells should have been 
included with the donor limb buds. In an effort to insure that crest cells 
were included with the transplant, the donor buds were severed by making 
the cuts adjacent to the neural tube. Even in such instances the grafts 
were covered with only partially pigmented down and the melanophores 
failed to migrate into the adjacent tissues of the host. It seemed that this 
reaction might be due to (1) the failure of neural crest cells of the guinea 
to migrate laterally from the cord as rapidly as is the case in chick or duck 
embryos or (2) an antagonism between chick and guinea tissues. In an 
attempt to gain evidence on this point a half-portion of the neural tube 
and the neural crest between two or more somites were transplanted to the 
flank of White Leghorn hosts. Rather small pigmented areas resulted al¬ 
though similar transplants of Barred Rock tissues produced extensive areas 
of pigmented down. Moreover, an extra guinea fowl limb on a chick host 
fails to survive more than a few days after hatching, while an extra duck 
limb persists and grows. These results suggest that chick hosts afford an 
unfavorable environment to the cells and tissues of the guinea fowl. An ex¬ 
planation of the factors underlying the inability of the guinea tissue to sur¬ 
vive awaits further study. 

Transplants of guinea fowl limb buds to the flank of Barred Rock hosts 
invariably bear pigmented down even when donor neural crest cells are ex¬ 
cluded. This is due to the migration of chick melanophores into the graft. 
The down is not replaced by juvenile feathers since the graft undergoes 
necrosis soon after the time of hatching. 

Forty chick to guinea fowl transplants have been made of which 20 were 
positive but none hatched. White Leghorn buds grafted to the flank of 
guinea fowl hosts became fully pigmented when a broad attachment existed 
between the host and transplant but in case of a narrow bridge, the feathers 
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on the graft usually became colored only in part. All grafts connected with 
the mesenteries were non-pigmented. 

Reciprocal Transplants between Chick and Turkey Embryos. —Of the 122 
chick to turkey grafts which have been made, 60 were positive and one em¬ 
bryo hatched but lived only a day. White Leghorn limb buds transplanted 
to the coelom remained non-pigmented when attached to the mesenteries. 
Grafts within the coelom, however, developed colored down if attached to 
the muscles of the inner body wall. Melanophores are unable to migrate 
across intact parietal peritoneum or mesenteries but can cross a muscular 
bridge between donor and host so that donor limbs within the coelom or at¬ 
tached to the lateral body wall of the host become darkly pigmented. The 
melanophores not only pigment the down of the graft but the skin of 
the shank and foot as well. 

Eighty-four turkey to chick transplants were made, 51 being successful. 
Two of the latter hatched but lived only a day. Usually turkey limbs do 
not develop a normal amount of muscle when transplanted to chick hosts 
but the skeletal elements grow quite rapidly. Some of the grafts are larger 
than any of the chick to chick transplants. The turkey transplants 
possess pigmented down only when neural crest ceils are included with the 
donor tissue. Turkey melanophores were found to migrate rapidly into 
chick tissues. 

Fifty-four turkey to turkey transplants have been made of which 15 
were positive but none hatched. Both donors and hosts were of the Bronze 
variety. Transplants which became attached to the mesenteries developed 
colored plumage only when neural crest cells were included while all grafts 
on the outer body wall of the hosts were colored. 

Reciprocal Transplants between Turkey, Duck and Guinea Fowl Embryos. 
—Successful grafts have been made in all possible combinations but none 
of the embryos hatched and no facts at variance with the preceding have 
been noted. 

Transplants of Quail and Chukar Partridge Limb Buds to Chick Embryos . 
- Fifty-three transplants of quail limb buds to chick hosts have been made; 
26 were successful and 7 hatched. Of the total of 63 chukar to chick grafts 
made primarily to White Leghorn hosts 27 were successful and of these 6 
hatched. The quail and chukar partridge* limb buds developed normally 
but the grafts are much smaller than chick to chick transplants. 

Non-pigmented grafts were secured in both types by excluding the crest 
cells from the donor tissue. The feathers on the transplants grew for a few 
days but degenerated and gradually sloughed off during the period of in¬ 
flammation and destruction of the epidermis which occurred usually.be- 
tween 8 and 14 days after hatching. After varying periods of time, the 
grafts ceased growing and were resorbed gradually. In two cases a few 
feathers, seemingly of host origin, appeared upon the graft during the 
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period of resorption. While the original feathers on these transplants 
possessed typical chukar partridge pigmentation and markings, the re¬ 
generated feathers were non-colored. 

In several instances melanophores spread from the transplant pigment- 
ing a considerable area of the host down which later was replaced by 
feathers possessing, entirely or in part, the markings of the donor but which 
grew at the host rate. In many cases the tips of the definitive feathers 
were more heavily pigmented than the bases; frequently the terminal ends 
were darkly colored, the mid-portions were mosaics and the bases non¬ 
colored. When such a feather was pulled the one replacing it was non¬ 
colored and regenerated at the same rate as a similar feather on the un¬ 
operated side. These feathers which seemed to be of host origin, but pos¬ 
sessing donor type of pigmentation, were not influenced during the period 
when the epidermis of the transplant was destroyed. 

1 The experimental work was done at the University of Missouri where the project 
was aided by a grant from the University Research Council. 

2 Eastlick, H. L., Nature, 144, 380-381 (1939). 

* Hamburger, V., Jour . Exptl, Zobl, 77, 379-399 (1938). 

4 Eastlick, H. L., Ibid 82, 131-157 (1939). 

a Willier, B. H., and M. E. Rawles, Proc. Nat. Acad , Set., 24, 44(5-452 (1938). 


THE BREEDING OF SOME RA BBITS PROD UCED B Y RECIPIENTS 

OF ARTIFICIALLY ACTIVATED OVA* 

Bv Gregory Pincus 

Biological Laboratories, Clark University 
Communicated October 4, 1939 

In a previous paper 1 1 reported that three litters of young were obtained 
from rabbit does which had received transplantations of eggs previously 
subjected to artificially activating treatments. One was a litter of fifteen, 
of which three were males and twelve females. Two were litters of one, 
each female. Since the latter were produced by does made pseudopregnant 
by pituitary extract there could be no doubt that the young arose by 
parthenogenetic development. This was confirmed by the fact that the 
coat color of the offspring was that to be expected from the transplanted 
ova. In the case of the first litter, however, a probability exists that some 
of the offspring might have been developed from fertilized eggs since the 
recipient female was made pseudopregnant by mating with a vasectomized 
male. If this male were imperfectly vasectomized, or retained sperm for 
some time after vasectomy, he might have been the parent of the young. 

The ova transplanted into the first female were superovulated by pitui- 
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tary extract and treated as follows: (1) 28 (from an agouti donor) heated 
at 47° C. for 3 minutes and transplanted into the left fallopian tube of the 
recipient; (2) 23 (from a chinchilla donor) placed in 1.9% NaCl for 7 
minutes and transplanted to the right fallopian tube of the recipient. The 
latter was an agouti female. The vasectomized male was a black, non¬ 
agouti and non-chinchilla (e.g., aaCC). Of the fifteen young one was a 
chinchilla agouti female like the chinchilla donor, and therefore must have 
come from a parthenogenetic ovum. Of the remaining young 7 were agouti 
(AC) and 7 were non-agouti (aa). These might have been derived from 
eggs produced by the recipient and fertilized or from the fertilization of the 
transplanted ova. Palpation before birth revealed young in both uterine 
horns, but the exact number in each could not be determined. 

Three of these fourteen young have survived to breeding age. One is 
an agouti male, two are non-agouti females. The male has been mated to 
females of four types with the results indicated below: 


FKMALB OBNOTYPK OKYSYUINO CllKNOTYPR 



AC 

AS* 

a Cor ftc cAf 

(Chinchilla) AAS k c‘ k 

v 12 

25 

. , 

(Albino) AAcc 

5 

N* 

4 

(Black) aaCC 

2 

. - 

1 

(Agouti) A A CS h 

2 

2 

* , 


f Non-agouti chinchilla cannot with certainty be distinguished from non-agouti non- 
chinchilla. 

i 

Of these 58 offspring 36 were females, 22 males. It is obvious that the 
genotype of the male parent is AaC<f h . He might have arisen from one of 
the transplanted chinchilla ova fertilized by a F-chromosome bearing 
sperm of the vasectomized male or from any other A(f h egg so fertilized 
(conceivably the host female or the agouti donor might have been hetero¬ 
zygous for chinchilla). The excess of chinchilla young among his off¬ 
spring is not quite significantly different from the chance expectation, 
but is interesting, and further matings are being instituted to see if it 
continues. 

Of the two non-agouti females one is definitely chinchilla. She has 
produced 18 offspring in three litters by a chinchilla male. All these 
young were chinchilla. She must therefore be parthenogenetic. The 
second has produced 30 young in five litters, 17 females and 13 males. 
The matings were all to a chinchilla male (AA <f h <f h ). All the offspring 
were A C phenotypes. Therefore the mother is aaCC, and might have been 
derived from an aC egg fertilized by an aC sperm. It is notable that this 
female has consistently produced runts (1 to 3 per litter), which are born 
dead or die shortly after birth. 

Not previously reported is a litter of two chinchilla young produced by 
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an albino recipient made pseudopregnant by pituitary extract injection. 
This female had received 18 ova, taken 19 hours after an ovulating in¬ 
jection, from a superovulated doe whose genotype was AAc €h c, The ova 
were immersed in hypotonic (60%) Ringer-Locke solution for 4 minutes, 
transferred to rabbit serum for 15 minutes, then immersed in hypertonic 
Ringer-Locke solution for 4 to 6 minutes, transferred again to serum and 
then transplanted to the left fallopian tube of the recipient. 

Of the two females obtained one has thus far proved sterile. The other 
has produced one litter of 9 young after a mating to an albino male. Six 
of the nine young were chinchilla, three were albino. The segregation of 
albino young indicates that the mother is <f k c. Since tubal ova in the rab¬ 
bit have already undergone the first maturation division these data indi¬ 
cate that the first meiosis is not necessarily reductional. It is hoped that 
further production of parthenogenetic rabbits will give further informa¬ 
tion on this and related questions. Methods for increased production are 
being investigated. 

These data together with those previously reported indicate that viable 
parthenogenetic rabbits can be obtained from artificially activated eggs 
and that fertile females can be produced. 

* Aided by grants from the American Academy of Arts and Sciences and the Rocke¬ 
feller Foundation. 

1 Pincus, G., Jour. Exptl. Zool ., 82, 89 (1939). 


ON PERIODICITIES IN MEASURES OF THE SOLAR CONSTANT 

By Theodore Eugene Sterne 
Harvard Collbob Observatory 
Communicated October 11, 1939 

1. Introduction .—If the solar “constant” changes, then a positive cor¬ 
relation is to be expected between measures that have been made nearly 
simultaneously at different stations. Yet the existence of a positive correla¬ 
tion between such measures, even if the correlation is statistically signifi¬ 
cant, does not by itself show that the solar constant has changed. If 
measures at the different stations contain changing systematic errors, then 
any positive correlation that there may be, between those errors, must tend 
to produce a positive correlation between the measures. Miss Paranjpe 
has discussed 1 the statistical significance of the correlations between mea¬ 
sures of the solar constant made at different stations of the Astrophysical 
Observatory of the Smithsonian Institution. She finds that some of the 
correlations are statistically significant while others are not. She attributes 
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the statistically significant ones to correlations, some arising from volcanic 
dust and others from the methods employed in the numerical reductions, 
between the systematic errors. 

The physical significance of the correlations is controversial, and I do 
not wish to join the controversy* here. There is, however, another method 
of attack upon the problem of determining whether or not the solar constant 
changes. That other method is to look for periodicities in the measured 
values of the solar constant. If the solar constant could be shown to con¬ 
tain one or more periodic components, it would thereby be shown to change. 
Dr. C. G. Abbot suggests, 2 as the result of harmonic analysis, that measures 
of the solar constant contain periodic components, not necessarily sinusoi¬ 
dal, having periods of 7, 8, 9*/i, 11, 21, 25, 34, 39 l A, 46, 68 and 92 months, 
and 23 years. Since Abbot does not test the suggested periodicities for 
statistical significance, the question naturally arises whether some or all 
of these periodicities may not be merely statistical fluctuations in the 
random errors of the measures. In this communication, the preceding ques¬ 
tion will be answered, in so far as it relates to the 540 values of the solar 
constant (mean values taken oyer consecutive intervals of J /« of a year) 
that are listed by Abbot on page 12 of reference 2. The values cover the 
interval from the beginning of 1920 to the end of 1934. 

Before proceeding to tests of significance, it is well perhaps to mention 
here an objection 1 of Dr. Paranjpe's to the periodicities suggested by Abbot. 
It has been shown by Brunt* that if a series of observations, whose standard 
deviation is <r, is the resultant of a number of periodic terms and of a re¬ 
mainder whose standard deviation is <r„ then <r* = ay 2 + l /iXR 2 where 
XR* is the sum of the squares of the amplitudes of the periodic terms in 
question.* Since ay 2 cannot be negative, Ys2 R z clearly cannot exceed <r 2 . 
Using for the R's the “amplitudes’ 1 assigned by Abbot to his suggested 
periods, Paranjpe finds that x fybR} exceeds <r 2 by a factor of nearly four, 
and she therefore concludes that the amplitudes are impossible. The word 
'‘amplitude/’ however, as used by Abbot, refers not to R but to 2R. It 
refers to the full range of variation from maximum to minimum, whereas 
R refers to the coefficient of a sine-term and is thus one-half of the full range. 
The quantities listed by Paranjpe as values of l / a 2J? 2 arc really values of 
22 R* and should be divided by four; when this is done the discrepancies 
disappear. Her objection seems to rest upon a misunderstanding, and to 
be invalid. 

2. The Least Squares Solutions .—The observational material that has 
been analyzed consists of the 540 decade-values that have been previously 
mentioned, a “decade” being l /*e of a year. It is convenient to number the 
decades by integers, N, that run from zero through 539; decade zero being 
the first in January, 1920. Corresponding to any period, P decades in 
length, a phase <p can be assigned to each decade-value by the relation ? * 
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360 °(N/P) — a, where a is an arbitrarily disposable constant whose value 
does not significantly influence the probability P bci later to be introduced as 
a criterion of significance. With each decade-value used as the second 
member, M, of an observational equation of the form 

a + b sin <p + c cos <p = M , (1) 

the values of the constants a, b and c t as well as the mean (root mean square) 
errors of these constants, can then be found by least squares. In this pro¬ 
cedure each least squares solution would contain 540 observational equa¬ 
tions. It is better to reduce the number of observational equations by 
grouping the decade-values into phase-classes, and for all the periods in the 
accompanying table, except the first, 25 phase-classes were used. The first 
phase-class then included all decade-values with phases between 0° and 
14°.4, the second all phases between 14°,4 and 2S°.8, etc., and the last all 
phases between 345° 6 and 360°. Each class included its upper limit. For 
the first period, 21 phase-classes were used, with centers at 0°, (360/21)°, 
(720/21) °, etc. The mean of the decade-values in each class was then used 
as the second member of an observational equation of the form (1), whose 
phase corresponded to the middle of the class. The observational equa¬ 
tions, equal in number to the number of phase-classes, were assigned equal 
weights* in the least squares solutions. 

The results of the solutions are given in the table. The consecutive 
columns contain the period in months; the value of P (as close as possible 
to the value given by Abbot) actually used in computing the phases; the 
value of a that was employed; the value of h , with its mean error found in 
the usual way from the residuals of the observational equations; the value 
of c with its mean error; the value of the amplitude A, equal to (b 2 + c 2 ) 1 / 2 ; 
and the value of P bc . The values of a are all nearly equal to 1.9409 calories 
per square centimeter per minute, are of little interest, and are not given; 
A, b and c are expressed in thousandths of a calorie per square centimeter 
per minute. 

If t b and t c are the ratios of b and c to their mean errors (t b and t c are dis¬ 
tributed nearly normally by chance, with unit standard deviation), then 4 
the probability, P bci that fluctuations of sampling* will give rise to a value 
of t b 2 + t c 2 equal to or larger than the value observed, is given by 
exp [— l /s(4 2 + t c 2 ) ]. A small value of P bc suggests, with a degree of assurance 
depending upon its smallness, that the periodicity cannot reasonably be 
attributed to statistical fluctuations in the random errors of the material 
examined, and therefore suggests that the periodicity is really present in 
the decade-values. It is seen that the periods of 7, 8 and 34 months, sug¬ 
gested by Abbot, have reasonably large P bc * s. They can reasonably be 
attributed to statistical fluctuations, and there is no need to assign any 
statistical or physical significance to them. The seven other periods sug- 
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gested by Abbot, in the table, have such very small that statistical 
significance is strongly suggested for them. 
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68 
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0 

1.69 ± 0.90 
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A point that must be borne in mind is that the periods suggested by 
Abbot were selected by him after a harmonic analysis of the material. The 
number of independent trial periods that could have been proposed, had 
no selection been made, must be taken into account. This number, which 
depends upon the resolving power of a periodogram of the Schuster type, 
is rather small. If the duration of the series under investigation is T, then 
the resolving power** in the neighborhood of a trial period P can be 
shown to be very nearly P 2 /T. It follows that in a scries that covers 180 
months there can be only about 23 independent trial periods between 7 and 
68 months. With more numerous trial periods, an appreciable amplitude 
for any particular one would automatically entail appreciable amplitudes 
for the adjacent ones. The statistical significance of the seven periods with 
small P^'s depends upon the smallness of Pi, which may be defined as the 
probability that out of 23 independent trial periods, seven or more should 
by chance have P be 's that are smaller than 3 X 10 s . From the Binomial 
law, Pi is found to be 5 X 10 -!7 , and this value is so small that the 
seven periods, 9.75, 11, 21, 25, 39‘A, tt 46 tf and 68 months must be con¬ 
sidered to have a very high collective significance. 

It is well perhaps to state here that the conclusions that have been 
reached by the least squares analysis already described, about the signifi¬ 
cance of particular periods suggested by Abbot, have been confirmed in 
all cases by an indepedent procedure** that employed the analysis of vari¬ 
ance, and in which the variance within phase-classes was compared with the 
variance between them. 

3. Interpretation of the Results .—It has been shown that seven periodici¬ 
ties mentioned in the preceding section cannot reasonably be ascribed to 
statistical fluctuations in the random errors of the observational material. 
With a very high degree of assurance, one must consider them to be really 
present in the values of the solar constant that have been analyzed. It does 
not necessarily follow that they must be present in the solar constant itself. 
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The values that have been analyzed may be considered to be composed of 
the solar constant, plus random errors, plus possible systematic errors. 
All that one can say with assurance is that the periodicities in question 
must be present either in the solar constant, in the systematic errors or in 
both. It is difficult, but not impossible, to imagine how periodicities could 
occur in the systematic errors. The reader will have noticed that tests of 
the statistical significance of Abbot’s suggested periods of 92 months and 
23 years have not been included in the table. Only two periods of 92 
months, and not even one period of 23 years, can be included in the interval 
of 180 months covered by the observations. For the 23-year period, the 
presence of almost any gradually changing systematic error at all would 
result in non-vanishing values for b and c f which could easily be statistically 
significant. For the period of 92 months, some similarity between the 
gradual variations of the systematic error during the first and second 
repetitions is by no means improbable, and significant values of b and c 
could thus be obtained. In other words, harmonic analysis of a gradually 
changing quantity is readily able to yield appreciable values of the b'$ and 
c *s of trial periods that are too long to repeat very often during the observa¬ 
tional series. It is so likely to yield them for periods that repeat only once 
that we have not included the two longest periods, suggested by Abbot, 
in our analysis; and although it is considerably less likely to yield them for 
the shorter periods it can, nevertheless, yield them. It is thus possible 
for gradually changing systematic errors, which give rise to significant 
values of b and c for certain trial periods, to contain those periods in a 
“real," and yet perhaps not in a physically significant sense. 

Besides the periods in the table, a period of one year, not suggested by 
Abbot, has also been examined. An annual period is the most plausible 
period to expect, on physical grounds, in the systematic errors. It could 
result from an annual term in atmospheric effects that have not been com¬ 
pletely eliminated from the observations. Twelve phase-classes were used 
(the centers being at 0°, 30°, 60°, etc.), with a equal to 20°, and b and c 
were found to be 0.65 and 1.82 with mean errors of 0.25. The value of Pbc 
is 3 X 10“" 8 , so that a real annual periodicity is strongly suggested. It lies, 
probably, in the systematic errors. 

It is a pleasure to acknowledge the assistance that has been given to me 
in the computations by A. L. Jennings, J. Levine, R. Loevinger, D. A. 
MacRae, F. S. Patterson, P. J. Rubinstein and G. D. Sterne. 

4. Summary .—Five hundred and forty ten-day mean values of the solar 
constant, published by Abbot in Smithsonian Miscellaneous Collections , 94 , 
No. 10, p. 12 (1935), have been examined by least squares. The coefficients, 
and their mean errors, have been determined of the sine and cosine terms 
corresponding to each of ten periods, lying between 7 and 68 months, that 
have been suggested by Abbot. It is found that seven periods (9.75, 11, 
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21, 25, 39 1 * * 4 * 6 7 A, 46 and 68 months) are of strongly suggested statistical 
significance and must in all probability be present either in the systematic 
errors of the ten-day means, in the solar radiation, or in both* Three 
periods can reasonably be attributed to statistical fluctuations. An annual 
periodicity not suggested by Abbot is found; it is of strongly suggested 
statistical significance, and it is thought likely that it occurs in the system¬ 
atic errors. 

* For Abbot's reply to Dr. Paranjpe, see reference 7. 

t The relation follows at once from the consideration that each periodic term of 
amplitude R contributes Yaf?* to the total variance, of the series. 

X The most accurate weights would be the populations of the phase-classes. Within 
a particular solution, such populations do not differ very much, and thus the weights 
would not differ very much. Weights were so assigned at first for some of the periods, 
and the results do not differ significantly from those in the table; thus the eighth period 
gives, with accurate weights, b «• 3.51 * 0.82, c *» —5.06 0.80, Pbr *= 2 X 10 la . 

Least squares values are generally insensitive to the choice of weights. Errors of even 
a million-fold would be inconsequential in Pbr s as small as 10 u , in which absolute, not 
necessarily relative, accuracy is needed. 

§ In reference 4, b and c are slightly correlated; here they are completely independent 
because of the adoption of equal weights. Since the errors of the b' s and r's are linear 
functions of the errors of the M* s, the former errors are very nearly normally distributed 
even if the latter errors are not. See Eddington, reference 5. The mean errors in the 
tabic are estimates, obtained from 18 degrees of freedom in the first line and from 22 in 
the others; these numbers are large enough to render nearly normal the chance distribu¬ 
tions of h and te . The values of Pu given in the table are of course only approximations, 
but they are amply accurate enough to decide questions about statistical significance. 
Probabilities smaller than 0.01 are usually considered to suggest statistical significance 
strongly; here the “leeway’’ is enormous. 

** The half-width of a periodogram-peak. 

tt These two periods do not appear to be well resolved, and may be related. 

tt For a description of the use of the analysis of variance, in tests of the significance 
of periodicities, the reader is referred to the author's paper on the rotation of Uranus, 
reference 6. 

1 Paranjpe, Jour. Roy. Meteorolog. Soc., 64, 459 (1938). 

* Abbot, Smithsonian Mis*:. Coll., 94, No. 30 (1935). 

8 Brunt, Combination of Observations, 

4 Sterne, Ap. Jour., 81 , 45 (1935). 

• Eddington, Proc. Phys. Soc., 45, 271 (1933). 

6 Sterne, Bull. Harvard Coll. Obs., No. 904, 27 (1936). 

7 Abbot, Jour. Roy. Met cor clog- Soc., 65, 215 (1939). 
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GALACTIC AND EXTRAGALACTIC STUDIES , IL NOTES ON 
THE PECULIAR STELLAR SYSTEMS IN SCULPTOR AND 

FORNAX 

By Harlow Shapley 
Harvard College Observatory 
Communicated October 7, 1939 

1. Results of a General Search .—The examination of one hundred and 
fifty-two small-scale plates, covering something more than fifteen thousand 
square degrees of the sky in galactic latitudes higher than *20°, has 
failed to show any other objects similar to the stellar systems in Sculptor 
and Fornax reported last year. 1 The plates were made at the Boyden 
Station, Bloemfontein, with the AX camera attached to the Bruce tele¬ 
scope; the exposures are each uniformly three hours in length; the scale 
is 1 mm = 11' 5. Since the new objects in Sculptor and Fornax are 
readily shown on such plates, we must infer from the fruitless search that 
stellar systems of this sort are infrequent in the neighborhood of our 
Galaxy and probably not frequent within a million light years. 2 

In the course of the search, two new globular clusters and two new 
objects of the Magellanic Cloud type have been noted. The new globular 
clusters are in (or superposed upon) the Fornax system. One, of magnitude 
14.2, is in the position 2 h 35 w 58\ —34°58' (1900), practically at the 
center of the system. 8 The other, a loose globular cluster near the 
southern edge, is in the position 2 h 34 m 33 s , —35°14', and of magnitude 
approximately 14.4. There is a third very faint cluster of unidentified 
character, magnitude 10.6:, at 2 h 35 w 50', — 34°51\ which is also prob¬ 
ably a part of the Fornax system. 

2. Description of the Two Objects. —Because of the probable significance 
of the Sculptor and Fornax systems in the sequence of galactic forms, a 
further report is now made, with special reference to the distances of the 
two objects and to the brightness and distribution of stars throughout 
the one in Fornax. 

An important addition to our knowledge of the new systems has re¬ 
sulted from the preliminary investigations by Baade and Hubble with the 
aid of photographs made with the 100-inch reflector at Mount Wilson. 4 
Chiefly through the discovery of faint variable stars in the Sculptor system, 
the Mount Wilson observers show that the preferred hypothesis as to 
distance, dimensions and luminosity is almost certainly correct; that is, 
the systems are of the size of the average galaxy, but have low total in¬ 
trinsic brightness and are devoid of supergiant stars. They are members 
of the local group of galaxies. 



566 


ASTRONOMY; H. SHAPLEY 


Proc. N. A. S. 


The positions, apparent magnitudes and angular dimensions of the two 
objects are as follows: 


Right ascension (1900) 

SCULPTOR 

CLUSTKR 

0* 55'"4 

FORNAX 

CM/STSK 

2* 35*6 

Declination (1900) 

— 34° 14' 

-34° 53' 

Galactic latitude 

-83° 

-64° 

Galactic longitude 

243° 

203° 

Total photographic magnitude 

9.0: 

0.0: 

Magnitude of brightest stars 

17.8 

10.3 

Mean angular diameter 

75' 

65' 


3, Classical Cepheids in the Sculptor System .—Plates made with the 
24-inch and 60-inch telescopes in South Africa permit the derivation of 
provisional periods and light curves for the two bright variable stars in 
the Sculptor cluster, which were found on Mount Wilson plates. As 
suspected, the stars apparently are classical Cepheids. Provisionally, 
periods of about 6.518 days and 1.35 days, for Variables A and B, re¬ 
spectively, have been determined by Miss Swope from the few observa¬ 
tions now available, but for the second star other values are not excluded. 

m 
17. 


18. 


18 . 


19. 

0.0 Phase 0.2 0.4 0.6 0.8 1.0 

Variable "A” in Sculptor System. 



In the accompanying figure the dots indicate single observations on 
Variable A; the crosses are running means. The magnitude scale is 
necessarily precarious for such faint objects in declination —34°. With 
no correction for space absorption the median photographic magnitudes 
of the two variables are 18.2 and 18.1; and the mean absolute magnitude, 
with half weight for Variable B, is —1.2. 
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4. Distances and Absolute Magnitudes.—The high galactic latitude, 
$ = —83°, and the faintness of the classical Cepheids in the Sculptor 
duster make it extremely improbable that the variables are merely super¬ 
posed members of the Galaxy* Accepting that they are members of the 
system, we find, in the mean, 70 kiloparsecs for the distance of the Sculptor 
system, in agreement with my originally suggested value of 80 kiloparsecs, 
based on the magnitudes of the brighter stars, and with the value of 84 
kiloparsecs estimated by Baade and Hubble from the magnitudes at 
maxima of the numerous faint (presumably cluster-type) variables that 
they observed. There are, however, serious uncertainties involved and 
the probable error of the deduced distance may easily exceed ten per cent. 

The Sculptor and Fornax systems, though 21° apart, appear together 
on some of the small-scale plates now available at Harvard and the total 
apparent magnitudes can therefore be compared directly. Revising some¬ 
what an earlier estimate, we now find that the Fornax system is at least 
as bright as the Sculptor cluster; both are uncertainly placed at apparent 
magnitude 9.0. The absolute magnitudes, on the other hand, appear to 
differ considerably. The plates made with the Boyden Station 60-inch 
reflector show, as also do the Mount Wilson plates, that the most luminous 
individual stars in the Fornax system are about a magnitude and a half 
fainter than those in the Sculptor cluster. We infer, therefore, that either 
the relative frequencies of the absolute magnitudes of their stars are quite 
different, or the Fornax cluster is twice as far away as the Sculptor cluster 
and intrinsically brighter. Baade and Hubble suggest, on the basis of 
the magnitudes of the brighter stars in the presumably associated globular 
cluster NGC 1049, that the Fornax cluster is 2.2 times as distant as the 
system in Sculptor. 

With the distances as indicated above, the total absolute magnitudes 
of the Sculptor and Fornax systems, —10.5: and —12:, are of the same 
order as the absolute magnitudes of the brightest globular clusters and 
the small unresolved spheroidal galaxies, such as the companions of the 
Andromeda Nebula (M 32 and NGC 205). Similar also in absolute 
magnitude, Baade and Hubble point out, is IC 1613, a dwarf irregular 
galaxy (Magellanic type) which is being extensively studied by Baade. 

The similarity in total luminosity and probably in total mass of three 
such systems as Omega Centauri, NGC 205, and the Sculptor cluster, 
should be of significance in the interpretation of large stellar systems, 
notwithstanding the differences of these organizations in structure. All 
three are centrally, but not highly, concentrated and appear to be oblately 
spheroidal (NGC 205 particularly oblate). All are devoid of supergiant 
stars. NGC 205 is intermediate in dimensions, the Sculptor cluster in 
luminosity. 

It is interesting to note that a view of our galaxy from the region of the 
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Andromeda Nebula would show it to be accompanied by several “small 
spheroidal galaxies"—that is, by the brightest of the globular clusters. 
Omega Centauri, 47 Tucanae, and similar giant globular clusters should 
probably be given galactic rank if the companions to the Andromeda 
Nebula are placed in that category. The Sculptor and Fornax systems 
might be called greatly expanded giant clusters; but speculation on their 
nature and relationship to other galactic structures could better await 
improved information about the luminosity functions involved and the 
total magnitudes. 

5. Star Counts in the Fornax System .—A survey of the distribution of 
several thousand of the brightest stars in the Sculptor cluster has been 
given in an earlier paper. 6 The individual stars in the Fornax cluster 
are too faint for satisfactory counting on the Bruce long-exposure photo¬ 
graphs, since the brightest individual stars are fainter than magnitude 19. 
An attempt to count the stars and study the distribution on reflector 
plates gives only provisional results because the small curved field of the 
reflector is unsuited to the study of such an extended object. On a plate 
showing stars on the optical axig to magnitude 20.5, approximately, 4800 
stars have been counted in an area of thirty-five per cent of a square degree, 
and in a central area of eight per cent of a square degree, where the dis¬ 
tance correction is unimportant, 2300 stars, of which approximately six 
per cent are members of the foreground. On the basis of these counts, and 
the distribution of stars on a series of surrounding long-exposure reflector 
plates, we conclude that the structure of the Fornax cluster is much the 
same as that of the nearer system in Sculptor. 

6. Angular and Linear Dimensions .—The star counts fail to give the 
full extent of the Fornax system, but a measure of its dimensions has been 
derived from twenty tracings, made with the photoelectric densitometer, 
on two three-hour plates of the AX series. The means of the measures in 
four position angles by Shapley and Miss Patterson are as follows: 

E-W, Core 38' * 2.'l, Envelope 71' * 1.'9 


NE-SW 

44 

2.6 

63 

1.5 

N-S 

41 

2.7 

71 

1.5 

NW-SE 

34 

2.0 

52 

3.1 


The tabulated mean errors indicate only the uncertainty of the measure¬ 
ments. A three-hour Bruce plate shows a hundred faint background 
galaxies in the area covered by the Fornax system, the richness being prac¬ 
tically the same as in the surrounding area and showing the general trans¬ 
parency of the system. 

It is difficult in measuring such a faint object to determine with ac¬ 
curacy where the cluster fades into the galactic star field. But the diame¬ 
ter of the Fornax system is certainly not less than 40', corresponding 
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to about two kiloparsecs, and more probably it is at least fifty per cent 
larger. The mean angular diameter of the Sculptor system, derived from 
the star counts on two Bruce plates, 6 is 75', corresponding to a linear 
diameter of 1.8 kiloparsecs. These linear dimensions are comparable with 
those of average spheroidal galaxies and with that of the main body of the 
Small Magellanic Cloud. 

From the tabulated measures it is seen that the inner part of the Fornax 
cluster is distinctly elongated, NE to SW, although the faint outermost 
envelope is more nearly circular. The phenomenon of a corona of stars, 
spheroidal in shape whatever the basic form of the underlying structure, 
is thus indicated in projection for both of these new objects and is beginning 
to appear as a significant structural feature common in stellar systems. 
Already it has been shown that an “escape atmosphere' ' surrounds the 
Andromeda Nebula. The galactic system apparently is similarly con¬ 
structed, as illustrated by the observations reported in the preceding paper 
of this series. Around the two Magellanic Clouds are also such exten¬ 
sions—envelopes in which are found scattered giant stars, star clusters 
and classical Cepheid variables. 

1 The objects were described in detail at the Cambridge meeting of the British Asso¬ 
ciation for the Advancement of Science, August, 1938; see also Harv. Bull. 908 (1938) 
and Nature , 143, 715 (1938). 

* Examination of the AX plates has been carried through chiefly by Miss Martha 
Dowse and Miss Rebecca Jones, who have had extensive experience in the study of 
faint galaxies. 

* This object is also noted by Baade and Hubble; they give 15.0 as a preliminary 
estimate of the apparent magnitude; Pub. Astr. Soc, Pac. t 51 (February, 1939). 

4 Loc. cit„ supra. 

« Harv. Bull . 908 (1938). 

THREE SUPERNOVAE IN THE SPIRAL NGC 3184 

Bv Harlow Shaplby 
Harvard College Observatory 
Communicated October 13, 1939 

In the recent discovery in the northern spiral NGC 3184 of three highly 
luminous variable stars, all probably of the supernova class, the observa¬ 
tories at Palomar, Mount Wilson and Harvard have collaborated. The 
three stars appeared within an interval of sixteen years, two of them indeed 
were at maximum in 1921—an indication that in some external systems 
there may be a particularly high frequency of supernovae. (The general 
infrequence of such outbursts has been established by Zwicky at Palomar, 
and verified at least qualitatively by Harvard observers.) Similarly in both 
NGC 4321 and NGC 6946 two supemovae have appeared, separated by in- 
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tervals of thirteen and twenty-two years, respectively. All three of these 
spirals are of class Sc and much alike in general appearance; their planes 
are nearly perpendicular to the line of sight, which facilitates somewhat 
the detection of supemovae. 

The present brief account of the supemovae in NGC 3184 is made with 
the aid of communications from Dr. Fritz Zwicky of Palomar and Dr. E. P. 
Hubble of Mount Wilson. 

Equatorial and galactic coordinates t of the nucleus of NGC 3184 are 
10* 12? 2, + 41 °55' (1900); 145°, +57°, and the total photographic magni¬ 
tude is 11.8. 1 From Hubble’s data 2 the distance is found to be about four 
million light years. 

No . 1 .—The supernova 149* south of the nucleus and 5* east, reported 
on Harvard Announcement Card 494, had been found on seven plates of 
various series made between December 9, 1937, and March 6, 1938. Later 
it was learned that the object had already been noted by Dr. Zwicky on a 
Palomar plate of early April, 1938, the magnitude then being about 16.8, 
three magnitudes fainter than the maximum recorded on the Harvard 
plates. The object does not appear on any other plates examined at 
Palomar, Mount Wilson, Lick or Harvard. 

No. 2 .—‘‘During the examination of the old plates, however, Zwicky and 
Hubble found a bright star on a 100-inch plate taken by Duncan on April 6, 
1921, in the position 160* south and 32* following the nucleus of 3184. ,,,, 
This second object does not appear on the Harvard patrol plates of 1921 
which were unfortunately less sensitive that year than before or after. From 
a print of the Mount Wilson 100-inch plate the magnitude can be estimated 
at 13.9 on the basis of a comparison star sequence derived from sequences 
in Selected Areas 29 and 30. Harvard plates show that it must have been 
fainter than 


magnitude 13.0 on March 29, 1921 
11,0 April 5 
12.0 12 

11.2 20 

and the Mount Wilson observation of April 6,1921, was therefore probably 
not far from the time of maximum brightness. 

No* 3 .—When seeking further images of No. 2 on Harvard plates, at the 
request of Dr, Zwicky, Miss R. Jones found a third supernova. With 
reference to the nucleus of the spiral it is 236* south, 79* east, not far 
from the position of the other two supemovae. It lies at the edge of a 
faint outlying spiral arm, 1600 parsecs from the nucleus if in the plane of 
the spiral arms. All of the positive observations obtainable from Harvard 
plates are given in the following tabulation, together with some significant 
negative observations. 
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Observations of Supernova No. 3 


PLATE 

DATB 

kf AONXTTSDSt 

PLATE 

DATlt 

MAONITUDE 

AC 23766 

June 

4, 1921 

(12.5 

AI 21438 

Dec. 19, 1921 

[10.8 

AI 21306 

Oct. 

29, 1921 

(11.4 

AI 21452 

21 

Il.fi 

AI 21372 

Dec. 

5, 1921 

11.1 

AI 21461 

27 

11.8 

I 40780 


7 

11.1 

AC 24549 

30 

[12.1 

AC 24440 


7 

11.1 

AC 24553 

31 

111.5 

AI 21393 


7 

11.1 

AI 21494 

31 

[12.6 

AI 21404 


8 

11.1 

MC 18301 

Jan. 1, 1922 

12.8 

AC 24462 


8 

11.0 

AI 21502 

o 

w 

|12.6 

AI 21416 


n 

11.0 

AI 21551 

23 

(12.8 

AC 24407 


19 

11.2: 

I 40912 

26 

14.1 


For more than two weeks in December, 1921, supernova No. 3 equaled 
or exceeded in brightness the whole spiral nebula in which it appeared. 

The various position coordinates in NGC 3184 were measured by Mr. 
Cunningham and Miss Boyd; for No. 2, in agreement with Zwicky and 
Hubble, they obtain the coordinates 162" and 34". 

To test the possibility that any one of these three stars might have been 
bright at some time other than indicated above, we have examined 1393 
Harvard photographic plates distributed throughout the interval 1890 to 
1939, with all the years represented except 1895. Thirty-one per cent of 
these plates show stars fainter than the thirteenth magnitude; seventy- 
one per cent, fainter than the twelfth magnitude. No further images of 
the three objects were found. The negative results of this detailed search, 
and the position of the images in the arms of the spiral, leave little doubt 
but that the objects are actual members of the spiral. 

1 Harv, Ann ., 88, No. 2 (1932). 

* Mt. Wilson Contr. 548 (1936). 

* Letter from Zwicky and Hubble, July 31, 1939. 


DISTRIBUTION OF INDUCED BREAKS ALONG THE 
X-CHROMOSOME OF DROSOPHILA MELA NOG A STER 1 

By B. P. Kaufmann 

Department of Genetics, Carnegie Institution of Washington, Cold Spring 

Harbor 

Communicated October 13, 1939 

Introduction. —A study of the distribution of induced breaks along the 
chromosomes of Drosophila mclanogaster was made by Bauer, Demerec and 
Kaufmann. 2 From the data accumulated at that time it appeared that 
break frequency was proportional to length within the limits of the euchro- 
matic portion of each salivary chromosome limb, but that the frequency 
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was disproportionately high in the proximal heterochromatic regions. 
There was a close parallel, however, for the longer autosomes between fre¬ 
quency of observed breaks and length as measured in the late prophase or 
metaphase mitotic chromosomes. Break frequency in X-heterochromatin 
was much lower than expected on this criterion (about 22 per cent, including 
the correction for undetectable breaks, as compared with 33.3 per cent 
expected). 

The collection of more extensive data seemed warranted, therefore, in 
order to measure the reliability of these and related findings. In securing 
such data, which form the basis of the present report, analysis was re¬ 
stricted to the X-chromosome because of the availability of Bridges' 1938 
map, 3 and the possibility presented thereby of accurately localizing break 
position within the limits of the lettered subdivisions. Up to the present 
time more than 000 additional breaks in the X-chromosome have been 
mapped from a study of about 4000 pairs of salivary glands. Final de¬ 
termination of break position was made in each case by the writer so that 
greater uniformity of cytological analysis would be guaranteed. 

About 44 per cent of all breads here reported (278 out of 627) were in 
chromosomes carrying the delta 49 inversion, the remainder in chromo¬ 
somes having the wild-type sequence of banding. Break distribution in 
and adjacent to inversion points was studied as a measure of the frequency 
of reinversion, inasmuch as Gruneberg 4 and Emmens 6 had reported a case 
of reinversion correlated with a change from the phenotypic effect “rough¬ 
est" to wild-type. Moreover, since the present study was initiated, there 
has appeared the report of Sitko 6 of increased mutability in zones adjacent 
to the breakage points of inverted sections. 

Break Frequency Adjacent to Limits of dl-49 Inversion .—A comparison 
of break distribution in the dU 49 chromosomes with those of the wild-type 
reveals no significant differences. In both cases many of the same sections 
conform closely to expected values, and others deviate sharply therefrom. 
The expected values here mentioned have been calculated from the number 
of bands per subdivision, since this criterion was regarded as a more reliable 
estimate of relative length than measurements made along the map. The 
numbers of observed breaks in subdivisions 4A E, F and in 1 IE, F, 12 A 
(the subdivisions closest to the limits of the inversion) were 1,2, 4 and 1, 3, 
0, respectively, as compared with expected values of 1.51, 0.65, 3.02 and 
2.80, 1.72, 2.16. It is apparent that there are no constellations of 
breaks centering about the limits of the inversion. This finding, coupled 
with the fact mentioned above of general similarity of break distribution 
in both types of chromosomes studied, points to the conclusion that the 
dl -49 sequence is neither more fragile nor more labile in its response to 
x-radiation than is the control. Accordingly the data as a whole may be 
considered and general conclusions derived therefrom. 
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Breaks in Proximal Heterochromatin .*—The first consideration relates to 
the proportion of breaks which occur in the proximal heterochromatic 
region, subdivisions 2QA-F. The value obtained, based on observed breaks, 
ranges between 21.6 per cent and 24.2 per cent, depending on the distribu¬ 
tion of certain cases which are regarded as questionable because the single 
slide available for each rearrangement did not afford a sufficiently large 
number of nuclei to permit accurate diagnosis. If these questionable cases 
arc apportioned among the chromosomes on the basis of the relative mitotic 
lengths of their proximal heterochromatic regions, the percentage of breaks 
within the A'-heterochromatin rises to a value of about 23 per cent. 

In addition to these observed breaks there are others which delimit altera¬ 
tions restricted to the proximal heterochromatin. Such breaks usually re¬ 
main undetected, primarily because of the close pairing which obtains 
within the chromocentral region. Some adjustment should be made, 
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FIGURE 1 

Intercalary regions of X-chromosome of D. melatio^aster with highest break frequency. 
Comparison of numbers of observed and expected breaks shown below. Drawing and 
lettering from Bridges’ 1938 map. 


therefore, so as to incorporate an estimate of the frequency of such cyto- 
logically undetected changes. When this adjustment is made, using as a 
basis for the calculation the proportions of euchromatin to heterochromatin 
found in mitotic chromosomes, the percentage of breaks in X -heterochroma¬ 
tin reaches a value of 28.4 per cent. This is somewhat short of the expected 
33.3 per cent but nevertheless does not exclude the possibility that break 
frequency is proportional to mitotic chromosome length. 

Distribution of Breaks within the So-called Euchromatic Limb .—'The posi¬ 
tions of 475 breaks have been determined within the limits of the 114 sub¬ 
divisions \A to 19F. Certainly there are no long regions of the A-chromo~ 
some which are immune to induced breakage, since only 3 (2 D, 65,155) of 
the 114 subdivisions failed to show any breaks. At the other extreme, 2 
subdivisions (1L4 and 12E) each were broken in 20 cases (Fig. 1). 
If break frequencies are plotted against values expected on the basis of the 
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number of bands per section, several striking departures from randomness 
are apparent, and a consideration of the entire chromosome shows that the 
values obtained are significantly different from expectancy (as computed 
by the x 2 method, the difference equals about 7 times the standard error). 
The most striking differences between expected and observed frequencies 
were found in sections 114, V2D, 12E and 19E (Fig. 1). Other regions 
with a break frequency that appears to fall outside the limits of chance 
distribution are IF, 4E, 7 B t 7 C, HB, HIE, tftEand 19F. It is quite probable 
that the accumulation of more extensive data will reveal the presence of 
other similar regions along the chromosome. 

Discussion .—It is apparent that the findings of the present study do not 
support the assumption that break distribution is entirely at random along 
the length of the so-called euchromatic portion of the ^-chromosome. 
Rather it is clear that there are subdivisions with a break frequency so high 
as to simulate thereby the behavior of the proximal heterochromatic region. 
This suggests therefore that these intercalary regions also contain hetero¬ 
chromatin. Certain cytological observations support this interpretation. 
The intercalary regions with highest break frequency, namely 11,4, 12D , 
VIE and 19£, occasionally pair with each other, or with the chromocenter, 
a type of affinity that is characteristic of the heterochromatic chromocen¬ 
tral material. It follows, therefore, that the properties of heterochromatin 
may account for such pairing as well as for the high incidence of induced 
breakage occurring within these subdivisions. Moreover, as figure 1 shows, 
subdivisions 114, 12 D } V2E and 19 E are characterized by repetition of 
sequences of bands, the so-called “reverse repeats.” Conflicts in pairing 
between the bands of the repeat sequences of one chromosome and those of 
the homologous chromosome may lead to distorted or diagonal synapsis, 
and frequently the salivary chromosome appears to be broken completely 
across (occasional pairing within the repeat is found in the unsynapsed or 
haploid strand). Such behavior may likewise be attributable to the pres¬ 
ence of heterochromatin. It seems unnecessary to regard these regions as 
“weak” spots in the sense that they represent portions of the chromosome 
axis in which there exists primarily a reduced longitudinal cohesion. 

Some of the other regions with a break frequency that seems to fall out¬ 
side the limits of chance distribution appear cytologically to represent re¬ 
peats (as, for example, 8J3); others show no conspicuous repetition of band¬ 
ing. There is no a priori reason why intercalary heterochromatic regions 
should be associated with repeats, except, as Muller 7 has pointed out, 
duplications within “inert” material would cause less functional distur¬ 
bance than in “active” regions, and therefore they would have greater 
survival value. On the other hand, certain regions which appear cyto¬ 
logically to represent repeats, such as 2 B and 3C, have not shown a high 
break frequency in the present experiments. That 2 B and 3 C contain 
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heterochromatin has been reported recently by Prokofyeva-Belgovskaya, 8 
who bases her diagnosis on the cytoiogical interpretation of pairing phe¬ 
nomena arising from “the capacity of inert regions to conjugate with one 
another.” This cytoiogical method of analysis and the break frequency ap¬ 
proach of the present paper both lead to the conclusion that regions 7C, 
1 \A , 12E, 19 E and 2(L4 F contain heterochromatic material. On the other 
hand, several of the subdivisions which Prokofyeva interprets as hetero¬ 
chromatic have shown no increased break frequency in the present study, 
although high frequency may occur in an adjoining region. Thus, Proko¬ 
fyeva reports an inert region in 17^4, whereas in the present study this sub¬ 
division showed fewer breaks than expected (1 as compared with 5.74). 
Subdivision IGF, abutting on 17.4, was broken, however, in 9 different cases, 
in comparison with the expected 3.83. One other region which may be 
mentioned as showing strikingly different behavior in the two studies is 
the tip of the X . Subdivisions lA -1 F all show break numbers higher than 
expected values, but not deviating sharply therefrom except in the case of 
IF. Prokofyeva, however, has presented evidence that 1.4 is heterochro¬ 
matic and that the presence of inert regions at the distal ends of chromosomes 
is a fundamental feature of their structure. 9 

In order that such differences may be appraised more critically and that 
pronounced trends in break frequency may be distinguished from chance 
deviation, the procuring of additional data seems warranted. It is apparent 
that in the study of Bauer, Demerec and Kaufmann, 2 divisions 11 and 12 
showed the trend toward high break frequency that can now be clearly 
demonstrated, although with the limited number of breaks then available, 
the distribution for the entire chromosome gave no significant deviation 
from randomness. It seems best, therefore, to extend the present study 
before considering the apparent differences in pairing phenomena and re¬ 
sponse to irradiation shown by heterochromatin in various parts of the X. 

The distribution of heterochromatin throughout the X in the course of 
its evolution probably has involved rearrangement primarily through in¬ 
version and the production of reverse repeats, types of changes both of 
which have been induced experimentally. In the F-chromosome of Dro¬ 
sophila miranda as MacKnight 10 has recently reported there exists an alter¬ 
nating series of euchromatic and heterochromatic segments, probably aris¬ 
ing in a similar manner. 

Such evidence for the X suggests the possibility of the existence of similar 
heterochromatic regions along the limbs of the longer autosomes of D. 
melanogasier . From the standpoint of the confirmatory cytoiogical evi¬ 
dence, attention is directed to the foremost of the areas of confused pairing 
which exist in the left limb of the second chromosome, forming the “loops” 
and "turn back" of Bridges’ original description. 11 It seems quite probable 
that the production of mottling which may follow transfer of sensitive loci 
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to distal autosomal regions may involve juxtaposition to such intercalary 
heterochromatin. 

Likewise, if higher break frequency occurs in certain sections of the 
chromosome the possibility of inversion and reinversion between two such 
heterochroniatic regions increases. Location of original break positions in 
heterochromatin may account for the relative instability of some inversions 
as compared with the stability of those with breaks in euchromatin. In 
addition, the existence of intercalary heterochromatin may explain certain 
regional differences in distance as measured along the salivary chromosome 
between pairs of loci with similar crossing-over frequencies. Genes which 
are relatively close in the salivary chromosome may be more widely spaced 
in the meiotic prophases. Moreover, inert regions may have specific 
effects in reducing crossing-over in regions near them, probably through 
conflicts in pairing. 

Finally some attention should be directed to the cytological implications 
of these findings. One of the properties of the proximal heterochromatin 
is its heteropyknosis in resting nuclei of the mitotic cell. If intercalary 
heterochromatin possesses this property, and if the frequency of breakage 
is a measure of the proportional length which the region concerned occupies 
in the mitotic chromosome, some of the intercalary heterochromatie ma¬ 
terials should be visible as deeply staining granules in the resting or inter¬ 
phase nucleus. This poses the question whether some, at least, of the small 
spherical bodies of very early prophase chromosomes, previously described 
as chromomeres (cf. Kaufmann 12 ), may not represent intercalary hetero¬ 
chromatin. Obviously the validity of such homologies can be tested only 
by painstaking cytogenetic analysis. Nevertheless they serve to show the 
various ramifications arising from the break frequency approach to the 
problem of the organization of the chromosome. 

Summary —The positions of 627 x-ray induced breaks have been plotted 
within the limits of the lettered subdivisions of the A r -chromosome. The 
distribution of breaks in chromosomes carrying the dl- 49 inversion was 
similar to that in chromosomes bearing the wild-type sequence of banding. 
About 28 per cent of breaks (including the correction for undetected 
breaks) occurred in the proximal heterochromatie region, 20A-F. Certain 
subdivisions along the so-called euchromatic portion of the chromosome, 
particularly 1L4, 12 D, 12 E and 19i£, showed a break frequency higher 
than expected on random distribution, which may be interpreted as re¬ 
sulting from the presence of heterochromatie material in these intercalary 
regions. 

1 Paper presented August 26, 1939, at Seventh International Congress of Genetics, 
Edinburgh. 

* Bauer, H,, Demerec, M„ and Kaufmann, B. P., Genetics, 23, 616-630 (1938). 

* Bridges, C. B., Jour. Heredity, 29, 11-13 (1938). 
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4 Griincbcrg, H., Jour. Genetics, 34, 169-189 (1937). 

* Emmons, C. W., Ibid., 34, 191-202 (1937). 

* Sitko, N., Memoirs on Genetics, Acad. Set. Ukrainian S. S. R., 2, 3-30; 31-49 (1938). 

7 Muller, H. JCollecting Net (Woods Hole), 13, 181. 183-195, 198 (1938). 

* Prokofyeva-Belgovskaya, A, A., Comp. rend. acad. sci. U. R. S, S. t 22, 2711-273 
(1939). 

* In a more recent publication which was received subsequent to the presentation of 
the present article, A. A. Prokofyeva-Belgovskaya and V. V. Khvostova (Comp. rend, 
acad. sci. U. R. S. S., 23, 270-272, 1939) have likewise reported the use of the break fre¬ 
quency method as a measure of the location of inert regions. Of the total of 141 breaks 
reported for the entire A\ 37 were in divisions 11 and 12, a proportion much higher 
than that of the present study. The difference may be attributable in part to the fact 
that the data of Prokofyeva and Khvostova are based largely on a cytogenetic analysis 
of lethals and not on a study of f\ larval progeny of irradiated fathers as has been em¬ 
ployed in the present study. 

10 MacKnight, R. H., Genetics, 24, 180 201 (1939). 

11 Bridges, C. B., Jour. Heredity, 26, 00 *04 (1935). 

17 Kaufmami, B. P., Jour. Morph., 56, 125-155 (1934). 

A THEORY OF THE COLOR OF DYES' 

By Linus Pauling 

Gates and Crkllin Laboratories of Chemistry, California Institute of 

Technology 

Communicated September 18, 1939 

It has become recognized during recent years that the color of dyes 
is associated with the resonance of electric charge from atom to atom of 
the dye molecule. 2,3> 4t 6 * 6 Because of the complexity of the problem, 
however, it has not been easy to expand this idea into a theory of color 
permitting the rough quantitative calculation of the frequencies and 
intensities of the absorption bands of dyes. I have now developed a 
theory of this nature; the theory and some of the results of its application 
are described briefly in the following paragraphs. 

The long-wave-length absorption band of a dye such as benzaurin or 
Ddbner's violet has been associated with resonance of the type 



the normal state involving the symmetric combination of the structures 
and the upper state their antisymmetric combination. It is obvious that 
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many other structures are also involved, since the electrons have vanish¬ 
ingly small probability of jumping from one end to the other of a large 
molecule, but make the transit instead by moving from atom to adjacent 
atom. 

There are two types of intermediate structures which need consideration 
for benzaurin, involving respectively a negatively charged carbon atom 
(for example, the structure 




and a positively charged carbon atom (for example, the structure 



All of these structures would be considered in a complete treatment; in 
developing a theory with minimum complexity, however, we may ignore 
the more unstable structures. It is seen that the structures with nega¬ 
tively charged carbon are less stable than those with positively charged 
carbon for two reasons: the latter are stabilized by Kekute resonance of 
one ring (the former by none), and the'degree of electronegativity of carbon 
favors its assumption of a positive rather than a negative charge. We 
accordingly neglect structures of the first type, and consider only those of 
the second type, corresponding to resonance of a positive charge about the 
molecule (the motion of the positive charge from atom to atom resulting, 
of course, from an electron jump in the opposite direction). 

To set up the secular equation the following assumptions are made: 

(1) All structures with a given charge distribution may be combined 
to a resultant structure, with energy Hu given by known values of reso¬ 
nance energies and bond energies. 

(2) The wave functions for these resultant structures are mutually 
orthogonal. 

(3) The exchange integral ify between two resultant structures has 
the constant value « if the structures differ through the motion of a charge 
from one carbon atom to an adjacent carbon atom (or slightly different 
values for C—0, C—N, etc.); for two structures differing by larger motion 
of the charge Hy is negligibly small. 

A secular equation set up in this way is similar in form to that obtained 
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in the molecular-orbital treatment; it differs from the latter in respect 
to the interpretation of the exchange integrals and the variation in Ilu 
values. Each root of our equation represents an energy level of the 
molecule, whereas in the molecular-orbital treatment sums of roots are 
taken to obtain the molecular energy levels. 

The value of the integral e has been determined empirically by use of 
the frequency of the strong ^absorption band of the triphenylcarbonium 
cation. Using this, other energy quantities can be evaluated from the 
absorption frequencies for other molecules. 

It is found that the Coulomb energy of a resonating charge with other 
charges in the molecule plays an important part in determining the energy 
levels and absorption frequencies. It has been recognized 7 that the 
absorption spectra of various substances with symmetrical molecules, 
such as the sulfonephthaleins R—T—R (with R * 0, OH, NHa, etc., and 
T “ —CfiH 6 —C(C 6 H 4 SO s H )—CftHs—), are closely similar, whereas the 
related substances with unsymmetrical molecules R—T—R' have spectra 
of a different type. It is found on calculation with the Coulomb energy 
terms ignored that the symmetrical and unsymmetrieal molecules should 
give rise to similar spectra. The existence of two types of spectra results 
from the action of the Coulomb energy. In the symmetrical cation 
[HO—T f —OH] * the positive charge moves freely, and in the corre¬ 
sponding anion [O-T—0 ‘]'~ the Coulomb energy remains nearly con¬ 
stant as the positive charge moves about in the molecule, because with¬ 
drawal from one 0~ accompanies approach toward the other; hence there 
is close similarity in the spectra of these ions. In the unsymmetrieal 
molecule ~0~T + —OH, however, the Coulomb energy causes a pro¬ 
nounced change in the positions of the energy levels and the nature of the 
spectrum. 

The carbon-oxygen double bond in all ketones involves resonance of the 

« 4 “fr* ■ * 

structures R S C:: 0: 'and R S C: O: “. For substances such as acetophenone, 

benzophenone, phorone, etc., in which the carbonyl bond is conjugated 

with an unsaturated or aromatic group, resonance with other structures 

_ L ■ * • 

—O: This deepens the color of the sub- 

j 

R 

stance, the carbonyl absorption being shifted from the ultraviolet to the 
visible region of the spectrum. The bathochromic effect of the conjuga¬ 
tion is limited by the Coulomb energy of separating the charges in the 
molecule; in a proton-donating solvent such as concentrated sulfuric acid 
the energy of separation of the charges is decreased by the field of the 
environment, and the color becomes deeper. 

In a great many dyes, including benzaurin, discussed above, it is the 
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carbonyl group which is the source of the resonating charge; indigo may 
be mentioned as an additional example, with many structures contributing, 
such as 


NH 


o=c 


NH 

/''A 


Vs/ 

c 

4 


- r 

c 


/ 




NH NH 

rv \ ♦/ 

U\ / \ X/ 

c c 


o- 


o 


NH NH 

(Y \ / ^ 

o^c 

V\ + / 

c c 

I II 

Cr O 



/ 


/ v 


) 


\ 


NH NH 

/\/ \ / 

U\ /.\ A/ 

C C 


O' 


o 


and many others, including those in which both carbonyl groups are ionized. 

+ *0 

The —N=0, —and —N—N— groups play a similar r61e for 

the nitroso, nitro, and azo dyes, respectively. 

The resonating positive charge in Dobner’s violet is formed not by in¬ 
ternal ionization but rather by external ionization. Other colored cations 
of this general type are numerous; the cation of acridine yellow, for 
example, can be ascribed the structure 


f H » N \/y NH 


W 




NH a 

CH, 


HA\ y y NH\ . /NH a 


H>N \Vy NH \/\/ NHl 

H*C^'^CH AAcH, 


H.N x ^/NH v _ / . / NH s 

h,c // ^Ach // ^ Ss ch, 


etc. 



H A /y NH y\/ NH ‘ 
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and similar structures can be written for the pyridine, quinoline, azine, 
oxazinc, thiazine, and carbocyanine dyes, and many others 

The theory permits quantitative predictions to be made regarding the 
intensities of absorption bands- The band of longest wave-length, repre¬ 
senting the transition from the normal state with nodeless wave function 
(describing the position of the resonating charge) to the excited state with 
a wave function (or two wave functions, in case of degeneracy) with a 
single nodal plane, is predicted to be the most intense band for many dyes. 
(A similar result has been found for conjugated double-bond systems by 
Mulliken* 1 by application of the molecular-orbital treatment.) The agree¬ 
ment between predicted and observed values of the integrated absorption 
coefficient is good. 

The arguments given above to show that even in anions such as the 
benzaurin anion it is a positive charge rather than a negative charge which 
carries on the principal resonance about the molecule are not universally 
applicable. Thus in the triphenylmethyl anion, [(C#H$)aC]", the negative 
charge is expected to move from atom to atom in very nearly the same 
way as the positive charge in the triphenylcarbonium cation, [(C«H*)aCl + . 
It is observed that the .spectra of the anion and the cation are similar, but 
not identical. 

In an aromatic nitro compound such as picric acid resonance of the 
type 



is expected, giving rise to the color of the substance. The aromatic hydro¬ 
carbons have large polarizabilities in the planes of their molecules, because 
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of the mobility of the p % electrons. Hence an aromatic hydrocarbon 
molecule lying parallel to a molecule of picric acid or a similar substance 
at the minimum distance of approach (about 3.5 A) would stabilize the 
structures with separated charges in the picric acid molecule by effectively 
increasing the dielectric constant in the expression for the Coulomb energy. 
(The orientation of permanent dipole molecules would not in general 
contribute to this effective dielectric constant, because of the high fre¬ 
quency of the charge-resonance; the effective orientation of the sur¬ 
rounding dipoles would be produced only by the average rather than the 
instantaneous dipole moment of the central molecule. Hence large 
electronic polarizability of surrounding molecules is needed to produce 
the effect under discussion.) This would deepen the color of the picric 
acid. In addition it gives rise to an interaction potential between the 
picric acid molecule and the hydrocarbon molecule corresponding to 
attraction and formation of a bond with energy of the order of magnitude 
of 2 kcal./mole, as observed for molecular compounds of this type. We 
conclude that of the many possible explanations which have been sug¬ 
gested for molecular compounds of this sort 8 the polarization theory in the 
form described above is the probably correct one.® 

Detailed accounts of the application of the theory of color to specific 
problems, including the methods of formulation and solution of the equa¬ 
tions giving the energy levels and wave functions, will be published else¬ 
where. 

I am indebted to Dr. S. Weinbaum, Dr. B. Hicks, Dr. D. P. Stevenson, 
and Mr, P, A. Shaffer, Jr., for assistance with the calculations, and to Dr. 
G. Schwarzenbach and Dr. L. G. S. Brooker for encouragement in this 
attack on the problem of the color of dyes. 

1 This theory was presented at the Symposium on Liquids and Polyatomic Molecules 
at the University of Chicago on June 2(5, 1939. 

1 A. Baeyer, Ann., 354, 162 (1907). 

* E. Q. Adams and L. Rosenstein, J . Am. Ckem . Sor. 36, 1472 (1914). 

4 C. R. Bury, Ibid., 57, 2H5 (1936). 

6 L. Pauling, Organic Chemistry, 1888-1890, H. Gilman, Editor; Wiley, 1938, 

■ R. S. Mulliken, J. Chm. Phys., 7, 121, 364, 670 (1939). 

7 H. MoWer, H. Forster, and G. Schwarzenbach, Helv. Chitn . Acta, 20, 664 (1937). 

* See N. V. Sidgwick, T. W. J. Taylor, and W. Baker, The Organic Chemistry of Ni¬ 
trogen, 261-265, Oxford, 1937. 

9 This opinion has been expressed also, on the basis of a somewhat less detailed mecha¬ 
nism, by A. J. Stosick, Dissertation, California Institute of Technology, 1939. 
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PRIME POWER GROUPS DETERMINED BY THE NUMBER OF 

THEIR SUBGROUPS 

By G. A. Miller 

Department of Mathematics, University ok Illinois 
Communicated September 26, 1939 

Every cyclic group of order p m t p being an arbitrary prime number, 
contains exactly m — 1 proper subgroups, that is, subgroups which are 
different from the identity and the entire group. A non-cyclic group of 
order p m contains more than m — \ proper subgroups since it contains not 
only at least one subgroup whose order is an arbitrary divisor of the order 
of the group but it also contains more than one subgroup for at least one 
such divisor. While the cyclic group of order p m contains a minimum 
number of subgroups among the groups of this order the abelian group 
of type i m contains a maximum number of such subgroups. This results 
from the fact that in all other groups of order p m there are restrictions 
either as regards orders or commutability which are lacking in this abelian 
group, which was called the principal group of order p m by J. A. De S4guier, 
Croupes Abstrails, page 13 (1904). 

It will be proved in the present article that with a single exception a 
group of order p m contains at least (m — l)(p + 1) proper subgroups if it 
contains more than m — 1 such subgroups. The single exception is 
furnished by the quaternion group, in which m — 3 and p = 2 but which 
contains only four proper subgroups. The abelian group of order p m and 
of type m — 1, 1 contains exactly (m — l)(p + 1) proper subgroups for 
every pair of values of m and p. One of these subgroups of each of the 
possible orders is non-cyclic and the p remaining ones are cyclic whenever 
m exceeds 2. It is well known that when p — 2 and m = 3 there is no 
non-abelian group which contains exactly (m — l)(p + L) proper sub¬ 
groups and that when p ~ 2 and m * 4 there are two such non-abelian 
groups, viz., the dicyclic group of order 16 and the group of this order 
obtained by adjoining to the cyclic group of order 8 an operator of order 2 
which transforms each of the operators of this cyclic group into its fifth 
power. The latter of these groups is conformal with the abelian group 
which contains the same number of proper subgroups. 

If an abelian group of order p m is non-cyclic and not of type w — 1,1 
it contains more than (w - l)(f + 1) proper subgroups since each of its 
subgroups appears in a non-cyclic subgroup whose order is p times its 
own order and the number of the subgroups of index p in a group of order 
p* is (p x — 1 )/{p — 1), where X is the number of its independent genera¬ 
tors. 1 For at least one of its subgroups this non-cyclic subgroup, which 
may be the entire group, can be so selected that it has more then two inde- 
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pendent generators unless the entire group has only two such generators. 
In the latter case the theorem in question is evident since there are then 
more than p + 1 cyclic subgroups of order p % . It remains to prove that 
every non-abelian group G of order p m contains at least (m — 1)(£ + 1) 
proper subgroups unless it is the quaternion group. 

Since G is non-cyclic each of its subgroups appears in a non-cyclic sub¬ 
group whose order is p times its own order unless it is one of the four well- 
known non-abelian groups of order 2 W , m > 3, which contain a cyclic sub¬ 
group of index 2. It will be convenient to exclude these groups for the 
present in order to simplify the statements. Let IT be a proper subgroup 
of order p a contained in G and let IV be a non-cyclic subgroup of G which 
includes II and is of order p a + \, It is known that the number of the 
subgroups of order p a in IV is (p x — l)/(p — 1) if X is the number of the 
operators in a set of independent generators of IV. As TV contains at 
least p + 1 proper subgroups of order p a the group G also contains at least 
this number of proper subgroups of the arbitrary order p a t a < m. Since 
or is any positive integer less than m it has been proved that G contains 
at least (m — !)(/> + 1) proper subgroups. 

It has already been noted that among the groups of order 2 m which 
involve a cyclic subgroup of index 2 the quaternion group involves a smaller 
number of proper subgroups than (m — l)(/> + 1) and that the dicyclic 
group of order 16 contains exactly nine proper subgroups and hence satisfies 
this formula. In all other cases when nt > 2 and G is not the octic group 
there is one and only one non-abelian group of order p m which contains 
exactly (w — l)(/> + 1) proper subgroups. Hence it results that: A non- 
cyclic group of order p m , p being a prime number , contains at least (m — I) 
(p + 1) proper subgroups except when p = 2 and m — 3. In this special 
case the quaternion group exists and contains only four proper subgroups . 
In all other cases when m > 2, except when p = 2 and m < 5, there are two 
and only two non-cyclic groups of order p m which separately contain as few as 
{m — l)[p + 1) proper subgroups. These two groups are conformal and 
only one of them is abelian . 

It is well known that there is one and only one non-cyclic group of 
order 2 W which contains only one subgroup of order 2, where m is an arbi¬ 
trary positive integer which exceeds 2, and that in this case none of the 
subgroups of order 4 which contain this subgroup of order 2 is non-cydic. 
While this case was excluded from the considerations noted above it is 
easy to verify that it also satisfies the conditions of the noted formula 
except in the cases which were explicitly excluded in the italicized theorem 
given at the dose of the preceding paragraph. Hence this theorem applies 
also to the groups of order 2 m which contain a cyclic subgroup of index 2. 
Tt may be noted that the non-abelian groups which contain exactly (m — 1) 
(p + 1) proper subgroups are those which contain separately p and only 
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p non-invariant subgroups, m > 3, which are relatively commutative and 
that a prime power group which contains more than (m — 1)(£ + 1) 
proper subgroups and has an order which exceeds 8 contains (tn — 1) 
ip + 1) + kp 2 such subgroups. 

An infinite system of abelian groups in all of which k = 1 according to 
this formula is furnished by the groups of order p 4 and of type 2 2 and this 
is composed of all the abelian groups of order p m for which 4=1. An 
infinite system of non-abelian groups of the same order in which 4=1 for 
all values of the prime number p is furnished by the extension of the 
abelian group of type 2, 1 by an operator of order p~ which is commutative 
with the operators of order p in this abelian group and transforms the opera¬ 
tor of order p 2 therein into a power of themselves but has for its pth power 
an operator which is not generated by such an operator of order p 2 . When 
p is odd a simpler infinite system of groups which satisfies the condition 
that the total number of its proper subgroups is expressed by the given 
formula when k = 1 is furnished by the non-abelian groups of order p* 
which include no operator of order p 2 . This is the only non-abelian group 
of order p m for which 4—1 and which involves no operator of order p 2 . 
In the special case when p = 2 such a non-abelian group does not exist. 

In the abelian group of order p m and of type l w the number of the sub¬ 
groups of order p is (p m — 1 )/(p — 1), and the number of the subgroups 
which include an arbitrary subgroup of order p a , a < is equal to the 
number of the subgroups in its abelian group of order p m " a and of type 
l m ~ a . Hence this number is 

(p m - D(p m -p )- p a ~ y ) = (T zMCZl -i)- -(/ >w ~° +, -i) 
\p a - i W - P) . 7 . (p a - p*~') {p a - ikp"- 1 -1)..(/>- i) 

It was noted above that when p = 2 the abelian group of type 1“ is com¬ 
pletely determined by the n um ber of its subgroups of order p but that 
this is not the case when p > 2. In this case the number of the sub¬ 
groups of every order which exceeds p is larger in the abelian group of 
order p m and of type 1* than in any other group of this order and hence the 
number of the subgroups of each one of these orders determines the group. 
It is known that the number of the different non-abelian groups of order 
p m which separately involve no operator whose order exceeds p increases 
with the value of m and has no upper limit. 

It was noted above that if the number of the proper subgroups of an 
abelian group of order p m is exactly p l -f (m — \){p + 1) it is of order 
p K and of type 2* and that if a non-abelian group of this order contains 
exactly p* + (m — 1 )(p + 1) proper subgroups and involves no operator 
of order p* it is of order p*, and p is an odd prime number. It was also 
noted that for every prime number there is a non-abelian group which 
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contains exactly p 2 + (w - Y)(P + 1) proper subgroups and is of order 
p A , It is not difficult to prove that this is the only such group. Since 
the number of the proper subgroups of only one order in such a group is 
of the form p 2 + p + 1 and the number of the subgroups of every other 
order is p + 1 it results that the largest order of a cyclic subgroup contained 
in such a group is p 2 since otherwise there would be more than p + 1 sub¬ 
groups in the group for more than one order. Hence the following theorem: 
There is one and only one abelian group of order p m which has exactly p l + 
(m — l)(p -f 1) proper subgroups , viz., the abelian group of order p A and 
of type 2 2 . When p is even there is also only one such non-abelian group 
but when p is odd there are two suck non-abelian groups whose orders are p* 
and p\ respectively . A cyclic group of an arbitrary order contains a smaller 
number of subgroups than any other abelian group of this order. 

1 O. A. Miller, Collected Works , 1, 320 (1935). 


ON BASIS SYSTEMS FOk GROUPS OF IDEAL CLASSES IN A 
PROPERLY IRREGULAR CYCLOTOMIC FIELD 

Bv H. S. Vandiver 

Department of Pure Mathematics, University of Texas 
Communicated October 6, 1939 

In other articles the writer considered the irregular class group consisting 
of the #th powers of all ideals in the field £(£*); f * e tiv/l \ l an odd prime, 
where the class number of k({) is IlJhy H% = qt> with (q if l) » l; q = q x q t 
and Hi * 1 %; (/, qi) = 1. Here // s is the so-called second factor of the 
class number, and since it is prime to l, the field is called properly irregular. 
It was found that the number of invariants of this group is e, where e is 
the number of distinct Bernoulli numbers in the set, B u By, ... JB,; h = 

(/ - 3)/2, which are divisible by l; B a = (-1 ) a ~ l b ia ; (b + 1)" * bjn > 1, 
and setting b, for V in the expansion of the left member. 

Let these distinct B’s be 

•®v ■®«|» • • • (1) 

and let 

P*. 

h ■» hi ■+■ h% + •.. + h t i (2) 

be the invariants. Then a basis C u C», .... C„ may be selected for the 
group so that 
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e; m { 





where r is a primitive root of l and s denotes the substitution (£/£*). 
Also 


B d . ass 0(mod l h 0, 


where 


but 


where 


j _ tHfrt - l) + l 

**i n * 


B d i & 0(mod 


,/ /* <+1 (2 a { - 1 ) + 1 

di = -—-- 


In other papers 2 the writer examined the class number of the field k(£) for 
each value of l < 619 and found that each such field was properly irregular. 
In order to accomplish this we considered the unit 



k. 


\ 


R = 1 + sr~ tn + jV~ 4 * + ... + s l 'r tnlt 


(i - no 


(i - 0(1 




and s is a symbolic power as before defined. In another paper* it was shown 
that the second factor of the class number of &(0 is prime to l if and only 
if none of the units E n ; n «= 1, 2, ... h is the /th power of a unit in k(£). 
Also it is known that if E n is an /th power then B n as 0(mod /). It was 
also shown 4 that, employing the notation of (1) that in each of the special 
fields mentioned above a prime ideal in &(f) may be found such that 




4 * * f 


e 


> 


where the expression on the left is an /th power character in £(f). For 
example, in the case / ■ 379, Oi *■ 50, o» «■ 87, r = 2, p is a prime ideal divi¬ 
sor of the prime 4549. 

The fact that this extensive induction showed that in all cases it was suf¬ 
ficient to use the same prime ideal for each of the values of a led me to ex¬ 
amine the basis classes of the irregular class group more thoroughly in some 
respects than heretofore and yielded the theorem given at the end of this 
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paper. Induction has led to many results in the number theory of rational 
integers but the situation is rather unusual) apparently, in connection with 
the theory of algebraic numbers, Elsewhere 1 it was proved that 

E a , E a , ... E. (5) 

If r 

form a basis for the singular primary numbers of k($) in the sense that if 

E a * l E a ** .. . E a ;< = y l ; y in k ({); 


then Xi ^ 0 (mod /); i — 1 , 2 , 

In view of this and a theorem due to Kummer 6 an infinity of distinct ideal 
„ primes p in k(£) may be found such that 

5 ^ 1 ; i = 1 , 2 , . . ., e, ( ,r w) ' 



If p is one such prime, set 


p. = E (p(.r £ )r 

c 0 



where 


m « 


r c{ta t -\)l k . 
f > - 


p(f*) denotes the ideal obtained from p by the substitution (f/J*) and t is 
the order of the irregular class group; it then follows easily that 


where 





i, 





and we are using symbolic powers as in (4). Let the classes to which the 
ideals oi, a,, .... a* belong be denoted, respectively, by A\, A%, ... A,. 
We shall then show that these form a basis for the irregular Hnaa group of 

W- 

Since the C s in (3) form a basis for this group, then 

Ai - ... C,\ 

If s denotes the substitution (£/f), write the above relation in additive 
form and apply the substitutions 

5 , r* ..., 

in turn, we find for w * 0 , 1 , — 2 , using ( 3 ) and ( 7 ), 

^ h ^i> t k.r*^ 1 C, 

1-1 


(8) 
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Raise each side of this relation to the power r~ nlh(l ~ 2tli} and add the result¬ 
ing relations for each n, we find that the coefficient of A ( is (/ — 1) and 
the coefficient of C* is 


where 



t 


T - ml\l - 2a<)( -l h - ki + 1), 


arid since 

t 

s l(mod h 

and the order of C, is l h \ then the coefficient of C, reduces to (/ — 1)^. 
The coefficient of Cy % j ^ i t is 

V - hXr\ 

n 

where 

v = -nl k (l - 2a,) + «/*<(/ - 2a*), 

and if we set 

w = (/ — 2dj) — (/ — 2 a i )t i ~ h ^ 


we find 


Now 


r (/-i)A«> 




w H55 2a, — 2o/(mod / — 1), 

so that the denominator in (9) is ^0 (mod /), since i & j t and consequently 

FsO(mod^). (10) 

It will now be shown that A, & 0(mod /). For 4,* ss 0(mod l) implies that, 
using (8) and (10), 


( 0 ) 0 , - («){>,■' 

for some ideal b<, and hence, since E { is singular primary, 



g^NM-l/l s f*( mo d p), 

where N(p) is the norm of p in k(t) and since 


(lOo) 
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N(p(f c )) = N(p), 

we obtain, using the substitution (f/f rC ), 

E a (f‘y™~ l)/l zzi‘ rC (modp(t'% 
and employing (4) we find 

E a (tr = EM' a °\ 

and hence 

« ^( m od p (fO), 

whence 

/e^Y" _ /£o(f)\ rC 

Wv v p / ’ 

= ^.(rA 

and using (6), we have 

M - (~ff • 

and with (10a) this gives 



which contradicts (5a). Hence k, in (7) is prime to l, and (8), with what 
follows it, gives 

(l 1)^4* (/ — 

and since (l, / - 1) = 1, we obtain a result which may be put in the multi- 
plicative form 

A { = Q*<. 

Now (k(, l) — l and the C } s form a basis for the dass group so it then easily 
follows that J 


^ 3 # ’ • • Am 

* * 

also form a basis for the irregular class group of A(f). Whence the 
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Theorem. There exists an infinity of ideal primes p in the properly 
irregular cyclotomic field k(f); f — e t,r/l ; l an irregular prime, such that iff' 
is the number of classes in the irregular class group of and 

B B B 

**•'/! ft ^JL r* Jjl ft • . j J / yY 

i *V « 

are the distinct Bernoulli numbers in the set 

B u B it . . . By - S )/ 3r 
which are divisible by /, then the ideals 

a. - E (P(.r f )) w , 


c ~0 




m - ,*(*•<- 

i =» 1, 2 f . . e, belong to a set of e distinct irregular classes in £(£) which form 
a basis for the irregular class group of £({*). 

From this we obtain immediately the 

Corollary, /w any properly irregular cyclotomic field k(£) it is possible 
to find a class of ideals C such that any class in the irregular class group of 
k(£) may be expressed as a certain power product formed by C and its conju¬ 
gate classes. 

In another paper® we obtained a result which obviously complements the 
theorem given above. 

1 These Proceedings, 15, 202-207 (1029); “On the Composition of the Group of 
Ideal Classes in a Properly Irregular Cyclotomic Field/' Monatshefte fur Mathematik und 

Physik, 1939. Throughout these papers, where the relation C/~ r 1 — 1 is given, 
read /*<(/ — 2o<) in lieu of (l — 2a t ) in the exponent of r. 

* Duke Math. Journal , 3, 569-584 (19371; 5, 418-427 (1939). 

3 These Proceedings, 16, 743-749 (1930). 

* Duke Math . Journal, 3, 578 (1937); 5, 418-419 (1939). 

* Hilbert, Bericht iiber die Tkeorie der AIgebraischen Zahlkdrper , Jahreaberichl der 
Deutscken Math . Verein, 426-428 (1897); Wtrke, 276-278. 

* These Proceedings, 24, 332 (1938). 
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ON A METHOD FOR TESTING FOR LINKAGE BETWEEN 

LETHAL GENES 

By W. E. Castle 

Division of Genetics, University ok California 
Communicated November 9,1939 

In an animal like Drosophila, in which the number of chromosome pairs 
is small and each pair carries one or more marker genes, it is a relatively 
simple matter to ascertain in which chromosome pair any new mutant gene 
is located. But in mammals the number of chromosome pairs is so large 
(twenty or more) and so few of these bear identified marker genes that a 
new mutant gene is as likely as not to be borne in an unmarked chromosome 
and so to manifest no linkage with any other known gene of the species. 
And if the new gene is a lethal the study of its linkage relations becomes 
doubly difficult because viable homozygous individuals cannot be produced. 

If two different lethals have been discovered neither of which shows link¬ 
age with previously known genes, the question arises whether these consti¬ 
tute markers of two different chromosomes previously unmarked, or 
whether they lie in the same unmarked chromosome. To answer this 
question by crossing the two lethal carriers with each other and then raising 
an Fi generation is next to impossible, since in the case of F» individuals 
which perish, it will be unknown whether they are homozygous for one 
lethal or for both. 

To obviate this difficulty, the following method has been devised. An 
Fi is produced by crossing individuals carrying the respective recessive 
lethals, as Act X Bb, One in four of the Fi progeny will carry neither lethal, 
one will carry lethal a, another will carry lethal b and one will carry both 
lethals received in the repulsion relationship. This last sort of individual 
can be identified by suitable breeding tests and should then be mated with 
animals t(thick carry neither lethal, preferably of an unrelated strain. The 
progeny of such a cross will in no case be homozygous for either lethal and 
so will be vigorous prolific animals characterized by heterosis. 

If no linkage exists between a and b, i.e., if they are borne in different 
four classes of individuals will be found with equal frequen- 
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cies in the F\ population, viz. (1) carriers of a only, (2) carries of b only, (3) 
carriers of both a and b and (4) carriers of neither. If linkage exists, 
classes (3) and (4) will be in excess of classes (1) and (2). 

This method was used in rats in testing for linkage between the recessive 
lethal anemia 1 and an undescribed sublethal ('‘wobbly”)* neither of which 
at the time was known to be linked with any previously discovered rat gene. 

Back-cross individuals to the number of 161 were tested individually 
by matings with individuals doubly heterozygous for anemia and wobbly. 
They were found to be distributed as follows: 

CARRIERS OP CARRIERS OP CARRIERS OF CARRIERS OP 

ANEMIA ONLY WOBBLY ONLY BOTH NEITHER 

40 42 43 36 

The sum of the first two classes (non-crossovers) is 82, of the last two 
classes (recombinations or crossovers) is 79. The deviation from equality 
is 1.50 =*= 4.28, or less than might be expected from random sampling. 
Anemia and wobbly are beyond question independent. 

Later anemia was found to be closely linked with curly, the crossover 
percentage being 5.2. An independent test showed that wobbly was, as 
expected, not linked with cuMy, thus confirming the previously reached 
conclusion that anemia and wobbly are borne in different chromosomes. 

1 Smith, S. and Bogart, R., Genetics , 24, 474, July (1939). 


THE GAS EXCHANGE OF DROSOPHILA LARVAE 

By George T. Rudkin 1 

School of Biological Sciences, Stanford University 
Communicated. November 13,1939 

Following a suggestion from Sturtevant’s 2 work on mosaics, Beadle, 
Ephrussi 3 and others have shown that a diffusible substance, hormone, 
is concerned with the expression of the mutant character vermilion (») in 
Drosophila melanogaster. The substance is normally absent in larvae and 
pupae homozygous for vermilion and present in those carrying its wild 
type allele. It can be extracted from young wild type pupae 4 -* and when 
injected into vermilion brown test larvae shifts the eye color of the adult 
fly toward brown, i.e., non-vermilion. Transplanted fat-bodies of wild- 
type larvae will produce an eye-color change in vermilion brown hosts, but 
d + substance cannot be extracted from them . 4 Wild-type Malpighian 
tubes yield v + hormone both on transplantation and extraction.* Recent 
work by Khouvine, Ephrussi and Chevais 7 and by Beadle, Tatum and 
Clancy* shows that v+ hormone production is affected by diet. Vermilion 
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brown larvae grown on an intermediate food level (small amount of yeast) 
such that their pupation time is delayed two to six days produce flies with 
an eye-color modified toward brown, i.e., v + hormone has been produced. 
The addition of sugar to low yeast media was found to inhibit this starva¬ 
tion effect. In view of the fact that the hormone is amino acid-like in 
nature/* 9 these authors suggest that an alteration in protein and amino 
acid metabolism is concerned with its formation in larvae on low food. This 
work is an attempt to study the metabolism of such larvae by respiratory 
measurements in order to test this hypothesis. 

Materials and Methods .—Four different diets, each having different 
effects, were used in the experiments. Full food consisted of standard 
Drosophila culture medium 10 seeded with an excess of live yeast. Low 
yeast consisted of a suspension of 0.25 per cent of dried brewer’s yeast in 
1.0 per cent agar. Sixty larvae were transferred at 28 hours after hatching 
from full food to 100 cc. of low yeast in a dish having an area of about 40 
cm. 2 . This treatment gave a strong eye-color change and a delay in pu- 
parium formation of from one to four days. Preliminary experiments 
with media containing sugar were unsuccessful because of bacterial and 
mold contamination, so an aseptic method (Tatum, unpub.) was employed. 
Two series consisted of 0.5 per cent and 2.0 per cent sucrose added to a 
basic low yeast level of 0.5 per cent dried yeast in 1.0 per cent agar. Ten 
cc. of a given food were placed in each of ten 35-cc. vials and autoclaved. 
Eggs were collected on autoclaved spoons, removed in groups of thirty 
with sterile glass rods, immersed in 80 per cent alcohol for ten minutes and 
placed thirty per vial. No contamination occurred in any unopened vials, 
although after pupation growth was occasionally observed in vials from 
which larvae had been removed for measurement and returned. Later 
tests showed that the 0.5 per cent yeast diet alone, provided from hatching, 
had the same effects on eye color, pupation delay and gas exchange as did 
the low food level described above. Also, a 3.0 per cent dried yeast suspen¬ 
sion has been found to be equivalent to full food (living yeast) used here, 
showing that the use of the two techniques did not introduce complications. 
All cultures were kept at 25°C. 

A differential volumeter of the type described by Fenn u was used for the 
measurement of gas exchange. The vessels had a capacity of approxi¬ 
mately 3.5 cc. each, the capillary a diameter of 0.687 mm. Triple distilled 
kerosene was used for the index drop. A hairline was mounted in a tube 
fixed to a mechanical stage so placed that the movement of the drop could 
be followed. Readings were taken to 0.1 mm. using the vernier of the 
stage. During use the respirometer was kept at 25.00 *** 0.02°C. in a well- 
stirred water bath. When a run was to be started, five to ten larvae were 
removed from food, washed thoroughly in sterile Ringer’s solution, dried 
on filter paper, weighed to the nearest 0.1 mg. and placed in the experi- 
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mental vessel on 0.5 cc. of the same type of food as that from which they 
were removed (fully fed larvae were placed on a five per cent suspension 
of dried yeast in one per cent agar to avoid the obvious complications in¬ 
volved in using live yeast). After a half hour equilibration period in the 
water bath, readings were taken at five minute intervals for a period of one 
hour. The respirometer was then removed from the water bath, alkali 
introduced into the central cups of both vessels and readings again taken 

for an hour after equilibration. The con¬ 
trol vessel contained 0.5 cc. of the same 
food used in the experimental vessel. Car¬ 
bon dioxide production was calculated by the 
volume difference method, oxygen consump¬ 
tion directly from the second set of readings. 
Although the two were not measured simul¬ 
taneously, tests showed that no appreciable 
change occurred in either during the time 
intervals used. Larvae left in the respirom¬ 
eter for two hours showed during that 
time a constant oxygen consumption when 
alkali was present, or a constant difference 
between oxygen consumption and carbon di¬ 
oxide production when no alkali was present. 

Eye-color change is given according to the 
set of standards used by Tatum and Beadle. 4 
Vermilion brown (nearly white eye) is taken 
as 0.0, brown (brown eye) as 5.0, inter¬ 
mediate color values being determined by 
comparison with a graded series of inbred 
mutant stocks. Eye-color value is a m ea sure 
of the quantity of v +hormone used by the fly. 
Pupation delay is the increase in larval life¬ 
time over that of the fully fed controls (120 
hours at 25°C.). Specimens of each ex¬ 
perimental series were dissected just before 

puparium formation and the relative sizes 
of fat bodies with respect to larval size were noted. 

Discussion of Results .— 1 The results of the experiments are summarized in 
table 1 and in figure 1. The respiratory quotient (R,Q.) 0 f larvae on a 
given diet is fairly constant over the periods measured in spite of fluctua 
tions in CO a production and O a consumption and is different from that of 
larvae on any other diet The lower R.Q. and rate of gas exchange 
of larvae on low yeast is in accord with previous work on starved and nar- 
tially starved insects. The increase in R.Q, observed in larvae given sugar 



FIGURE 1 

Gas exchange of larvae fed 
on (1) full food, (2) low yeast 
level, (3) low yeast plus 0.5 per 
cent sucrose, (4) low yeast plus 
2.0 per cent sucrose. Oxygen 
consumption and carbon di¬ 
oxide production are given in 
mm.* per mg, hr. Solid col¬ 
umns represent mean values. 
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in addition to low yeast level is to be expected from the fact that a purely 
carbohydrate diet usually results in an R.Q. of LO (see Dreyer 12 and Cook 1 * 
for insect data), while the higher rate of gas exchange is probably due to 
the greater quantity of food available. In order to interpret respiratory 
measurements of this kind the exact composition of the diets should be 


TABLE 1 










PUPA¬ 

RELA¬ 




WEIGHT 

CO* 

Os 


BYE- 

TION 

TIVE 

TMATMXNT 

ACE 

NO. OF 

IN HO,/ 

OUTPUT 

UPTAKE 


COLOR 

DELAY 

SIZE OP 

OP LARVAE 

HRS. 

LARVAR 

LARVA 

km.Ymo.* 

HR. 

R.tt- 

VALUE* 

IN DAYS 

PAT BODY 

1. Fully fed 

74 

10 

0.35 

4.13 

6.23 

0.79 ' 





05 

10 

0.82 

3.92 

5.01 

0.78 

-0,0 

0.0 

Large 


07 

5 

1.62 

3.23 

4.04 

0.80 

Mean 




3.70 

4.76 

0.79 , 




2. 0.25% dried 

76 

10 

0,15 

3.04 

4.76 

0.04 ' 




yeast after 28 

03 

10 

0.77 

2.08 

3.52 

0.59 

. 2-4 

1-3 

Small 

hours 

121 

7 

1.31 

2.03 

3.03 

0.67 

Mean 




2.30 

3.77 

0.65 , 




3. 0.5% dried yeast 

00 

10 

0.27 

3.23 

4.20 

0.77 1 




plus 0.5% sugar 
from hatching 

120 

144 

10 

5 

0.83 

1 10 

3.41 

3.11 

4.24 

3.81 

0.81 

0,82 

-0.5-2 

1-3 

Medium 

Mean 




3.25 

4.06 

0.80 

/ 




4. 0.5% dried yeast 

104 

10 

0.27 

4.52 

5.13 

0.88' 




plus 2% sugar 
from hatching 

127 

153 

10 

n 

0.82 

1.12 

4.32 

3 64 

4.77 

4.01 

0,91 

0.91 

- 0-0.6 

2-5 

Medium 

Mean 




4.10 

4.64 

0.90 , 





* Tatum and Beadle* scale of eye-color values. 


known. A completely synthetic diet for Drosophila has not been devised 
and so could not be used, but an idea of the proportions of the three prin¬ 
cipal foodstuffs can be had from analyses of yeast. Yeast is high in pro¬ 
tein, about 60 per cent, low in fat, about 7 per cent, while carbohydrate 
makes up about 20 per cent, all expressed in dry weight. Fully fed larvae 
had an ample supply of all these. Larvae on low yeast without sugar had 
a limited supply of food containing about three times as much protein as 
carbohydrate. Those on low yeast with 0.5 per cent and 2.0 per cent sugar 
added had more food (but still not enough to allow normal development) 
with three and seven times as much carbohydrate as protein, respectively. 
The fat content of the last three diets was low, five per cent or less. 

On the basis of combustion in vitro , R.Q.’s of 1.0, 0.8 and 0.7 are to be 
expected from the complete oxidation of carbohydrate, protein and fat. 
respectively. The value of 0.78 observed in fully fed larvae would be 
expected on a high protein diet. The low value of 0.65 observed in larvae 
on low yeast level is too low to be accounted for by the complete oxidation 
of any food. It may be more readily understood if the tendency of insect 
larvae to store food material is taken into consideration. A substantial 
amount of fat is stored in the fat bodies and, in later stages, a rapid increase 
in glucose and glycogen content has been observed.” It is generally be¬ 
lieved that stored material is necessary for the completion of metamor- 
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phosis. 14 The starved larvae, therefore, had to build up fat and carbo¬ 
hydrate reserves from a diet high in protein. Their relatively greater de¬ 
crease in C0 2 production than in 0 2 consumption indicates that some 
carbon normally excreted is retained, perhaps by incomplete oxidation of 
protein. Fink 15 using the potato beetle, Cook 13 using termites and Dreyer 12 
using ants, all found that starvation or partial starvation caused insects to 
have a low R.Q, and all offered as the most probable explanation incom¬ 
plete oxidation of protein and fat. 

Since a large part of the stored tissue of insects is located in the fat body, 
it might be expected on the assumptions just presented that some change 
could be observed in them. As the table shows, gross changes do take 
place. Lack of food results in a smaller fat body than is present under 
conditions of maximal feeding—a result generally obtained in insects and 
analogous to that found in higher animals, within certain limits. Koll- 
mann 16 working with Tenebrio molitor and Fink 18 with the potato beetle 
observed that albuminoid granules normally present in fat bodies of fed 
insects disappeared after a period of starvation. Schmeider 17 came to the 
conclusion that in Hymenoptera there is a relation between nitrogenous 
inclusions and fat, and suggested intracellular synthesis of protein. Ap¬ 
parently it can be reasonably assumed that starvation does upset the pro¬ 
tein and fat metabolism, probably in such a manner and degree as to be a 
major factor in lowering the R.Q. 

The effect of sugar in raising the R.Q. would be expected from the fact 
that insects fed on a pure carbohydrate diet exhibit an R.Q. of l.O. 12 * 13 
It might be suspected that its effects are solely due to complete oxidation 
in catabolic processes, but it seems more probable that, especially in the 
case of 2.0 per cent added sucrose, there is an effect on the fat and protein 
metabolisms themselves. In view of the observation mentioned above 14 
that a marked increase in glucose and glycogen content takes place in late 
larval stages, it may be suggested that the sugar supplies the necessary 
carbohydrate, its oxidation replacing that of protein otherwise resorted to 
for the synthesis of these substances. A critical test of this hypothesis 
would require a much more detailed analysis of starvation metabolism 
than has been presented here. 

It remains to point out the general parallelism between the effects of 
diet on R.Q. and on hormone production. Limiting the amount of yeast 
available to larvae causes them to produce more v+ hormone as measured 
by eye-color value as well as exhibit a relatively low R.Q. as compared with 
fully fed controls. The addition of sugar to low yeast, while not completely 
remedying dietary deficiencies, as indicated by pupation delay and me¬ 
dium-sized fat bodies, nevertheless inhibits hormone production and causes 
a higher R.Q. than is observed for larvae on low yeast alone. Further, the 
decrease in eye-color value and increase in R.Q. are roughly proportional 
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to the amount of sugar added. It may be that the incomplete oxidation 
of protein postulated to account for the low R.Q/s is also concerned with 
the increase in hormone production and that the inhibition of hormone 
production by sugar is secondary to its restorative action on total metabo¬ 
lism. In the low food series with added sugar a further parallel may be 
drawn if one remembers Beadle's 6 demonstration that wild type fat bodies 
yield hormone when transplanted into vermilion brown hosts. The 
larvae on low yeast only, having the smallest and hence most drastically 
affected fat bodies, showed the greatest eye-color change while those with 
added sugar, having the least reduction in fat body size, also showed less 
v+ hormone production. As pointed out by Khouvine, Ephrussi and 
Chevais 7 and by Beadle, Tatum and Clancy, 8 the effect of partial starvation 
on eye color may be interpreted as a restoration of a reaction chain leading 
to the formation of v + hormone normally broken in the presence of the 
vermilion gene homozygous. The present discussion is in harmony with 
their suggestion that protein metabolism may be concerned. 

Summary. —It was found that in vermilion brown Drosophila melanogas- 
ter larvae a low yeast level is associated with a low R.Q. (0.65) and that the 
addition of sugar is capable of raising the R.Q. up to or above that of fully 
fed controls (0.79) while still not supplying an optimum amount of nutrient 
materials. 

The production of v + hormone was found to be associated with a low 
R.Q., non-production with a high R.Q. under conditions of the reported 
experiments. 

Changes in protein metabolism were suggested to explain both phenom¬ 
ena, although their interrelationship has not been definitely established. 

1 John M. Switzer Fellow. 

I Sturtevant, A. H., Proc. Sixth Intern. Congress of Genetics , 1, 304-307 (1932). 

8 Beadle, G. W., and Ephrussi, B., Genetics, 21, 225-247 (1936). 

* Thimann, K. V., and Beadle, G. W., Proc . Nat. Acad. Sci., 23, 143-146 (1937). 

* Tatum, E. L. p and Beadle, G. W. ( Jour. Gen. Physiol , 22, 239-253 (1938). 

« Beadle, G. W., Genetics, 22, 587 611 (1937). 

7 Khouvine, Y., Ephrussi, B., and Chevais, S., Biol. Bull, 75, 425-446 (1938). 

« Beadle, G. W„ Tatum, E. L. f and Clancy, C. W., Biol Bull, 75, 447-462 (1938). 

9 Khouvine, Y., and Ephrussi, B., Compt. Rend. Soc. Biol, 124, 885-887 (1937). 

10 Bridges, C. B., and Darby, H. H., Anter. Nat., 67, 437-472 (1933). 

II Fenn, Wallace O., Am. Jour. Physiol, 80, 327 (1927). 

18 Dreycr, W. A., Physiol Zool, 5, 301-331 (1932). 

18 Cook, S. F„ Biol Bull, 63, 246 (1932). 

u Uvarov, B. P., Trans, Enl. Soc. London, 76, 255-345 (1928). 

» Fink, D. E., Biol Bull ., 49, 381-406 (1925). 

Kolhnan, M., Bull. Soc. Zool. France, 34,149-155 (1909). 

17 Schmeider, R. G., Jour. Morph., 45, 121-186 (1928). 
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SC A TTERING OF SLOW NEUTRONS B Y PROTONS 
By Milton S. Plbsskt and Frederick W. Brown 
Norman Bridge Laboratory of Physics, California Institute of Technology 

Communicated November 9, 1939 

An elementary discussion is given here of the scattering of slow neutrons 
by protons for the spherical well potential and for the meson type potential. 
Calculations have been carried out for the potential hole because many of 
the discussions of this problem have assumed that the interaction is of 
negligible width and this assumption leads to appreciable inaccuracies. 
The question of the introduction of the virtual level of the deuteron to de¬ 
scribe the singlet scattering is also considered, and in this connection the 
sequence of virtual levels defined by the Kapur-Peierls 1 scattering proce¬ 
dure is determined to illustrate the convergence of the method in the extreme 
case of the deuteron. 

1. For neutrons of low relative velocities only the states of zero angular 
momentum contribute appreciably to the scattering. For a potential hole 
of depth C and width z, the .5-wave <p * r\j/ satisfies the wave equation 

d 2 <p/dx 2 + (b 4- a)*p = 0, x < x Q ; (1) 

d*<p/dx 2 + a<p « 0, x > xq; (la) 

where the unit of length is n = e 2 /mc 2 , and x = r/r 0 , * 0 ** s/fo, C » 
(h*/MrJ)b « 10.24 b mc 2 t E * (fc*/Afr 0 *)a.* The solution of equation (1) 
which vanishes at x «= 0 is, for a < 0, . 




N sin (b - , 

0' A x, 

X XoJ 


(2) 

<A)(x) *• 

Ci exp (—(t) l/, (x - 

- x n )) + C» exp ((«) v *(x 

“ *o)), 

x g xo; 

(3) 

where « 

0 

= — a. Continuity at x = x () 

in sp and - 

P gives 



C, - 

(N/2) {sin (5 - 

«)‘ A x„ - ((6 

- «)/0‘ A 

cos (b — 

«)‘ A xo}; 

(4) 

C% - 

(2V/2) {sin ( b - 

+ ((5 

- «)/«) ,A 

cos (b — 

«) V, Xo} . 

(5) 

Fora g 

; 0, one has 







<Pi(x) * 

* N sin ( b + 

a) x, 'x, 

x £ x { )\ 


(6) 

vo(x) = 

iV{sin (b + a) v * 

cos (a) 1/1 (a; ■ 

- *o) 4- 





(i b + n)/a) ,/s cos (b + a) l/i 

sin (a) v, (x - x 0 )}, 

X ^ Xq. 

(7) 


In order that a stable state exist one must have C* « 0, and for JE(*S) m 
-4.257 mc\ «('S) - 0.4157, a relationship is determined by this condition 
between 6('5) and x 0 which gives b(*S) » 4.010 if one « 1.000. 
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In the following it will be assumed that Xo — 1.000 for both the triplet and 
the singlet interactions. 

The scattering cross-section for zero energy may be written in the form 

» - (Ml)/V(l))*5 - l] 2 + 3IW1)V(1))« - 1]*}; (8) 

and one has further 

(*(l)/y(l)), s - tan (6(>5)) ,/, /(6(‘5)) , '' > ; („(l)VQ)).s - 

tan (6(’S)) v V(6( , 5)) v *. (9) 

Taking <r * 18.3 X 10“ 24 cm. 2 , one finds b( x S) * 2.235. If one keeps 
fixed, the determination of b( l S) is not appreciably affected by a change 
in the value of a. For the scattering amplitudes one has the following 
numerical values 

A( l S) = {tan (6( 1 5)) V ’/(6( I 5)) V *} - 1 = 7.804; 

A(*S) - {tan (&( , S)) ,/ 7(&( , 5))‘ /, } - 1 = -2.084. (10) 

The following approximation has sometimes been used for the triplet 
scattering amplitude: 

A(*S) « -l/(*(»5)) v * = -1.551. (11) 

For a hole of width xo ~ 1.000 it is evident that this approximation gives 
an error in the scattering intensity of 50 per cent. A better approximation 
may be found 2 by solving the equation C% = 0 for b{ z S) in terms of e( 3 S). 
This procedure gives 

A(*S) « - M*S)) X/ ' + *(*S)/2]-' - 1,. (12) 

and this approximation is in error by 9 per cent for the scattering intensity. 
To get an expression similar to (12) one may attempt to introduce an energy 
characteristic of the singlet interaction in terms of which 4( l S) may be 
expressed. It is readily seen that for b ** b( l S) « 2.235 there is no solu¬ 
tion for Ct *=> 0, and since there is no stable singlet level, a positive or vir¬ 
tual energy level has been introduced. One definition which has been 
given* of the virtual energy level is equivalent to the following: let e' 
be the absolute value of a negative energy level for which Ci ** 0, then the 
positive energy level for which a f ~ is the virtual energy level. For 
A(*5) » 2.235, a f * 0.0145. One might also define the virtual energy as 
that positive energy a 0 for which 

(v>*( 1)/WD).5 - (Oo)' A - (13) 

(x) then has a phase constant of ir/4 as may be seen from (7). The 
value of o 0 determined by (13) corresponds to an energy of 61,000 e.-v. for 
b( l S) ■» 2.235. An approximate solution of Eq. (13) gives 
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^(‘5) ~ {(ao) v * + a„/2}-' - 1, (14) 

and this approximation is in error by less than 0.1 per cent. 

2. The dependence of the potential on the neutron-proton distance as 
derived from the meson field theory is of the form C [exp {— Ar/fo} / 
X(r/r 0 )]. The 5-wave p = satisfies the equation 

d 2 p/dx 2 + (be~ x /x)p + ap = 0, (15) 

where x = Xr/rn, b ~ CMr^/h-X 2 , a « EMro 2 /h*\\ 

For thermal neutrons {a — 0) the scattering amplitude is 

A = Lim \p{x)/p f {x) — x}, 

X —► » 

and the scattering cross-section is given by 

«• = W/X 2 ) U(^) 2 + 34(»S)*j. (16) 

The scattering amplitude has been determined by numerical integration of 
(15) for several values of b, and table 1 summarizes the results. For a 
value bt near a value hi in this table one may calculate <p'i(x)/<pt(x) and 

table i 

b 1.440 1.600 1.516 1,620 2.550 2.600 2.700 

A 8.452 11.64 12.87 13.22 - 3.229 - 3.065 -2.776 

hence the scattering amplitude, by the following perturbation formula: 

<Pt(x)/<pt(x) — <Pi{x)/tpiix) — (b i — b%) [Jl* ¥>i /x)dx/>pi{x)tpt(x)\ « 

(h - h) \M* tf(e~ x /x)dx/rf(x )]. (17) 

It may be of interest to note that for b = 1.505, which is the value for the 
singlet interaction, approximately one-half of the scattered intensity comes 
from the region beyond r = 2r 0 ; and beyond r = 6r„ the scattered intensity 
remains essentially constant. For b - 2,600 which is the value for the 
triplet interaction the scattered intensity remains practically constant 
beyond r = 2ro. 

The values given above for b( l S) and b(*S) have been determined in the 
following way: for an assumed value of b(*S) the corresponding value of 
X(*5) is determined from the binding energy of #*; if one assumes \(*S )« 
X( 1 5), then b( l S) is determined from the scattering cross-section (18.3 X 
10-” cm. 2 ) for thermal neutrons using table 1; the binding energy of H* 
is then used to fix the correct value of b(*S). This procedure gives the first 
column of table 2. If o were taken to be 13.1 X 10“” cm. 2 , one gets the 
values given in the third column of table 2. If one does not assume 
X(*S) « X(»5); but, for example, takes X( 2 5) = 2.38/ a value which fits 
proton-proton scattering data, then the other constants determined by the 
above procedure are given in the second column of the table. 
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TABLE 2 


9 (CM,*) 

18.3 X 

10 -« 

13.1 X 10 "M 

b(‘S) 

2.600 

2.42 

2.54 

6(‘5) 

1.505 

1.56 

1.48 

C(*S)(mc.») 

62.80 

87.6 

70.1 

C( l S)(mc.') 

36.35 

90.5 

40.8 

M*S) 

1.536 

1.88 

1.64 

M l S) 

1.536 

2.38 

1.64 


3. In their derivation of the nuclear dispersion formula Kapur and 
Peierls 1 define the virtual levels which determine nuclear scattering by means 
of a boundary condition at some R which is a distance such that V(r) is 
negligible for r R. In the case of neutron-proton scattering this proce¬ 
dure may be carried through accurately and gives an alternative to the usual 
scattering calculation. For thermal neutrons (a — 0) the sequence of 
virtual levels is determined by the boundary condition <p f (R) — 0. In 
every case the sequence of virtual levels will depend on the value taken 
for R. 

For the potential hole of width n the virtual energy values are given by 

a* - (2 n + 1) 2 (t 2 /4) — b; (« « 0, 1, 2 . . .) (18) 

where R also is taken to be r 0 and the incident neutron energy is taken to be 
zero. Table 3 gives the singlet and triplet virtual energy sequences. 
The scattering cross-section is now given by 

<r - rrl{(22/a n ('S) - 1)* + 3(S2/«.(»5) - l) s }. (19) 

n n 

TABLE 3 

n 0 12 3 

a H ('S) 0.2324 19.97 59.45 118.7 

a n (*S) —1.543 18.20 57.07 116.0 

In the case of the meson potential it is convenient to take R — 4.732 r 0 ; 
an appreciably larger value for R gives slow convergence in the contribu¬ 
tions from the higher levels while an appreciably smaller value does not 
give the proper scattering since the interaction is then large at the boundary. 
The scattering cross-section is given by (16) where the scattering ampli¬ 
tudes now have the form 

A « 2<pl(X)/a n K - X, (20) 

n 

where <p n {X) is the value of the wave function for the wth virtual level at 
X = \R/ro and N n ■= Jl x The virtual energy values of the first few 

levels, together with the values of <p\(X)/N n , are given in table 4. These 
values may be compared with the virtual energy levels obtained for the 
potential hole of width ft, when R is also taken to be 4.732 r<,.a n { l S) == 
0.0242, 0.603, 2.23; o.(»5) * -0.419, 0.291, 1.91. 
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n 

MW.)*, 


TABLE 4 

0 I 

0.02622 0.0372 

-0.4215 0.2720 

0.1845 0,2901 

0.0173(1 0.3791 


2 


+ + + 

1.77 

» t t 

0 3067 


As one would expect, the convergence for R = 4.732 r 0 is not so rapid as 
was the case for the potential hole where R could be taken to be ro. Even 
for the latter case the first three levels should be taken to get an accurate 
result for the scattering amplitude. 


*k denotes Planck's constant divided by 2ir. 


1 Kapur, P. and Prierls, R., Proc. Roy . Soc. t 166, 277 (1938). 

* Wigner, E. ( Zeit. Physik, 83, 253 (1933). 

a Breit, G., Thaxton, H. M., and Eisenbud, L., Phys, Rev. f 55, 1018 (1939). 

* Share, S. S.. Hoisington, L. E., and Breit, G., Ibid., 55, 1130 (1939). 


ON THE FORMATION OF CLUSTERS OF NEBULAE AND THE 

COSMOLOGICAL TIME SCALE 

By F. Zwicky 

Norman Bridge Laboratory, California Institute op Technology 

Communicated October 24, 1939 

A . The Problem of the Short Time Scale in an Expanding Universe — 
The red-shift in the spectra of nebulae is most easily interpreted as a 
Doppler effect caused by the mutual and approximately uniform recession of 
these nebulae from one another. This hypothesis of an expanding universe 
leads to an alarmingly short cosmological time scale with the consequence 
that some two billion years ago intergalactic space must have been prac¬ 
tically non-existent and the nebulae were not clearly separable from one 
another. Nevertheless, the individual objects which constitute these 
nebulae such as the stars, and the double, triple and multiple systems of 
stars might well have existed in their present physical condition even in 
a very contracted universe. The argument that the earth and the stars 
have existed for periods longer than two billion years, and the fact that 
perhaps the present statistical distribution of stars could have been achieved 
only in a very much longer time than two billion years is therefore not suf¬ 
ficient to reject the hypothesis of the expanding universe. In order to 
show that the time scale demanded by this hypothesis is inacceptable we 
must endeavor to discuss objects which (a) in a contracted universe clearly 
could not have existed in their present form and ( b ) whose formation 
required intervals of time definitely larger than two billion years. If we 
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succeed in finding any objects which meet these requirements (a) and 
(b) we shall have demonstrated the impossibility of a time scale which 
would allow us to interpret the nebular red-shift on the basis of an expand¬ 
ing universe. 

B. The Clusters of Nebulae .—It is the contention of this investigation 
that the big and regular clusters of nebulae such as the Coma cluster repre¬ 
sent cosmic objects which satisfy both of the requirements (a) and (6). 
Much work remains to be done to complete our knowledge of the clusters 
of nebulae, but some preliminary investigations suggest the probable 
general validity of the following relevant features. 

(1) The large clusters of nebulae contain from 1000 to 10,000 nebulae. 
Their linear dimensions are presumably of the order of from one to ten 
megaparsecs. 

(2) The most regular among the large clusters exhibit remarkable 
spherical symmetry, a fact which strongly indicates that they are stationary 
assemblies in the statistical mechanical sense. The Coma cluster is a good 
example of a highly symmetrical cluster. 1 

(3) The radial distribution of nebulae in the Coma cluster is remarkably 
similar to the distribution of luminous objects in individual globular 
nebulae, 1 The distribution curve can furthermore be very closely repre¬ 
sented by the curve derived by Eraden for the density distribution of 
matter in an isothermal gravitational gas sphere. This remarkable fact 
further strengthens our belief that the regular clusters represent statisti¬ 
cally stationary configurations of objects whose interactions are governed 
by Newton’s law of attraction. 

(4) Clusters of nebulae delineate a segregation in types of nebulae in¬ 
asmuch as the central parts of the clusters are rich in nebulae of the el¬ 
liptical and globular types, whereas spirals are more abundant between the 
clusters. 

(5) Investigations by Sinclair Smith 1 on the Virgo cluster indicate that 
the velocity distribution of the nebulae in the central parts of a cluster is 
the same as the velocity distribution at considerable distances from the 
center. Furthermore, according to Hubble’ the dispersion among the 
peculiar motions of the so-called field nebulae in between the clusters seems 
to be rather smaller than the corresponding dispersion for the nebulae in 
the central regions of the great clusters. 

In the following we shall try to analyze the preceding list of observational 
facts in the light of two hypotheses which would seem to exhaust the 
significant possibilities of explaining the formation of the great regular 
clusters in an expanding universe. The first hypothesis assumes that two 
billion years ago the nebulae were distributed at random. We shall show 
in section C, that in this case the nebulae at the present time still should 
be distributed at random, a conclusion which is in contradiction with the 
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existence of the great regular clusters of nebulae. The second hypothesis 
assumes that these clusters, in a more condensed form, already were pres¬ 
ent in the contracted universe of two billion years ago. We shall show in 
section D that this hypothesis allows us to draw conclusions which are also 
in contradiction with the observations described in the preceding. We 
hold therefore that the universe cannot be expanding. 

C. Estimate of the Minimum Time Interval Which Is Necessary for the For¬ 
mation of a Regular Cluster of Nebulae *—For the statistical formation of a 
cluster of nebulae to take place, triple or multiple close encounters among 
nebulae are indispensable. Double impacts alone are not sufficient for the 
following reasons. 

Suppose that a certain point C is destined to become the approximate 
center of a future large regular cluster of nebulae. In any random distri¬ 
bution a few nebulae only will be accidentally hovering around the point 
C. In order to enrich the neighborhood of C by a great number of hovering 
nebulae which might form a future cluster we must analyze the action of 
impacts between nebulae not belonging to the accidental original group. 

Consider two such nebulae of masses mi and which move with the vec- 

' 1^ 1 ^ 

tonal velocities Vi and v % . The center of mass of this couple will continue 

to move with a velocity v — (mi&i + + w s ) relative to a system 

of coordinates 2 attached to C, even if an impact between the two nebulae 
takes place near C. Such impacts can therefore not effectively contribute 
to the number of nebulae hovering around C, except perhaps in the very 
rare case that a head-on impact takes place between two nebulae for which 

7 is approximately equal to zero. The situation, however, is different 
for triple and multiple impacts. During such impacts one nebula may be 
effectively stopped down near C without any violation of the law of con¬ 
servation of momentum because the remaining nebulae may carry away 
the surplus momentum. 

Since among the multiple collisions which are effective in the produc¬ 
tion of clusters, triple collisions are by far the most numerous we shall 
now calculate their frequency in a given random distribution of nebulae. 

Suppose that N nebulae are distributed at random in a unit volume 
of space and that the average velocity square is v*. We say that 
an «-fold collision is taking place if n nebulae are simultaneously enclosed 
by a sphere (impact volume) whose volume is a «* 4irr 8 /3. The number 
2 of w-fold collisions per unit volume and unit time under circum¬ 
stances is 4 

2 Si JW-V) v, /«!r, ( 1 ) 

where the unit of volume must be chosen so that v « 1. We chose as 
the unit of volume a cube whose edge is L = 10 megaparsecs » 3 X 10“ 
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cm. In this “unit” volume there are, according to Hubble,® about N = 
5 X 10 s nebulae. For an effective triple collision to take place, r and a 
must certainly not be larger than about r =» 10 4 parsecs *= 10 “*i and 
0 = 4Tf*/3 = 4 X 10 9 X 8 . Furthermore we have in order of magnitude 

(ii*) v ' £ JO 7 cm./sec. £ 3.3 X lO" 19 L/sec. (2) 

Substituting these values in (1) we obtain 

Z * 10“«/sec. - 3 X 10“»/year, (3) 

In other words, it takes on the average about 3.3 X 10 u years for a single 
triple collision to occur in a volume X 3 which contains just about the 
number of nebulae (N = 5 X 10 8 ) necessary for the formation of a large 
regular cluster. Before a cluster is really formed every one of these nebulae, 
on the average, will have to be involved more than once in a multiple 
impact, so that the time of formation r of a large cluster out of a random 
distribution of nebulae is 

r > 10 1 * years. (4) 

This period r which is necessary for the formation of a regular cluster is 
so much larger than the time of only 2 X 10 y years available in an expand¬ 
ing universe that the above considerations, if substantiated by further 
observations, would rule out any possibility of interpretation of the 
nebular red-shift on the basis of an expanding universe. 

Z). Clusters of Nebulae in an Expanding Universe—It might be ob¬ 
jected that in a contracted universe some billions of years ago clusters of 
nebulae have already existed and that the clusters observed at the present 
time are identical with the original clusters. The present greater di¬ 
mensions of these clusters then would be due to the fact that the original 
member nebulae have moved to greater distances from the original center 
of a cluster, depending on their initial velocities. The observations dis¬ 
cussed in the sections £4 and 55, however, make this possibility improbable. 
Indeed, in the case just discussed the nebulae on the outskirts of a cluster 
should show predominantly radial velocities directed away from the center 
of a cluster. These velocities should assume the largest values for the 
nebulae which have traveled to the greatest distances from the centers 
of the clusters to which they originally belonged. This conclusion is con¬ 
tradicted by the observations mentioned in section 55. Also it would 
seem impossible to explain the preponderance of spiral nebulae on the 
outskirts of clusters. In addition it would be difficult to explain the 
spatial distribution of nebulae in a cluster. 

E . Other Observations Pointing towards a Stationary Universe rather 
than an Expanding Universe .—It was thought for a while that counts of 
nebulae to successively fainter magnitudes would lead to a decision about 
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the expansion of the universe. It was, however, soon realized that this 
investigation which was partially carried through by Hubble, 6 would 
have to overcome two serious difficulties before conclusions drawn from it 
could be accepted with any degree of confidence. In the first place it 
would be necessary to secure thousands of long exposure plates of equally 
good quality taken with the large reflectors under good seeing conditions. 
Many years are required to accumulate such a set of plates, especially if 
duplicates of each field in the sky are desired. In the second place cor¬ 
rections for the effect of the redshift on the apparent magnitude of the 
distant nebulae must be applied. The calculation of these corrections and 
the interpretation of the resulting counts of nebulae are largely dependent 
on the real nature of the red-shift and on the theoretical model of the uni¬ 
verse from which one starts. Counts of nebulae in themselves do not 
therefore enable us to reach directly a clear cut decision for or against the 
expansion of the universe. But even if the practical and theoretical diffi¬ 
culties just mentioned could be eliminated in their entirety, we now know 
that counts of nebulae cannot, in principle, lead to the decision desired 
because of the interference of gravitational lense effects 6 which, at the 
crucial distances of hundreds of millions of light years considered by 
Hubble, must become of ever increasing importance. 

There is nevertheless a method, based on specific counts of nebulae in 
clusters, which is free from the three objections discussed in the preceding 
and which promises to supply us with additional decisive evidence con¬ 
cerning the nature of the red-shift from nebulae. 1 As already mentioned, 
in an expanding universe clusters at an earlier stage must have already 
existed in a very condensed state, since otherwise there would not have 
been time enough for them to be formed at all. This means that clusters 
now observed at very great distances must on the average be much more 
condensed than the nearby clusters. At the present time not enough dus¬ 
ters are known to make a test of this conclusion practical. With the 
completion of the 48-inch Schmidt tdescope for the observatory on Palomar 
Mountain clusters at great distances will be quickly discovered in suffi- 
dent numbers to make possible the investigation just suggested. The 
48-inch telescope also will enable us to accumulate a statistically complete 
set of data concerning the properties of clusters discussed in section B. 
If these additional data substantiate the prdiminary investigations avail¬ 
able at the present time the case against the hypothesis of an expanding uni¬ 
verse will in our opinion be a strong one. 

* For a discussion of the time of formation of double galaxies, see for instance E. 
Holmberg, Ann. Obsetv. Lund , No. 0, 103 (1937). The fact that the formation of double 
nebulae presumably involves a period of time longer than two billion years cannot, 
however, be used as a decisive argument against the theory of the expanding universe 
since the double nebulae do not satisfy the requirement (a) of Section A 
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BODILY CONSTITUTION AND HUMAN LONGEVITY 1 
By Raymond Pearl and W. Edwin Moffett 

Department of Biology, The Johns Hopkins University, School of Hygiene and 

Public Health 

Read before the Academy October 23, 1939 

I—The problem with which this paper is concerned may be stated as 
follows: Consider two groups, A and B t of adult human beings, both drawn 
from the same universe, but in such a manner that the individuals in the A 
group are the longest-lived individuals in that universe, while the indi¬ 
viduals in the B group are the shortest-lived to be found in the universe who 
also were, at the time they were observed and measured, of the same age 
in years, individual by individual, as the persons in the A group when they 
were observed. All the individuals in both the A group and the B group 
were in a state of sound health at the time of observation, as determined 
by medical examination. The question to be answered is: Were there 
significant differences between group A and group B, at the time of ob¬ 
servation, in respect of bodily structure or functions that can be measured 
and expressed biometrically? The important part played by inheritance 
in the determination of human longevity has been abundantly demon¬ 
strated. 2 A necessary consequence of the fact that there is a genetic ele¬ 
ment involved in longevity is that each individual organism starts life with 
some degree of pre-determination as to the probable duration of its life. 
Environmental circumstances encountered along the way may modify the 
ultimate duration achieved by each individual, but apparently never to the 
complete elimination or obliteration of the effect of the genetic element, 
when the mean longevity of a group of substantial size is considered. Does 
this genetic influence on the distribution of longevity in the group also 
manifest itself in measurable morphological and physiological character¬ 
istics ? 

A first preliminary report of some of the results of our study of this prob¬ 
lem was made in 1938 (Pearl, R., J(C) pp. 473-476). The present paper is 
to be regarded as a further progress report of an investigation still being 
continued. 



TABLE 1 

Mean Age and Survival Characteristics of Two Selected Groups of Adult White Males 
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II. The present paper 
deals with 2332 adult white 
males. These persons fall 
into six series in respect ot 
the primaiy cause of their 
deaths: 1600 (800 long-lived 
and 800 short-lived) died 
of diseases of the heart and 
circulatory system; 214 of 
nephritis and other kidney 
affections; 272 of some form 
of cancer; 156 of pneu¬ 
monia, lobar or bronchial; 
54 from a traumatic ac- 
cident of one sort or 
another; and 36 of diabetes 
mellitus. 

Table 1 shows the arith¬ 
metical mean or average 
ages of these persons at the 
time they were observed 
and measured, and the 
mean durations of their 
several survivals afterward, 
with the probable errors of 
the means in each case. In 
table 1 the rubric Longevity 
(+) means that the indi¬ 
viduals thereunder sub¬ 
sumed were the longest- 
lived individuals in our col¬ 
lection of material in each 
defined eause-of-death 
series. This Longevity (+) 
group included every single 
individual, without further 
selection, whose survival 
after observation surpassed 
the expectation of life 
(mean-after-lifetime) for his 
age at observation as set 
forth in the Dublin and 
Lotka* life table of 1929- 
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1931. This life table imposes a rather drastic selection for longevity, 
when used in this way, because its expectations of life up until well 
past 50 years of age are the highest hitherto recorded for an American 
life table based upon the general population. The rubric Longevity ( —) 
means that each individual therein included was the shortest-lived white 
male to be found in the same cause-of-death series whose age at the time of 
observation fell within the same decade of age (30-39 years, 40-49 years, 
etc.) as that of some particular individual in the Longevity (+) group; and 
was, within the age decade, as close as possible to the exact age of the 
Longevity (+) individual with whom he was paired. So then the Longevity 
( + ) and Longevity ( —) groups of tables 1, 2 and 3 represent as precisely as 
was practically attainable the Group A and Group B of the preceding sec¬ 
tion of this paper. The individuals in both the Longevity (+) and Lon¬ 
gevity (—) groups were in substantially equal and sound health at the time of 
observation , as determined by medical examination. The observations and 
measurements, in other words, were made before the discoverable onset of 
the disease that eventually led to death. It is clearly to be understood 
that the observations and measurements in the diabetes series, for example, 
were not made upon persons having diabetes, but upon healthy persons who 
developed diabetes at some subsequent time and ultimately died of it. 

From table 1 the following points are to be noted: 

1. In no one of the six series was the difference in the mean ages at the 
time of observation between the Longevity (+) and Longevity ( —) groups 
statistically significant in comparison with its probable error. All were 
observed at average ages in the late thirties or early forties, except for the 
small diabetes series, where the mean age at observation was in the mid¬ 
forties, The 272 individuals ultimately to die of cancer were, on the 
average, the youngest at the time of observation. 

2. As indicated by the differences in mean ages at death the Longevity 
(+) group outlived the Longevity ( —) group by average amounts ranging 
from about 21 years in the case of the diabetes series to about 30 years in 
the case of the accident series. In the other four series the smallest dif¬ 
ference between the (+) and ( —) groups in mean age at death was 24.48 
* 0.32 years (heart), and the largest was 29.40 =*= 0.92 years (pneumonia). 

3. The mean number of years of survival from observation to death, de¬ 
rived by averaging the individual differences between ages at observation 
and death, closely parallel the differences in mean ages at observation and 
death discussed in the preceding paragraph, as must necessarily be the case. 
Nothing different in principle is brought out by this statistically more pre¬ 
cise method of appraising actual survival. 

4. Finally it is seen that the Longevity (+) group lived longer than the 
Dublin and Lotka life-table expectations of life proper to their ages at ob¬ 
servation by average amounts ranging from 5 years in the case of the di- 
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abetes series to a little over 7 years in the nephritis series. The Longevity 
(~) group, on the other hand, failed to achieve the D, and L. life-table 
expectations for their ages at observation by amounts ranging from 15.6 
years in the case of the eventual diabetics to nearly 29 years in the case of 
those dying from traumatic accidents. 

Ill,—Table 2 presents the mean measurements, and their probable 
errors, for the Longeinty (+) and Longevity ( — ) groups in respect of seven 
anthropometric characteristics. The Habitus Index used (cf. Pearl a(c) ) 
is derived as follows: 


Habitus Index — 


100 (Chest girth at expiration + Umbilical girth) 

Stature 


From table 2 the following points may be noted: 

1. There was no significant difference in mean stature between the 
Longevity (*+•) and Longevity ( —) groups, at the time of observation in any 
of the six series. All the stature means fell close to the general average of 
174.3 cm. shown by Hrdlifcka's 4 727 Old American males. There appears 
to be no somatic constitutional differential in respect of stature between 
long-lived and short-lived male persons who have already lived to an 
average age of roughly 40 years when observed. 

2. The same thing was true relative to mean body weight at the disease- 
prior time of observation among those ultimately dying of pneumonia or of 
traumatic accidents. In these two series the differences in mean body 
weight between the Longevity (+) and Longevity ( — ) groups were ab¬ 
solutely small, and statistically insignificant. In the case of those even¬ 
tually dying from diseases of the heart and circulatory system, and of those 
dying from nephritis, the mean body weight at the time of disease-free ob¬ 
servation was significantly greater for the short-lived ( —) than for the long- 
lived (-f). The difference was more than 9.5 times its probable error in 
the heart disease series, and more than 4.4 times in the nephritis series. 
In those eventually dying from cancer, and from diabetes, the mean body 
weight was also in each case greater in the short-lived than in the long-lived 
group. But in neither case was the difference significant in comparison 
with its probable error. Final judgment in these series must wait upon the 
collecting of more material. The mean weight of 71.86 kg. for the Lon¬ 
gevity (+) group in the heart series is close enough to Hrdli&ka's 4 mean 
(under comparable conditions of weighing) of 69.99 kg. for 232 Old Ameri¬ 
can males of an average age of 37-2 years (against the 41.7 yrs. of our (+) 
heart group) to indicate clearly that the significant differences in mean 
body weight between our (+) and (—) longevity groups arise fundamen¬ 
tally because the individuals in the (-) heart and nephritis series were, at 
the time of disease-free observation, on the average over-weight as com¬ 
pared with the general run of normal American males at the same age. 
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3, In minimum (at expiration) and maximum (at inspiration) chest 
girth the Longevity (—) group exceeded, on the average, the Longevity (+*) 
group to an amount that is well beyond anything likely to arise from chance 
fluctuations, in both the heart and the nephritis series. The differences in 
the means here range from 4.0 to 9 times their probable errors. In none 
of the other series could the differences between the (+) and ( —) longevity 
groups be regarded as statistically significant, having regard to their prob¬ 
able errors. A clear picture regarding these other series must wait upon the 
collection of larger samples. 

4. In mean chest expansion (maximum-minimum chest girth for each 
individual) there was a probably significant difference between long-lived 
(+) and short-lived (—) groups, at the time of disease-free observations, 
in only the heart series, where the difference was 3.4 times its probable error, 
and in favor of the short-lived ( — ). The difference was 2.7 times its 
probable error in the pneumonia series, and there was in favor of the long- 
lived (+) group. But in all the series the differences were absolutely small 
and it seems on the whole probable that in no cause-of-death series so far 
studied is chest expansion to be regarded as a clear constitutional dif¬ 
ferential between the long-livfcd and the short-lived. 

f>. In mean umbilical girth the short-lived (*—) groups were larger than 
the long-lived (+) groups in the heart and the nephritis series, but in 
neither case was the difference statistically significant in comparison with 
its probable error. In all the other four series the mean umbilical girth 
was somewhat greater in the long-lived (+) than in the short-lived (—). 
In the cancer, pneumonia and accident series the difference was in each 
case more than 3 times its probable error, and must therefore be regarded 
as probably statistically significant. 

6. The diabetes series is so small at present that any indications from 
it can only be regarded as tentative suggestions, but it is noteworthy that 
in body-weight and in all the girths the means for the diabetes series were 
much larger than those for any of the other series. The suggestion is that 
the men destined to die of diabetes present, on the average, long before 
they show any discoverable signs of the disease, the bodily picture of the 
heavy, rotund, pyknic sort of individual. 

7. In respect of mean habitus index the short-lived (—) groups exhibited 
higher values (i.e., tended more to the pyknic type of body build) than did 
the long-lived (+) groups in both the heart and the nephritis series. The 
difference between the two longevity groups was more than 4 times its 
probable error in the heart series and therefore statistically significant. 
In the other four series the long-lived (+) groups all exhibited higher mean 
habitus indices than the short-lived groups, though none of the differences 
can be regarded as statistically significant. Since a value of 100-101 for 
this index is about that shown by the normal euplkstic individual of inter- 
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mediate (= Kret¬ 
schmer’s “ath¬ 
letic ’ ’) somatic type , 
the suggestion ap¬ 
pears to be that in 
the cancer and 
pneumonia series, 
the short-lived (—) 
individuals tended 
as a group away 
from the usual or 
intermediate type 
in the direction of 
the asthenic habit 
of body. 

IV.—Table 3 
gives the mean 
pulse rates, and 
their probable 
errors, for all six 
cause-of-death 
scries, and the 
mean systolic, dia¬ 
stolic and pulse 
blood pressures, 
with probable er¬ 
rors, for the heart 
series. The collec¬ 
tions of blood pres¬ 
sure data in the 
other series are as 
yet too small to 
give reliable re¬ 
sults. 

From table 3 it 
is to be noted that: 

1. In all six 
causes-of-dea th 
series the mean 
pulse rale was 
higher in the short¬ 
lived (—) group 
than in the long¬ 
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* Mean age at obs. = 57.80 ±0.29 years. 
** Mean age at obs. ** 60.84 ±0.38 years. 
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lived (+) group. The difference was definitely not significant statisti¬ 
cally in the accident and nephritis series. It was certainly significant 
in the heart and pneumonia series, and probably so in the cancer and 
diabetes series. In appraising the significance of the pulse rate data 
it is to be noted that the generally accepted figure for the normal average 
pulse rate of healthy adult males is 72 beats per minute. The means for 
the long-lived (+) groups in all the series obviously come much closer to 
this normal figure than do the means for the short-lived ( —) groups. It is 
perhaps not unreasonable to suppose that the heart of the average man in 
the short-lived (—) group of the heart series, for example, that had beat 
more than 18,246,000 times more in the first 41 years of its life than had 
the heart of the average man in the long-lived (+) group of the same series, 
would not be likely to last so long thereafter. Many diverse lines of inquiry 6 
have led to the conclusion that the duration of life in general varies in¬ 
versely with the rate of living. The present findings os to the compara¬ 
tive rate of heart beat in the long-lived and the short-lived appear to add 
further confirmation to this generalization. 

2. The mean systolic and diastolic blood pressures of the short-lived (—) 
group in the heart series were lower than those of the long-lived (+) group 
by absolutely small, but probably significant, amounts. In both groups 
the pressures were well inside the range generally regarded as normal for 
the average age of the men in these groups. The mean pulse pressure was 
higher in the short-lived (-) group, but by an amount so small as not to be 
statistically significant. 

V.—The conclusion seems justified by the evidence presented that 
groups of adult human beings of substantially identical age composition, 
and of equally sound health (freedom from disease) so far as clinically ob¬ 
served, but eventually exhibiting a wide difference in average longevity, 
may be significantly differentiated constitutionally, one from the other, in 
respect of a number of bodily characteristics both morphological and physio¬ 
logical, long before the onset of diseases that will ultimately prove fatal. 

* From the Department of Biology, School of Hygiene and Public Health, Johns 
Hopkins University. This paper constitutes No. VIII in a series of Studies on Human 
Longevity. 

1 Cf. (a) R. Pearl. "Studies on Human Longevity. IV. The Inheritance of Longev¬ 
ity,” Human Biology, 3,246-269 (1931); (6) R, Pearl and Ruth D. Pearl, The Ancestry 
of the Long-Lived, Baltimore and London, Johns Hopkins and Oxford University Presses, 
1934, pp. xiii + 108; (e) R. Pearl, "The Search for Longevity,” Sci. Monthly, 46, 462- 
483 (1938). See also bibliographic references given in (o) and ( b ). 

* Dublin and Lotka, Length of Life. A Study of the Life Table, New York, 

Press, 1936, pp. xxii + 400, The life table is on pp, 14-17. 

‘ A. Hrdlidka, The Old Americans, Baltimore (Williams and Wilkins), 1926 pp xiii 
+ 436. 

* For a summary of this evidence, cf. R. Pearl, The Rate of Living, New York (Knopf), 
1928, pp. 186. 
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OCCURRENCE OF CRETACEOUS REPTILES IN THE MORENO 
SHALES OF THE SOUTHERN COAST RANGES, CALIFORNIA 

By Chester Stock 

Balch Graduate School op the Geological Sciences, California Institute 

of Technology 

Communicated November 6. 1939 

Recently, S. P. Welles called attention to a plesiosaur from the Upper 
Cretaceous of the San Joaquin Valley, California, and on the basis of its 
skeletal characters, long neck and short head, referred this sauropterygian 
to the family Elasmosauridae. 1 During the past summer, field parties 
from the California Institute of Technology explored the Moreno forma¬ 
tion as exposed in the Panoche Hills, northwestern Fresno County. Our 
attention was drawn specifically to this region by the discovery of reptilian 
remains by Robert T. White of the Bamsdall Oil Company. The ma¬ 
terials found by Mr. White proved to be on excavation a shoulder girdle, 
one flipper, a series of sixty or more vertebrae and remains of the posterior 
part of the skull and jaws of a plesiosaur. Apparently the marine reptile 
represented by these remains possesses several of the characters noted by 
Welles in the plesiosaur found approximately five miles farther north in 
the Panoche Hills, although the second specimen is distinctly smaller than 
the first. 

Further search in the region where the second plesiosaur was found re¬ 
vealed the presence of two other types of reptiles. These represent mosa- 
saurs and an hadrosaurian dinosaur. Both types are of interest, and the 
latter particularly, because for many years no record has been made of 
the presence of these groups in Cretaceous deposits of the Pacific Coast 
of North America, although they are not uncommon in certain horizons 
of the Cretaceous found elsewhere on the North American continent. 
Discovery of these reptiles in this far western area is of considerable scien¬ 
tific interest and possesses great significance since among other facts derived 
from the study of the remains as well as of the occurrence, light may be 
thrown not only on the age relationships of the Moreno but also upon the 
conditions under which at least certain portions of the formation accumu¬ 
lated. 

The localities of occurrence of the fossil reptiles are found in the Panoche 
Hills, a region selected originally as the type locality for the two formations 
into which the Chico Cretaceous was divided by Anderson and Pack* in 
1915. These authors recognized within the upper Cretaceous Chico Group, 
as exposed along the western border of the San Joaquin Valley north of 
Coalinga, California* a lower formation which they designated the Panoche 
and an upper formation called the Moreno. The two formations are ap- 
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FIGURE 1 

Columnar section showing contact of the Moreno and Panochc formations and lower 
portion of the Moreno with California Institute localities of. occurrence of fossil rep¬ 
tiles in the Panoche Hills, northwestern Fresno County, California. Elevations indi¬ 
cated in feet. 
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Figure A. View looking west showing occurrence of mosasaur skull and skeleton 
at C. I. T. Vert. Pale. Loc. 331 in Cretaceous Moreno formation, Panoche Hills, 
northwestern Fresno County, California. 

Figure B. Block containing mosasaur skull and skeleton excavated at locality 
331. Note skull (lower right) and large flippers. At upper end of block and to 
right of vertebral column may be seen the organic material representing remains of 
food from the digestive tract of this marine reptile. 
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parently conformable. The line of separation between the Moreno and 
the Panoche has been taken where a rather well defined change in relief 
occurs from the steep slopes of the Panoche sandstones to the gentler and 
rounded topography of the Moreno shale. In most places it is expressed 
also by a distinctive difference in lithology, the sandstones of the Panoche 
giving way to the black shales of the Moreno. However, at the line of 
separation the change in deposits is not abrupt but is one of transition, 
for the upper standstone members in the Panoche formation are inter- 
bedded with shales like those which occur higher in the more typical parts 
of the Moreno. The shales are cut by sandstone dikes, as noted by Ander¬ 
son and Pack, and at least in one instance a clastic dike of this type cut 
across a series of vertebrae of one of the marine reptiles entombed in the 
deposits. Not far above the highest fossil reptile occurrence, namely, at 
approximately 700 feet above the base, the characteristic dark shales of 
the Moreno are replaced by lighter colored shales. 

As shown in the columnar section, figure 1, all the reptile localities thus 
far uncovered in the Panoche Hills by the California Institute occur in the 
Moreno formation. Their presence appears to be restricted to the lower 
700 feet of the Moreno and Tossil remains are found at various levels 
throughout this thickness. The specimen of an hadrosaurian dinosaur 
occurred approximately 100 feet above the base of the Moreno. Remains 
of plesiosaurs and mosasaurs were found higher in the section. Skull and 
skeletal parts are encrusted with gypsum and the specimens are usually 
rather well preserved. Apparently complete skeletons are rare, but parts 
of skeletons and skulls are not uncommon. In one instance, what appear 
to be gastroliths were found in association with plesiosaur remains. An* 
other individual, in this instance a mosasaur, consists of a considerable 
portion of a skeleton with the skull (plate 1) found at locality 331, In 
this specimen organic material including fish remains and representing 
apparently food from the digestive tract of this marine reptile lay beneath 
the presapral portion of the vertebral column. Elsewhere in the reptile* 
bearing shales of the Moreno occur specimens of fossil wood, and fish re¬ 
mains as well as fossil invertebrates are found occasionally. 

1 Welles, S. P., Abstract, August, 1939, meeting of the Paleontological Society, 
Berkeley, California. 

* Anderson, R., and Pack, R. W., U. S. Geol Surv. Bull, 603, 40-57, pi. 5 (1915). 
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ON CAUCHY'S INTEGRAL THEOREM IN THE REAL PLANE 


By Karl Mbngkr 


Department of Mathematics, University of Notre Dame 
Communicated November 8, 1939 


1. Introduction. —In a rectangle R let p(x, y) and q(x t y) be two continu¬ 
ous functions, and associate with each rectifiable curve C the number 
J(C) «= Sc pd x + qdy. Under which conditions is J the same for any two 
coterminal curves in Rf 

The ordinary conditions are based on the existence of partial derivatives 

/&P / bq 

of p and q, or at least of p 2 * and — —, everywhere or at least al¬ 
most everywhere, and on the equality of p f % and q[ everywhere or almost 
everywhere. However, as the following example shows, no assumptions 
whatever about differentiability are necessary in order that the integral be 
independent of the path. Let f{z) be any continuous but nowhere differen¬ 
tiable function of one real variable s, and set />(#, y) « g(*, y) — f(x + y). 
Although neither p nor q has any partial derivative, f pdx + qdy is inde¬ 
pendent of the path. 

We shall formulate a geometric condition that is both necessary and 
sufficient. The two classical sufficient conditions (viz., that p and q have 
differentials at each point of R, though their partial derivatives need not 
be continuous, or that p f % and q[ are continuous) directly imply our general 
condition; the second even after being generalized to such an extent that 
existence, continuity and equality of p* and q[ are merely required at de- 
numerably many points (thus almost nowhere). Besides also nowhere 
differentiable cases subsume under our general theorem. 

Just as in the metrical treatment of line integrals in the calculus of varia¬ 
tions 1 ) it is useful to associate with any two points z 0 = (x 0 , y< j) and Zi » 
(%u yi) beside their Euclidean distance 5(z fl , Z\) another (“variational") dis¬ 
tance, viz., 


$i(*o, *0 * P(xo, >).(*! - #o) + q(x o, y 0 ).(yi - yo), 

and with each polygon Z « [z lt a*, .. z H ) beside its Euclidean length 
\(Z) » 2 i(Zi , Zi + j) a variational length, viz., h (Z) * 2 5i(s<, %i + x ). Since 
\\{Z) for a polygon Z inscribed in the curve C is a Riemann sum of Sc pdx + 
qdy , the number J{C) is nothing but the length of C derived from the 51- 
distance. 

2. Nets and Dotted Nets .—Let R be the rectangle a <x <b t c < y < d. 
We call rectangular net of points ini?a matrix of points » (x i9 yf) (*« » a, 
x m +i b>yo m c } + i * d, Xi < + yj < yy + n 0 < i < m + 1, 0 <j < 

n + H 
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Let Z — Zij be a rectangular net. For i, j with 0 < i S m > 0 ~ J ~ n 1 
we form X ip a finite ordered set of points between z v and s, + y and includ- 
ing these points; for i> j with 0 X < < w + 1,0 < j ^ wwe form F#, a 
finite ordered set of points between Zij and Sy- 4-1 and including these points. 
The set Z* - 2 A r y + 2 F y will be called a dotted rectangular net derived from 
Z. In the following we shall apply this name merely to dotted rectangular 
nets with the property that for each i (0 < i < m) the n + 2 sets A tj 
(0 < j < n + 1 ) have the same horizontal projection, and for each j the 
m -f 2 sets Yij have the same vertical projection. The points of the dotted 
net then may be denoted by 


and 

where 


z ikJ = (x ik , yf) (0 < i < nt, 0 < k < k i} 0 < j < n + 1 ) 
z tji ~ ( x t> yji) (o < i < m + i» 0 < i < 0 < / < fj) 

Xoo * X m fe w = tfift < *t> + l ^ x iki ~ + 1 “ *« + t 0 


yw = y» rt 3=5 ^ Aji < yji +1 ^ - y, + 1 - y> +1 o- 

is undotted ( = if) if kf = 1, /,* = 1 for 0 < ? ^ tr? t 0 5* J ^ n. I he 
segments x = x,-, c < y < d, 1 ^ i < w and y ~ yy, a < # ^ 1 < J ^ n 
will be called the threads of Zf. 

By the mesh My of 7Z we mean the quadrangle z ijf + y , s,y + 1 > 4; +1 s + 1 
bounded by the polygons X ijt Y& Xy + 1 , F M . u . By we denote the Eu¬ 
clidean length of the longest of these four polygons (that is, in our rectangu¬ 
lar case, the greater of the two numbers Xi +1 — x, and yj + i — yj)> by My the 
area enclosed by the four polygons (in our rectangular case, the area of the 
rectangle). The largest of the numbers will be called the norm of the 

dotted net Z f and denoted by v(Z f ). 

3. A Necessary and Sufficient Condition .—For the mesh we set 


[Xi(A*y) + Xi(Fj + y )] ~~ [Xi(F^) “f XjAy' + j)] 

= — --- 

. Uij 

Xi denoting the variational length (see introduction). The largest of the 
numbers will be called the quotient of Z f and denoted by p(Z f ). 

In this terminology we can prove: In order that in the rectangle R the 
integral J{C) 355 So P^ x + ffiy independent of the path it is necessary and 
sufficient that for each « > 0 there exists a dotted rectangular net in Rfor which 
both norm and quotient are < t. Since, as is well known, the functional 
J{C) is continuous, there is no difficulty in extending the theorem to non- 
rectangular domains. Moreover it is clear that the rectangular character 
of the nets is inessential. The dotted rectangular nets in our general condi¬ 
tion may be replaced by dotted quadrangular nets of points that can be ob¬ 
tained from dotted rectangular nets by deforming their threads provided 
that Vij denotes the Euclidean length of the longest of the four polygons 
bounding the mesh My, and ju y the area bounded by these four polygons. 
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Our condition implies that in order that J(C) be independent of the path 
it is sufficient that for each * > 0 there exists a rectangular (or quadrangular) 
undotted net of points whose norm and quotient are < e. If M# is a mesh of 
an undotted rectangular net, then each of the four polygons that form the 
boundary of consists of two corners of a rectangle, and we have Xi(Xy) 
= Si (Zij, Hi + u) = p(x it yj).(xi +1 - Xi), \,( Yi + u ) = q(*u + „ %■).(% +, - %). 
Xi(Fiy) == q(xi, yj).(y j + l - y s ), h(X ij + ,) = />(*,, y s + i).(x,- + , - *,), and 
hence 

_ fl(*< +1 Vj ) - q.(xj, y,) pixi, yj + Q - p(x { , y,) 

(Hj ~ 

Xi + J - Xi y j+1 - y 5 

Thus our sufficient condition implies that the difference of the difference 
quotients of q with respect to x, and of p with respect to y tend toward 0 
without assuming that these difference quotients themselves tend toward 
any limit, i.e., without assuming the existence of the partial derivatives q[ 
and P 2 * The question of the necessity of our last condition is open. 

4. The Goursat-Heffter Condition— For a given p and q and a given e > 
0, a rectangle R f of area | if' | will be called an e-figure if fwpdx + qdy < 
e| if' |. If both p and q have total differentials at each point z — (x t y) of 
if, then for each e > 0 and each point z there exists a circle C 0 (z) with z as 
center and the following property: each rectangle R f with sides parallel 
to the axes and contained in C 0 (z) is an e-figure. Now, if if* is a rectangle 
in the e-neighborhood of R interior to R , we can associate with each point 
z of if* a rectangle R(z) that is an e-figure contained in C 0 (z) and in if, and 
containing z in its interior. A finite number of these rectangles R(z) covers 
/?*. Extending the sides of these rectangles to the boundary of if we get 
the threads of a rectangular net of points from which we can derive a dotted 
net of points whose quotient is < e. Interpolating other vertical and hori¬ 
zontal threads, if necessary, we get a dotted rectangular net for which both 
norm and quotient are < e. Thus R satisfies our general condition. It 
is clear that we even might admit points at which p and q do not have dif¬ 
ferentials provided that the set of these points can be covered by a finite 
number of rectangles whose total area is arbitrarily small. 

5. A Sufficient Condition Generalizing the Continuity of p% and q v — 
Let e > 0 be given and assume the existence of 1) a seti4 t dense in R such 
that for each point (x, y) of A 0 we have | p' t (x } y + 0) — q[ x (x 4* 0, y) j < e 
where these numbers denote the right partial derivatives of p and q at 
(x t y) f and 2) a number 6, > 0 such that for each point (x, y) of A t and 
each positive 5 < we have 


I p%{*> y + 5) — p’ t (x , y + 0) I < € and \q x (x + 5, y) - q[(x + 0. y) I < *. 
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Then R contains even undotted rectangular nets of arbitrarily small 
norms whose quotients are < 3e. Thus if the conditions 1 ) and 2) are satis¬ 
fied for each e > 0, then the sufficient condition of section 3 holds . 

The hypothesis 2) may be weakened. It is sufficient to assume that 
along the short vertical and horizontal segments through the points (x, y) 
of A, the upper and lower derivatives p 3l P t , q lt do not differ too much 
from pi(x, y + 0) and q[ix -f 0, y), respectively. We need not assume 
the existence of the partial derivatives p' t and q[ along these segments. 
In the hypothesis 1) it is sufficient to assume that the sets A, are denumer¬ 
able or even finite provided that they are sufficiently dense in R. At any 
rate, by considering the set A , + A ./, -f A Vl -f ... we see that it is only at 
the points of a denumerable set that we require the existence and approxi¬ 
mative equality of partial derivatives pi and q[, or more precisely, of right 
derivatives only. 

6 . Nowhere Differentiable p and q .—Let / be a continuous function of 
one real variable, and consider the integral ff{x + y)(dx + dy). If M if is 
any mesh of any rectangular net of points, we have 


[X| (Xij) + Xi( Kj 

+y)J 

— 

\MY iS ) + X,(X y 

+01 = 

[P(xi, yj) ■ (Xi +i - 

Xi) 

+ 

q(x< +i, yj)-{yj +i - 

yj)\ - 

ls(**> %)•(*< +i - 

* *<) 

+ 

Pi.Xit yj +i).(% +i ■— 

yj)\ - 

[/(*< + %•)(*<+! ' 

- Xi) 

+ 

/(*« +i + yj){yj +i - 

yj)) - 

[/(*.- + yj)( yj +1 

- yj) 

+ 

f{xi •+■ yj +i)(x, - 

- *<))• 


If My is a square then this expression is 0, and hence p i} - 0. Conse¬ 
quently, there exist undotted square nets of points (i.e., nets consisting of 
the comers of squares) whose norms are arbitrarily small and whose quo¬ 
tients are exactly 0. In particular, this holds for the case mentioned in the 
introduction in which f is nowhere differentiable. In a similar way 
ffiax + by)(adx -f bdy) admits undotted nets of rectangles of a certain 
shape whose norms are arbitrarily small and whose quotients are exactly 0. 

A sufficient condition for the independence of fpdx + qdy of the path is 
the existence of one sequence of undotted rectangular nets of points whose 
norms and quotients tend toward 0. As a further remark Dr. A. Wald 
pointed out in a conversation that if all rectangular nets of points whose 
norms are sufficiently small have arbitrarily .small quotients, then the par¬ 
tial derivatives p' t and q[ necessarily exist. This remark shows clearly in 
which respect the classical arguments are redundant, viz., that they im¬ 
plicitly make assumptions for all nets which, according to our theorem, it 
is sufficient to make for one sequence of nets, this latter assumption twdng 
at the same time necessary. 

Clearly our method is also applicable to higher dimensional integrability 
conditions and to the theory of complex functions. 
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In concluding I wish to express my thanks to Dr. A. N. Milgram and Dr. 
A. Wald for several suggestions simplifying the formulation and the proofs 
of the theorems presented in this paper. 

1 Proc. Nat .. Acad. Sci. t 23, 246-248 (1937) and 25, 474-478 (1939), and Ergebnisse 
ernes matkematischen Kolloquiums, 8, Vienna (1937). 


AN ERGODIC THEOREM FOR GENERAL SEMIGROUPS 

By Garrett Birkhoff 
Department of Mathematics, Harvard University 
Communicated November 10, 1939 

1 . A New Definition of Limit .—By an “ergodic theorem/ 1 one means a 
theorem which asserts that the averages of the transforms of an element 
converge to a limit. 

As has been pointed out to the author by L. Alaoglu, the formulation 
of an ergodic theorem for general groups or semi-groups requires a general 
notion of limit. 1 We shall first give a new definition of limit, which seems 
to be appropriate for formulating ergodic theorems. 

Let [x a \ be any set of elements of any topological space, and suppose a 
transitive relation x a < (read, x fi is a successor of x a ) is defined on this 
set. We shall say that { x a j *‘converges 0 to a limit a (in symbols, x a *—► a) 
if and only if the following condition holds. Given any neighborhood 
U(a) of a, every x a must have a successor all of whose successors lie 
in U(a). 

It is easy to prove that such a generalized ‘‘directed set” converges to at 
most one limit. Also, the above definition specializes to Moore-Smith con¬ 
vergence in the usual sense if the set has the property of Moore-Smith. 2 

2 . An Example ,—The suitability of the above definition of convergence 
for general ergodic theorems follows from a very simple construction. 

Let G be any semi-group of linear operators on topological linear space 
X, and let { be any element of X. We can order the means of the trans¬ 
forms of f as follows. We shall say that one mean is a “successor” of 
another mean, if and only if it is a mean of its transforms. 

Stated in another way, denote by 2c a $T a any mean of transforms of { 
under transformations T a of G . By the “successors” of this mean, we 
intend the means 

Xcl(2c*ZT a )r b m X c’Mtr a T b ). 

6 o a,ft 

Analogously, one can call the successors of a distribution function over 
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any semi-group, its convolutions with other distribution functions; but 
the above example is typical. 

3. Special Case .—We shall deal below with the case that G is a semi¬ 
group of linear isometries or contractions, and is a so-called Euclidean 
space of finite or infinite dimensions, such as Hilbert space,* 

Absolutely no restriction will be placed on G otherwise, and the argument 
will be elementary throughout; we only use the fact that the transforma¬ 
tions of G do not increase norm, and are dosed under transformation- 
multiplication. 

Let g denote the set oi fix-points of 3E—he., of elements £ satisfying £7' 0 ™ 
£ for every T a of G. 

Lemma 1: ^ > s a closed subspace. 

The proof is trivial; is a subspace since the T a are linear operators, and 
closed since they are continuous. 

Lemma 2: The orthogonal complement g' of 3 is transformed into itself 
by every element of G. 

This curious fact can be proved as follows. Let £ e be given; we can 
assume £ — 1 without losing generality. Write £7' fl — n + where 
i? € and f € This is possible since g and S’ are complementary sub¬ 
spaces. Now form f + ££, where c is a variable scalar. Expanding, we 
will have for all c, 

(r + c ^a ~ f7 a + C%T a = f + C7) + cf 

whence 

|(f + c©r g |*fc (i + c)*|f| 2 . 

But since T a is an isometry or contraction, we have 

|(r + <*)r a |* s |f+ cf| s - |fI s + « a |£| 5 = |f|* + c*. 

Combining, we get the identity in c, 

(1 + 2c + c*) | f M I f I 2 + 

and so | f I* S c s /(2c + c 2 ) for all c. From this, letting c tend to zero, we 
conclude | f | s = 0, f = 0 and £7' 0 is an element n of g', q. e. d. 

Lemma 3: Any closed convex set © of I has a unique point nearest 0. 

Proof: This depends on uniform convexity. In fact, let M be the 
infimum of the norms of the elements of ©, and let and V be two elements 
of © whose norms are at most M + e; without loss of generality, we can 
assume | ij' | £ | n j £ 1, Then the norm of + n') is at most |»? | — 
4 | V - v' | a = M + « - J 1 1 ) - V I s , and at least M since © is convex. 
Therefore | v - v' | 2 S 4«, and so | n - v '\ tends to 0 uniformly with e. 
It follows that any sequence of elements of © with norms bounded by M + 
1 /w, converges metrically to an element of © of norm M, and that this is 
unique. 
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Lemma 4: Let £ be any element of g'. Then the closure © of the convex 
hull of the transforms of £ contains 0. 

Proof : By Lemma 2, © is a subset of Hence it is sufficient to show 
that © contains a fix-point, for such an element will be in both 5 and 
and so 0. 

But since c a $7\)T b = 2c a £(T a T b ), clearly the convex hull is carried 

a a 

into itself by every 7\ e G; and since every such T b is continuous, so is its 
closure ©. But since every T b is an isometry or contraction, it carries the 
(unique) nearest point of © into a point of © equally near 0—hence into 
itself. 

4. Main Theorem. With the aid of the lemmas proved above, it is 
easy to prove the following 

Ergo me Theorem : Let G be any semi-group of linear operators on a 
finite or infinite-dimensional Euclidean space, which do not increase dis¬ 
tance. Then the means of the transforms of any element of the space 
converge in the sense of §§1—2 to a fix-point. 

Proof: In the notation of §3, any element £ can be written i? + f (ijefJ, 
Since we are dealing with linear operators, any transform £jT a of £ 
can be written r\ + fwhere by Lemma 2 f'eg'. Since is convex, any 
mean of transforms of £ can be written in the same form. Hence by Lemma 
4, it has a “successor” in the sense of §§1-2 (i.e., a mean of transforms) of 
the form n + f \ where | | is arbitrarily small. Finally, since rj is a fix- 

point and we are dealing with isometries and contractions, all “successors” 
of this mean will be equally near t?. 

In summary, the means of the transforms of £ “converge” to its or- 
thogonal projection on g! 

5. Extension of Main Theorem. In a sequel, the above theorem will 
be extended to a class of transformations of the space (L) and its finite¬ 
dimensional analogues; this will apply to the theory of dependent proba¬ 
bilities, 

A detailed study of the general case, of the definition of convergence given 
above and of its relation to the theory of almost periodic functions over 
general groups, will be made in a joint paper by L. Alaoglu and the author. 
In this paper an example will be given showing that the theorem above no 
longer holds either for isometries and contractions of general uniformly con¬ 
vex spaces, or for semi-groups of linear operators of bounded modulus on 
Euclidean spaces. 

1 This is not the case for the cyclic groups and semi-groups usually considered, or even 
for the case of n-parameter groups treated by N. Dunford, "An Ergodic Theorem for «- 
Parameter Groups,” Proc. Nat , Acad. Set., 25, 195-196 (1939), and Wiener. 

* Cf., "Moore-Smith Convergence in General Topology,” Ann. Math. t 3& 9 39-56 (1937). 

* In the sense of M. H. Stone, Linear Transformations in Hilbert Space , New York, 
1932. Our restriction on G is simply that \%T\ £ |$| for all T « G and £ t X* 
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GENERAL ERGODIC THEOREMS 
By L. Alaoglu and G. Birkhoff 
Department of Mathematics, Harvard University 
Communicated November 10,1930 

1. Generalities.— By an “ergodic theorem/ 1 we mean a theorem assert¬ 
ing the convergence of the means of the transforms T g of an element of a 
linear space E, tinder a group or semi-group G of linear operators T gt to a 
limit fix-point. The present note is a sketch of a new approach to ergodic 
theorems over general semi-groups; details will be given elsewhere. 

The first problem is to define convergence for general semi-groups. This 
can be solved by a new definition of convergence with respect to any transi¬ 
tive ordering, which specializes to Moore-Smith convergence. 1 The 
definition is independent of the existence of any measure or topology on the 
semi-group. In this it resembles von Neumann's definition of the mean of 
an almost periodic function on a group, which it contains.* 

For definiteness, we shall assume that £ is a Banach space, and the 
norms of the T g are uniformly bounded; we shall not assume that G is 
commutative 

Ergodicity cannot be proved without further restrictions. In fact, there 
is a well-known cyclic group of linear operators of norm one on the space 
(. L ), under which the means of the transforms of most elements do not 
converge at all. 

Accordingly, let us define an “ergodic element,” as an element the 
means of whose transforms converge to a fix-point. It can be shown that 
the set of ergodic elements is always a closed subspace, "invariant” in the 
sense of being transformed within itself by every T g . This permits one 
to treat its quotient-space by similar methods. 

Also, the closed convex hull of the transforms of any ergodic element 
contains a unique fix-point. In fact, 

Theorem 1: All the elements of E (or an invariant subspace) are er¬ 
godic, if and only if the closed convex hull of the transforms of every element 
contains one and only one fix-point. 

2. The Minimal Method. —If G is Abelian, then the means of the trans¬ 
forms of any have the property of Moore-Smith: any two have a common 
“successor.” Hence in this case (the only one treated in the literature*), 
there can be only one fix-point. But one can show 1 

Theorem 2: If £ is “uniformly convex,” and the T t are of norm at most 
one, then the closed convex hull of the transforms of any element 
at least one fix-point, namely, the unique point nearest the origin. 

Corollary : If G is Abelian in Theorem 2, then every element of E is 
ergodic. 
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However, in the non-commutative case, we can have the new phenomenon 
of more than one fix-point. In fact, there is a two-element semi-group of 
linear contractions of a uniformly convex plane, under which the closed 
convex hull of the transforms of some elements include infinitely many 
fix-points. 

3. The Method of Nearly Invariant Measures .—Om purely algebraic 
definition of “convergence” for the means of the transforms of an element 
is equivalent in the cases treated in the literature to the more familiar notion 
of convergence with respect to a sequence of measures. 

To establish this equivalence, we define a group or semi-group as “er¬ 
godic,” when it has a sequence of measures tn n (V) with the properties (i) 
m n (G) « 1 for all n and (ii) given T a e G, for sufficiently large n, m n (T a V) 
and m n (VT a ) differ arbitrarily little from m n {V) for all V. In other 
words, right- and left-multiplication change the measure^ increasingly 
little as n ®. 

The wth means in the cyclic case, and the means used in the case of r- 
parameter Abelian seini-groups, are examples of such means used in the 
literature. Group measures furnish other examples, and quite new ex¬ 
amples can be constructed. 

Then assuming as usual that the integrals (nth means) 

Mu = ftT a dV n 
G 

are defined (for which there are various sufficient conditions in special 
cases), one can assert 

Theorem 3: An element £ is ‘ ‘ergodic’ ’ with limit fix-point ft, if and only 
if n* ~ ► Mi as « —* ®, 

This shows that our new definition of ergodidty is a true generalization 
of the usual concept: it is equivalent to the latter wherever the latter is 
defined. It follows a posteriori, that the usual concept of ergodidty is 
really independent of the choice of an "ergodic sequence” of measure func¬ 
tions, and depends only on the existence of such a sequence. 

But applying the usual concept, and a modification of a construction of 
F. Riesz, 4 we can show that if the t-T t lie in a weakly compact set, then £ is 
ergodic in the usual sense—and hence by Theorem 3 in our sense. A host 
of special corollaries follow from this, including most known mean ergodic 
theorems, and new results in the theory of dependent probabilities. 

4. The Method of Invariant Means ,—One can weaken the assumption 
that a sequence of nearly invariant measures are definable on G, to the 
hypothesis that "means” are defined for bounded functions on G, 

A linear functional Mf(T t ) defined on the space of bounded real functions 
f(T t ) on G is called a "mean” if it is non-negative for non-negative functions 
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and gives to/(7 g ) = 1 the mean Mf = 1. It is called right-invariant if 
Mf(T g T a ) = Mf(T g ), left-invariant if Mf(r a T g ) * Mf(T g ), for all T a e G. 

In the case we treat, if If is a mean, clearly Mf(%l' g ) exists for every 
£ e E and / in the adjoint E* of E, and is a linear functional 4> t on E* for 
each £. If M is right-invariant, then ^ is a fix-point for all the second 
ad joints T, g of the T g . If is in E, it is in the closed convex hull of the 
transforms of £.* If the closed convex hull of the transforms of £ is weakly 
bicornpaet, which is the case if E is reflexive, then <f>^ will be in E. 

On the other hand, if M is left-invariant, and if the closed convex hull 
of the transforms of £ contains a fix-point then/0*) = Mf(%T g ) t so that 
fi is unique. Thus in this case, £ is ergodic if and only if the closed convex 
hull of its transforms contains at least one fix-point. Hence if a right-in¬ 
variant mean also exists, £ will be ergodic if the dosed convex hull of its 
transforms is. weakly bicompact. So 

Theorem 5: If right- and left-invariant means exist for G, and if the 
dosed convex hull of the transforms of £ is weakly bicompact, then £ is 
ergodic. 

But if G is Abelian, a construction of Banach shows that such means 


* 

always exist (they also exist for certain other G) G giving an obvious corol¬ 
lary. We also note that if such means exist, the transformation on E 
to E**, which is always linear, defines a projection of the set of ergodic 
elements to the set of fix-points which is commutative with every T g ; in 
fact, this follows from our original definition. 


1 Cf. the preceding note, "An Ergodic Theorem for General Semi-Groups/' §1. 

2 J. von Neumann, "Almost Periodic Functions on Groups/' Trans. Am. Math. Soc., 
36, 45G~8ft (1934). 

* N. Dunford, "A Mean Ergodic Theorem/’ Duke Jour 5,035- 646 (1939), and papers 
(including Wiener’s) cited there. 

4 F. Riesz, “Some Mean Ergodic Theorems/* Jour. Land. Math. Soc., 13, 274-278 
(1938). 

* T. H. Hildebrandt, “On Bounded Linear Functional Operations/' Trans. Am. Math. 
Soc., 36, 875 (1934); S. Mazur, “ttber konvexe Mcngen in Hnearen normierten Raumcn/' 
Studia Math., 4, 70 (1933). 

4 J. von Neumann, "Zurallgemeincn Thcoriedes Masses/' Fund. Math., 13,73 (1929), 
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SOLUTION OF THE INVERSE PROBLEM OF THE CALCULUS OF 

VARIATIONS 

By Jesse Douglas 
Brooklyn, N. Y. 

Communicated October 18, 1939 


1. Introduction. One of the most important hitherto unsolved prob¬ 
lems of the calculus of variations is the so-called “inverse problem,” namely: 

Given any family of co 2 * curves (paths) in (n + l)-dimensional space 
(x 9 Vj ), (j L ~ 1 as represented by a system of differential equations 

v? ** F*(x> yj> yj) (i - 1 . •. i n ); (l .1) 

to determine %whether these curves can he identified as the totality of extremals of 
a variation problem 

f v(x, y it yf)dx - min., (1.2) 

and in the affirmative case to find all the corresponding functions <p . 

The author has recently been able to find a complete solution of this 
problem. The purpose of this note is to announce and to present the essen¬ 
tial features of this solution. A fully detailed account has already been 
prepared and will appear in the Annals of Mathematics . 

2. Important progress toward the solution of the inverse problem was 
made by D. R. Davis in a Chicago dissertation of about a decade ago. 1 
Following the work of Hirsch and Ktirschak in other cases of the inverse 
problem, 2 he proved that the self-adjointness of the variational system, 
St*),-, of the “Euler expressions,” 


CO, 



d dp 
dx dy- 



( 2 . 1 ) 


is a sufficient as well as necessary condition for distinguishing the Euler sys¬ 
tems among those of the general form yp yfi y v f). The problem is 
thus transferred to the determination of multipliers Pi fix, y kt y' k ) of the 
equations (1.1) such that the variational system, dEi, of the differential ex¬ 
pressions 

E { = PifiFj - yj) (2.2) 

is self-adjoint. 3 

Davis finds that these multipliers Py are the solutions of a certain linear 
differential system. Difficulties arise, however, in attempting to solve this 
system in the general case, and Davis contents himself with the considera¬ 
tion of certain three particular examples. 
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3. The same differential system, 4 called S , occurs in our work, but is ob¬ 
tained by a different method and interpreted from a different point of view. 
We arrive at S as a consequence of certain identities (5.1, 5.2) concerning 
the Euler expressions w,*. To be sure, in the last analysis, these identities 
are but expressive of the self-adjoint nature of nevertheless this inter¬ 
pretation is not relevant to our purpose, and indeed the whole idea of self¬ 
adjointness plays no r61e in our theory. 

Our essential contribution consists in the complete solution of the system 5, 
resulting particularly in a general method for distinguishing extremal and 
non-extremal families. As a special application, we give incidentally, in 
(6.2), (6.3), the first actual examples of non-extremal families. 

By solution of 5, we mean, of course, an existence-theoretic one, i.e., the 
determination of the consistency of the system and of the arbitrary con¬ 
stants or functions involved in its general integral. 

In §§7, 8 a tensor form of solution is presented, employing parametric 
representation and covariant differentiation with respect to the given space 
of paths. 

4. The extremals of (1.2) are defined by the Euler-Lagrange equations 


bp d bp 

byi dx byl 



(4.1) 


where the operator d/dx denotes total differentiation along a path: 


d b 

Egg - 

dx bx 



(4.2) 


Analytically expressed, our inverse problem consists then in the solution 
for p, as unknown function, of the differential system 


bp 

byi 




+ F t 


d* \ bp 


j tyj) Wi 


o 


(ie* 1,.., , n), (4.3) 


the functions Fj being given. Further, these equations must be solvable 
as a linear algebraic system for Fj or y], in order that the differential equa¬ 
tions of the extremals may have the prescribed form (1.1). Therefore a 
solution of (4.3) is required such that 

Det | pij | 9* 0, (4.4) 

where 


Pij ES 


dV 

5y$y/ 


The determinant (4.4) is, of course, the Hessian of <p. 


(4.5) 
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For the case n ® 1, of a 2-dimensional containing space, the solution of 
the inverse problem has long been known and is given in the standard text 
books.* The system (4.3) then consists of but a single equation, whose 
solvability for <p is assured by standard existence theorems. 

The difficulty of the problem resides in the case n ^ 2, i.e., for a 3- or 
higher dimensional space. 

5. The Fundamental Differential System S .—As stated in the introduc¬ 
tion, our method depends on replacing the Euler-Lagrange system (4.3) by 
a more easily manageable system 5, where the unknowns are the n(n + l)/2 
functions <py defined by (4.5). 

This transformation is based on certain identities which we establish, 
involving the Euler expressions (2.1), namely: 



do> { d Uj d dF k i>F k 

by'j + 5* + 2 dx ** + 5 J, Vit + dy{ ** °’ 

(5.1) 

d /dwj 
dx \dyj 

&»j\ Jbtoi d«A , 1 <^F k /dojj 

&yj “Wi tyi) 2 dy'i \dyi dyj) 



1 dF k /da>j i>w k \ 

2 dy; (dy' + d/J + Aimh ~ Aik * ik “ °’ 

(5.2) 

where 

d a F„ dF k 1 a F m t>F k 

ik 85 dx dyj dyj 5 ayj dy' m 

(5.3) 

If the Euler-Lagrange equations are satisfied, i.e., = 0, these identities 

imply the following system of equations for wj: 


d , 1 aF* 1 aF* 

di ^ + 2 * ih + 2 ty'i ** = °’ 

(5.4) 


Aj k <p ik - Aj k <pj k * 0. 

(5.5) 

a 

We also have evidently by (4.5) 



m y r 

(5.6) 


fry* *>yj 

and we take explicit notice of the symmetry of in its indices: 

<PH * Vjt- (5*7) 

The linear differential system consisting of the equations (5.4)-(5.7) and 
the inequation (4.4): 
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Det | (pij 0, 


(5.8) 


will be denoted by 5. 

Conversely, we prove the 

Proposition. 8 To every solution ^ of the system S there corresponds a 
solution <p> with non-vanishing Hessian , of the Euler-Lagrange equations (4.3), 

being related to <pij by (4.5). For a given system the function tp is uni¬ 

quely determined except for the inevitable addition of an arbitrary exact differ¬ 
ential to <pdx. 

The addition of the exact differential is inevitable because, as is obvious, 
this has no effect on the extremals. 

6. In our detailed paper we have given a complete solution of the system 
5 by means of the standard theory of differential systems. 7 

This general method of solution is then applied to provide a full discus¬ 
sion of the most important and sufficiently typical case of 3 dimensions 
(n ~ 2), with enumeration of all the possible types. The classification is 
arranged to a large extent according to the rank of a certain matrix. 


II Ai 

B, 

c, 

A* 

B, 

c s 

Ag 

B» 

c. 


( 6 . 1 ) 


whose dements are known functions depending on the given curve family. 

In order that a given family of ® * curves in the 3-space (x, y t z) t as de¬ 
fined by differential equations 

y" - F{x, y, z, y', z'), z* = G(x, y, z, y\ z'), 

be an extremal family, it is at least a necessary condition that the deter¬ 
minant of the preceding matrix shall vanish. By non-satisfaction of this 
condition, therefore, examples of non-extremal families can be constructed 
ad libitum; for instance, 


y" - y* + z 2 , z" = y (6.2) 

is a non-extremal family. Many others can be found by means of other 
necessary conditions occurring in our work, e.g., 

y* - y i + z 2 , z" = 0. (6.3) 

7. Tensor Form of Solution .—We conclude our detailed paper with a 
tensor form of solution of the inverse problem, which has the advantage of 
greater symmetry and perspicuity of the formulas. 

Parametric representation is employed throughout; we take the given 
system of paths in the form* 
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d*x* 

dt* 


- JfV. ^). 



(i, j = 1,..«), (7.1) 


the functions IP being homogeneous of the second degree in the arguments 
p j , while the variation problem is sought for in the form 


SKx*, p j )dt — min. (7.2) 

* 

where yp is homogeneous of the first degree in the p\ 

Co variant differentiation based on the given space of paths is used in¬ 
stead of ordinary partial differentiation. 9 Covariant differentiation as to 
of will be denoted by a comma followed by the letter c t and the operation 
d/bp k (also a covariant process) by a dot followed by k> We also define 
an operator 5 signifying covariant total differentiation as to t along a path: 



where denotes a tensor with any system (a) of contravariant indices 
and ( b ) of covariant indices. 

The Euler vector of the scalar \p is, by definition, 


«• *5 - 5f(7.4) 

We find that this obeys the following identities (tensor form of (5.1), (5.2)): 

co-j + o)j_i + 25 >pij ss 0, (7.5) 


"•. 7 - W ./\ 


1 


5 Kmj - ~ BUiba - 0. (7.6) 


Here 



while 

BUj = ptyBfc, 

where B%j denotes the curvature tensor of the given space of paths. 
The Euler-Lagrange equations, m — 0, then give: 


Ha - 0. 

(7.7) 

Blf+j'pia ~~ BUitj* = 0* 

(7.8) 

To these we adjoin the obvious equations: 


'Pij.k = hkji 

(7.9) 

in = tiiy 

(7.10) 

pVia - 0. 

(7.U) 
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The last follows by Euler’s equation from the zero degree homogeneity of 
implied by the first degree homogeneity of yp. 

We must indude also the condition 

Rank of || || — n — 1. (7.12) 

The system (7.7)~(7.12), for the tensor tij unknown , is the fundamental 

differential system S in the tensor form of solution . 

8. Among the consequences of the system S we may notice 

'Pij, k *= ipik, /» (8-1) 

and 

Bijk'Pia + Blkifya + B+ij'l'ka “ 0 , ( 8 . 2 ) 

where B%j k ss In fact, (8.2) implies (7.8) in the presence of the 

equations (7.11), so that (7.8) may be replaced by (8.2). 

We can transform (8.2) into a form invariant under change of parameter 
on the paths with the use of the Weyl tensor W) ki or its related tensor 

Vi w « p*wj kt . 

In these terms, (8.2) becomes 

Wljk'l'ia + W+ki'ha + Wli$ka = 0. (8.3) 

By a discussion based on this equation, we prove as inddental result the 
following theorem: 

Every family of paths whose Weyl tensor vanishes is an extremal family . 
Another way of expressing this result is: 

Every space of paths whose Weyl tensor vanishes is identifiable with a Finsler 
space of paths . 

A Finsler space, as is well known, is one whose length-dement is ds «* 
}p{x 9 dx) t this being the dement of integration in (7.2). The paths of a 
Finsler space are its geodesics, the extremals of dx) « min. 

1 D. R. Davis, “The Inverse Problem of the Calculus of Variatkms in Higher Space,” 
Trans . Atner. Math. Soc. f 30, 710-736 (1928). This paper deals with the 3~dimensional 
case. It was followed by “The Inverse Problem of the Calculus of Variations in a 
Space of (» + 1) Dimensions,” Bull. Atner . Math. Soc 35,371-380 (1929), by the same 
author. These papers will be referred to respectively as I, II. 

1 For historical remarks and references, see the introduction to II. 

1 In reference to (2.2), the summation convention is applied to repeated indices throughout 
this note. 

4 Except that Davis does not make explicit the r61e of the inequation (5.8) of our sys¬ 
tem S. 

4 See Bolza, Lectures on the Calculus of Variations, New York, 1931, pp. 31-32. 

* Cf. I, pp. 717-719; II, p. 375, et seq. 

1 As presented, for example, in the treatises of C. Riquier, M. Janet and J. M. Thomas. 
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The discussion in Janet, Lemons sur Us Systhmcs d* Aquations aux Dbrivkes PartielUs, Paris 
1929, pp. 74-75, is particularly relevant. The other references are: C. Riquier, Les 
Sysiimes d* Equations aux DSrivies Partielles, Paris, 1910, and J. M. Thomas, Differential 
Systems , New York, 1937. 

* See the author's paper “The General Geometry of Paths," Ann. Math., 29, 143-168 
(1928). 

• For the definition of covariant differentiation, see formula (9.2) of the paper cited 
in the preceding footnote. 


THE GENERALITY OF FINITE ABSTRACT COMPLEXES 

By William W. Flexner 

Department op Mathematics, Cornell University, and Institute for Advanced 

Study 

Communicated November 10, 1939 

1. Let A be a finite abstract complex as defined by S. Lefschetz 1 fol¬ 
lowing A. W. Tucker, W. Mayer and J. W. Alexander. An open subcom¬ 
plex C of an abstract complex D is a subset of D (order, dimensions and 
incidences in C determined by those in D) such that x t C and y > x im¬ 
plies y « C. It will be shown here that for every A there is an open sub- 
complex B of a simplicial complex such that the following homology groups 
using integer coefficients are isomorphic: 

Ii\A) * Ar 4 + °(B), g arbitrary, (1) 

where o «■ 0 if A has no elements of negative dimension and no zero-dimen¬ 
sional torsion coefficients and otherwise a > 0. A result of Steenrod’s 2 
shows that relation (1) then holds for any coefficient group. One of the 
principal uses of an abstract complex being to carry a homology theory, the 
present result shows that in this respect and for the finite case simplicially 
realizable complexes are as general as any abstract complexes. 

2. Let || bij || be the normal form of the p, p — 1 incidence matrix of 
A , and give each row of this matrix a name, Ef, and each colu m n a name 
Ef ~ l . If this is done for each row and column of all the simultaneously 
reduced incidence matrices of A , the set { E } may be made an abstract com¬ 
plex C by defining as incidence relations [£?: Ef ~ l ] * b^. Obviously 

W(A) - IF(C) q arbitrary. (2) 

Because the normal matrices are diagonal and FF = 0 in C, (£f: £/ ~ *] i* 
0 implies that all other incidence relations involving either JSf or Elf ~ 
are zero. 

3. Suppose that for some i [Ef:E $~ l ] ■* k 9 * 0, 1, — 1. This cannot 
happen in a simplicial complex, so to make C simplicial each such pair 
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Ef , Ef “ 1 must be replaced by a complex Df with the same homology 
groups and no incidence relations of absolute value greater than 1. The 
situation described in the last sentence of No. 2 makes it possible to do this 
without disturbing the rest of C. 

I. The following adaptation to abstract complexes of “Subdivision by 
Section” 8 replaces a complex G by a complex G' with the same homology 
groups: If E p eG and FE P = Cf” 1 + Cf” 1 where Cf " 1 are (p - 1)- 
chains of G, E p is replaced by ef, ef, e p " 1 to form G’> incidences being given 
by 

Fe p - 1 « FCf- 1 
Ftf « Cf” 1 + e p ” 1 
= Cf ” l - e*” 1 

[£ p + 1 :cf] - [£* + 1 :£*], i * 1, 2 

and all other incidences (not involving E?) are the same in G f as in G. 

II. Without loss of generality k may be assumed > 1 and the sub' 
scripts i may be omitted from the £'s. Using I replace E p by gf> ef t ef~ l 
so that Fe f” 1 = 0, Fef = E p ~ l + e f~\ Fgf - (k - 1)&~ 1 - e 

[£ ? + l :gf] = |E* + l :cf] =* [E p + l :E p ] « 0. Then unless k - 1 * 1 re¬ 
place gf by gf, ef, ef ” \ etc., until after w » k — 1 steps 

£ef * 1 - 0 1 $ i $ k 

Fef = E p " 1 ~ efz} + cf ~ 1 (3) 

where e$ ” 1 — ef ” 1 « 0 and all other incidences involving these 

elements being zero. The situation is now as follows: k new ele¬ 
ments ef and k — 1 new elements ef ~ 1 have replaced €* Examination of 
formula 3 shows that the incidence \E P :E P ~ l ] « k > 1 has been replaced 
by several incidences all of absolute value 1; ef and ef + j have the two 
common faces E p ” 1 and ef~ 1 ; ef ~ 1 is oriented to ef oppositely than to 
ef + 1 , the last two of which circumstances are incompatible with simplicial- 
ity and impose the following changes: 

III. Subdivide each ef twice more by means of I, finally getting the 
set {$f, sf ~ \ tf, tf “* \ uf, ef" 1 } = D p , i « 1, 2,. . . , k with incidences 
given by 

Fef = F/f” 1 « ^f” 1 » 0 (4) 

= -cf r/ + cf " 1 + /f ~ 1 (5) 

Ftf m -tf" 1 - sf~ l (6) 

Fsf * + sf” 1 , (7) 

all other incidences involving elements of D** being zero. 

IV. Clearly IP is incidence-equivalent to an open 2-subcomplex K 2 of a 
simplicial complex where sf* tf # *tf are represented by 2-simplexes and cf “ \ 
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.vf “ \ if “ 1 by suitably chosen 1-simplexes on the boundaries of the 2-sim- 
plexes. K 2 has no vertices and some of the 1-simplexes on boundaries of 
2'Simplexes are missing so it is simplicially open. 

V. In order to preserve dimension as far as possible, a technique for 
raising the dimension of K 2 is needed. If a ^ 0 is an integer let If + “ be 
the join K 2 ' a where a is a new open (p a — 3)-simplex (<r 1 = 1). 

If now sf is replaced by sf w <r and similarly for all simplexes of K 2 the 
incidence formulas 4-7 remain unchanged, so //* + a (L* + a ) is isomorphic 
to the qth homology group of the complex \E P , E? ~ x \. 

4. The final complex B is obtained as follows: 

a. If the minimum dimension, m, of any element of A is ^ 0 and A 
has no zero-dimensional torsion coefficient, let a = 0. If m < 0 and A 
has no w-dimensional torsion coefficient, let a = — m. If m ^ 0 and A 
has an m-dimensional torsion coefficient let a = — m + 1. 

b. To each Df (corresponding to a pair Ef , Ef ~ 1 such as considered in 
No. 3) assign its Lf + a . To each Ef of C with FEf = 0 assign an open 
(p + a)-simplex Wf + * such that neither W nor its boundary FW meets any 
previously assigned simplex. The set B — {Lf + a , Wf^ a ] is an open 
complex of a simplicial complex and 

H 9 + a (B) « IP(4). (1) 

To see the latter notice that B has the same structure (except for dimension 
if a > 0) as C with regard to all elements Ef of C which do not have the 
property FEf = =* Ef ~ \ These Ef are omitted from representation in 
B because they have no effect on the homology groups of C. Hence by 
formula 2, 

+ « LT*(C) « H*(A) 

which gives formula 1. 

1 Lcfschetz, S., Bull. Ant, Math. Soc., 43, 345-359 (1937). See there for references to 
other authors. 

* Steenrod, N. E., Amer . Jour. Math., 58, 675 (1936). 

1 Lefschetz, S., "Topology, M Am. Math. Soc. Colloquium Publications, 12, 68 (1930). 
Replace proof there by its group-theoretic analogue. 
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GROUPS HA VING A SMALL NUMBER OF SETS OF CON JUG A TE 

SUBGROUPS 

By G. A. Miller 

Department of Mathematics, University of Illinois 
Communicated November 0, 1939 

The terra subgroup will be used in the present article for a proper sub¬ 
group, that is, for a subgroup which is neither the identity nor the entire 
group, and the term set of conjugate subgroups will be used so as to include 
an invariant subgroup. In other words, an invariant subgroup will be con¬ 
sidered as a complete set of conjugate subgroups. If a group contains 
only one complete set of conjugate subgroups it is composed of an invari¬ 
ant subgroup since all the subgroups of such a set must have the same prime 
order and hence the order of such a group must be a power of this prime 
order. Every such group is known to contain an invariant subgroup be¬ 
sides the identity whenever its order exceeds unity. Hence the cyclic group 
of order p'\ p being an arbitrary prime number, is the only group which con¬ 
tains one and only one complete set of conjugate subgroups . 

If a group G contains two and only two complete sets of conjugate sub¬ 
groups its order cannot be divisible by more than two distinct prime num¬ 
bers and when it is divisible by two such prime numbers its order is their 
product. Moreover, every group whose order is the product of two dis¬ 
tinct prime numbers is known to contain exactly two complete sets of 
conjugate subgroups. If the order of G is a power of a prime number then 
G involves an invariant subgroup whose order is this prime number and the 
corresponding quotient group involves at least a number of invariant 
operators which is equal to this prime number., Hence it results that 
when a group contains two and only two complete sets of conjugate subgroups 
it is either one of the groups whose order is the product of two distinct prime 
numbers or it is the cyclic group of order p % , p being an arbitrary prime 
number . 

It has been noted that when G contains exactly one or two distinct sets of 
conjugate subgroups then its order may be divisible by just one or two dis¬ 
tinct prime numbers respectively but it is easy to prove that when G con¬ 
tains more than two distinct sets of conjugate subgroups then its order 
cannot be divisible by as many distinct prime numbers as it has distinct 
sets of conjugate subgroups. Suppose that G contains exactly k > 2 sets 
of conjugate subgroups and that the order of G is divisible by as many as k 
distinct prime numbers. Hence G contains exactly k sets of conjugate 
Sylow subgroups which separately are of prime order since otherwise there 
would be more than k distinct sets of conjugate subgroups in G. Hence G 
is solvable and therefore it involves an invariant subgroup of prime index. 
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As this subgroup again involves an invariant subgroup of prime index it 
has been proved that when a group contains more than two complete sets of 
conjugate subgroups its order cannot be divisible by as many distinct prime 
numbers as it contains distinct sets of conjugate subgroups . 

From this theorem it results directly that if G contains exactly three com¬ 
plete sets of conjugate subgroups its order is divisible by at most two dis¬ 
tinct prime numbers. If G is a prime power group it may be the cyclic 
group of order p A , p being any prime number, or the four group. It could 
clearly be no other prime power group. If the order of G is divisible by two 
distinct prime numbers it contains an invariant subgroup of prime index 
since it is solvable. All the proper subgroups of this invariant subgroup are 
conjugate under G since G contains only three complete sets of conjugate 
subgroups. Hence this invariant subgroup is the four group and there 
results the following theorem; If a group contains exactly three complete 
sets of conjugate subgroups it is one of the following three groups: The four 
group , the tetrahedral group , the cyclic group of order p\ where p is an arbi¬ 
trary prime number . 

If a prime power group contains exactly four complete sets of conjugate 
subgroups it may be the cyclic group of order p h } p being any prime num¬ 
ber. A non-cyclic group of order p m contains at least p + 1 subgroups of 
index p and all of these are invariant under G. Hence it results that when 
a non-cyclic group of order p m contains exactly four complete sets of con¬ 
jugate subgroups then m cannot exceed 3. The quaternion group , the non- 
cyclic group of order 9, and the cyclic group of order p* t p being any prime 
number , are the only prime power groups which separately contain exactly 
four complete sets of conjugate subgroups . 

Every group of order pq 2 t p and q being distinct prime numbers, which 
involves an invariant subgroup of order p and a cyclic subgroup of order 
g*. contains exactly four complete sets of conjugate subgroups and these are 
the only groups which involve exactly four complete sets of conjugate sub¬ 
groups, including an invariant subgroup of prime order, and have an order 
which is not a power of a prime number. If G contains an invariant sub¬ 
group of order p 2 the corresponding quotient group cannot have an order 
which is a power of p since G is not a prime power group. If the invariant 
subgroup of order p % is cyclic then G may be the dihedral group of order 
2p*> p being an arbitrary odd prime number. This is a special case of the 
groups of order p 2 q, where q is an arbitrary prime divisor of p — 1 and the 
operator of order q in G is in the group of isomorphisms of the cyclic sub¬ 
group of order p*. Another system of groups which separately involve an 
invariant subgroup of order p 2 and exactly four complete sets of conjugate 
subgroups is composed of groups in which this invariant subgroup is non- 
cydic and (p + l)/2 is an odd prime number. Groups of order p 2 (p + l)/2 
then contain two sets of conjugate subgroups of order p and one set of each 
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of the orders p 2 and (/> + l)/2 since p + 1 and p — 1 do not have a common 
odd prime factor. 

In every group G which contains exactly four complete sets of conjugate 
subgroups and involves an invariant subgroup of order p % this invariant sub¬ 
group is abelian and of type 1 \ Moreover, p 2 + p + 1 must then be a 
prime number and when these conditions are satisfied there is a group of 
order p*(p 2 + p + 1) which contains exactly four complete sets of conjugate 
subgroups, composed of a set of p 2 + p + 1 subgroups of each of the orders 
p and p 2 t respectively, the invariant subgroup of order p 2 , and a set of con¬ 
jugate subgroups of order p 2 + p + 1. In the special case when p = 2 
this is the well-known group of order 56 which contains eight subgroups of 
order 7. To see that G could not involve an invariant subgroup of order 
p m , m > 3, when it contains exactly four complete sets of conjugate sub¬ 
groups it is only necessary to observe that G would then contain more than 
four sets of subgroups of different orders. 

An invariant subgroup of prime index under G cannot involve more than 
three complete sets of conjugate subgroups under G and hence it cannot in¬ 
volve more than two such sets under itself. Its order is therefore not divis¬ 
ible by more than two distinct prime numbers and when its order is divis¬ 
ible by two such numbers its subgroup whose order is a power of one of these 
numbers is generated by an operator which is not found in it. As this case 
was considered above we have determined all the groups which contain 
.separately exactly four complete sets of conjugate subgroups. The results 
which are not embodied in a theorem noted above may be expressed in the 
form of a theorem as follows: The only groups which separately involve 
exactly four complete sets of conjugate subgroups and are not of prime power 
order are contained in the following four systems of groups: Those of order 
pq 2 , p and q being distinct prime numbers, which involve an invariant sub¬ 
group of order p and a cyclic subgroup of order q\ groups of order p 2 q which 
involve an invariant cyclic subgroup of order p 2 and an operator of prime order 
q which is found in the group of isomorphisms of this cyclic subgroup , groups 
which involve an invariant non-cyclic subgroup of order p 2 and are of order 
p 2 (p + l)/2, where (p -f l)/2 is a prime number, groups which involve an 
invariant abelian subgroup of order p z and of type 1*, and are of order 
p 2 (p 2 + p + 1), where p 2 + p + 1 is a prime number . 

It is known that the only abelian group which contains exactly five com¬ 
plete sets of conjugate subgroups is of order pP and cyclic. No non-abelian 
group of prime power order contains exactly five complete sets of conjugate 
subgroups since the subgroups of prime index in such a group are invariant 
under the group and there are at least p «f 1 such subgroups. If G con¬ 
tains a prime power invariant subgroup of prime index it may be the group 
of order 24 which involves no subgroup of index 2 since this group contains 
four conjugate subgroups of each of the order 3 and 6, one set of conjugate 
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subgroups of order 4 and an invariant subgroup of each of the orders 2 
and 8. It is not difficult to prove that this is the only non-abelian group 
which contains exactly five complete sets of conjugate subgroups and 
involves an invariant subgroup of prime index. 

1 G. A. Miller, these Proceedings, 25, 369 (1939). 


THE ALGEBRAIC STRUCTURE OF COMPLEXES 

By A. W. Tucker 

Department of Mathematics, Princeton University 
Communicated November 15, 1939 

1. Introduction . This note deals with certain parts of the theory of 
complexes, particularly chain-mappings and products, in which the only 
structure we need require of a "complex" is determined by a pair of square 
matrices, e t /, with the multiplication table 

ee » 1, ff « 0, ef + fe * 0. (1) 

The elements of e and / belong to a ring which for simplicity we assume to 
be the ring of rational integers. 

For an ordinary complex the matrices e and / are set up as follows. 
With each pair of cells, x } y, of the complex we associate two numbers 
which we denote by yEx and yFx. The number yEx is zero unless y = x> 
in which case it is +1 or — 1 according as the dimension of x (— y) is even 
or odd. The number yFx is the incidence number of x and y if the dimen¬ 
sion of x is one greater than that of y, and is zero otherwise. Taking y 
as the row index and x as the column index we assemble the numbers yEx 
and yFx in two square matrices, e and/, of order equal to the total number 
of cells in the complex. The matrix e is a diagonal matrix which, as an 
operator, reorients all cells of odd dimensions; the matrix / is a composite 
incidence matrix. That they satisfy (1) is easily verified. 

But for our purposes it is not necessary that e and/ arise from an ordinary 
complex as just described. We take any two matrices which satisfy (1), 
write their elements as yEx and yFx t and regard the symbols y and x as 
ranging over a set of indeterminates which we call "cells." In this way we 
get an algebraic system X which we can treat in certain respects just as 
though it were a complex. Of course the cells of X are not provided with 
dimensions or order; 1 they merely form a basis for a sort of linear set or 
vector space (over the ring of integers) which serves as a field of operations 
for e and /. 
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2. The Operators E and F .—The boundary of a ceil x of X is defined as 
the linear form 


Fx * y(yFx), 


obtained by multiplying each cell y of X by the coefficient yFx and sum¬ 
ming for all values of y . [We make the convention that a repeated cell- 
symbol, like a repeated tensor-index, denotes summation throughout the 
range of the symbol.] By linear extension a chain A ~ x(xA ) has boundary 

FA = y(yFA) t where yFA — (yFx) (xj4). 


If FA — 0 t A is called a cycle . The boundary of any chain is a cycle, since 
it is an immediate consequence of the relation // « 0 of (1) that FFA * 0 
for any chain A . Two cycles, Aj and A s , are said to be homologous (A i ^ 
At) if there is a chain A such that FA * Ai — A*. The classes of homolo¬ 
gous cycles form an additive group which is the (composite) homology 
group of X . 

Operating on x and A with E as we have above with F we get the chains 

Ex « y(yEx) and EA = y(yEA) « y(yEx) (xA) 

which we call the conjugates of x and A, respectively. From the relation 
ee * 1 of (1) it follows that EEx = x, i.e., the operator E possesses an in¬ 
verse and that inverse is E itself. From ef 4- fe — 0 it follows that EFx * 
— FEx, i.e., E and F are anticommutative operators. Two immediate 
consequences of this are that EA is a cycle if and only if A is a cycle and 
that EAi ~ EAt if and only if A\ ~ A%. 

3. Mappings .—We now consider a correspondence between the system 
X and a second system X\ With each pair, x t x\ of cells of X and X f we 
associate a correspondence number x’Tx. From these numbers we form a 
matrix which has a column for each cell x of X and a row for each cell x' 
of X\ Using the elements of a column as coefficients in a linear form we get 

Tx « x f (x*Tx), 


thus defining an operator T which acts on a cell x of X to give a chain Tx 
of X\ If F commutes with EF, i.e., EFTx «* TEFx, we call T a mapping 
(or more precisely, a chain-mapping) of X in X f . The point of this com¬ 
mutation requirement is that it ensures that TA is a cycle if A is a cycle 
and that TA\ ~ TA$ if A\ ~ A%. 

Let T f denote a mapping of the system X f into a third system X*. 
Then T'T is a mapping of X in X 0 , for 

EFTTx * T'EFTx - T'TEFx. 


Thus our mappings have a transitive character. 

The condition that T be a mapping can also be written as either 
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FTx « (. ETE)Fx or TTx - F{ETE)x. (2) 

The first is obtained from EFTx — TEFx by multiplying through on the 
left by E and the second by replacing x by Ex. We bracket ETE together 
because this combination forms a natural unit which we designate as the 
conjugate of T. It is an immediate consequence of (2) that ETE is a 
mapping of J\T in X f if and only if T is such a mapping. 

An additional requirement which may be placed on a mapping T is that 
it commute with E. [This is implicit in the assumption for ordinary 
complexes that a chain-mapping preserve dimensions.] In such a case T 
commutes also with F since (2) reduces to the condition FTx =» TFx. 

4. Equivalent mappings .—We say that two mappings* T\ and 7\, of 
X in X f are equivalent’ 1 (7\ ~ 7\) if there exists an operator A with com¬ 
ponents x'Dx, such that 

FDx + EDFEx « T x x - 7\x. (3) 

The main point of this condition is that for a cycle A it becomes FDA =* 
7\A — TiA, which says that 7\A ~ TiA. [The notion of “chain-deforma¬ 
tion” for ordinary complexes provides the generic example of an operator D 
of the type appearing here.] 

Operating on (3) with the mapping T 9 defined in the preceding section 
and making use of the second part of (2) for T 9 we see that 
T'7\x - VT& « TFDx + T'EDFEx - F(ET f E)Dx + E{ET 9 E)DFEx. 
Hence T 9 Ti T’T% if T\ ~ T 2 . By iteration of this argument it can be 
shown that T[T X ~ T' t Tt if 7', ~ T* and T[ ~ T' t . 

Condition (3) may also be written 

FDx - (EDE) Fx - T x x - T&. (4) 

Then if we replace x by Ex and operate with E in front we get 

F{EDE)x - DFx m ET*Ex - E7\Ex. (5) 

The same process applied to (5) carries it back to (4). Hence we have the 
theorem that ETtE ~ ET X E if and only if T x ~ 

5. Lefschets Numbers. —Associated with any mapping U of a system X 
into itself there is a numerical invariant which we call the Lefschetz number 
of U , since under appropriate conditions it is the number which is Lef¬ 
schetz’ criterion for the existence of fixed points in a continuous transforma¬ 
tion of a complex into itself. 8 If the self-mapping U has components yUx 
this number is 

xEUx « (xEy) (yUx), 

i.e., the trace of the product of the matrix e and the matrix u (formed 
from the elements yUx). The number may obviously be written also as 



646 


MATHEMATICS: A. W. TUCKER 


Proc N. A, S. 


ylJEy — (yUx) (xEy). 

If U is the identical mapping I of A” on itself our number reduces to the 
trace of the matrix e , which in the case of an ordinary complex is the Euler 
number of the complex. 

The Lefschetz number of U is an “invariant” in the following two senses: 
«it is unchanged if we replace U by another mapping U\ which is equiva¬ 
lent to U (i.e., U\ ^ If), and (ii) it is unchanged if we replace U by a map¬ 
ping (ETE)UV of A' into itself, where T and V map X in X' and X' in 
X so that T'T ~ I. To prove (i) we operate on an analogue of (4) to get 

xEU\X — xEUx = xEFDx — xDEFx = (xEFy) (yDx) — (yDx) (xEFy) = 0. 

To prove (ii) we observe that UT f T ~ U since T'T ^ I and so, making use 
of (i), 

xEUx - xEUT'Tx » (xEUy) (yTx r ) (x’Tx) « 

(x'Tx) (xEUy) (yT f x f ) = x'TEUT'x ' - x'E(ETE)UT'xf 

A consequence of (ii) is that the Lefschetz number of a mapping of an or¬ 
dinary complex into itself is variant under subdivision 2 of the complex. 

It might be noted in passing that the Lefschetz numbers of U and its 
conjugate EUE are the same since xE(EUE)x — xUEx = xEUx. 

6, The “ Co-Theory." —Paralleling the theory we have developed 
there is a “co-theory” in which E , F, etc., operate on the right instead 
of the left and rows in the matrices, e,/, etc., are used instead of columns to 
provide the coefficients for linear forms. Thus, the coboundary* of a cell 
y of X is defined as 

yF - (yFx)x. 

A cochain B = (By)y is a cocycle if 

0 » BF * (. BFx)x - (By) (yFx)x. 

Two cocycles, Bt and B it are cohomologous if there is a cochain B such that 
BF * Bi — J9 2 ‘ The (composite) cohomology group of X is the additive 
group of classes of cohomologous cocyles. 

The operator T when used on the right instead of the left acts on a cell x f 
of X f to produce a cochain of X> namely 

x'T m {x*Tx)x. 

We say that T is a comapping (or more precisely, a cochain-mapping) of 
A' in A if x'TFE m x'FET. But this is the same as the condition that T be 
a mapping of A in X', since the numerical conditions x'TFEx - x'FETx and 
x'EFTx ® x'TEFx are the same. Two comappings, 7\ and T%> of A' in A 
are equivalent if D exists so that 
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x'DF + x'EFDE « x'Ti - x’l\. 

This condition has the same numerical basis as condition (3) when — EDE 
is written in place of E. Hence equivalence puts the same restriction on 
Ti and T 2 whether they are regarded as mappings or as comappings. 

Let T and T f be operators, with components x'Tx and xT f x f , which 
satisfy the common condition for mappings and comappings. Then 

xETTx » (xEy) (; yT'x ') (x'Tx) 

is the Lefschetz number of T f T either as a mapping or as a comapping of 
X into itself. But this number is also significant as a measure of the 
“coincidences” between T as a mapping of X in X ( and T* as a comapping 
of X in X'. 

7. The Product of X and X\ —We define the product of a system X based 
on matrices e, f and a system X' based on matrices e',f as the system XX ' 
based on the matrices 8 

eX e' and / X 1' + e Xf, 

whose elements we write 

y'yExx' — (yEx) (y'Ex') and y'yFxx' = (yFx) (y'lx') + (yEx) (y'Fx'), 

where y , lx t denotes an element of the unit matrix 1'. By direct calcula¬ 
tion it is easy to verify that these compound matrices satisfy (1) as a conse¬ 
quence of e,/and e',f satisfying (1). 

For the product system XX ' the boundary of a cell xx' and the coboutidary 
of y f y are defined as 

Fxx f — yy'(y'yFxx') = yy'(yFx) (y'Jx f ) + yy'iyEx) (y'fx') = 

(Fx)x f + (Ex) (Fx f ) 

y f yF =» (y'yFxx^x'x = (yFx) (y'Ix')x'x + (yEx) (y'Fx’)x'x * 

y'(yF) + (y'F) (y£). 

These reduce to the familiar formulas for product complexes when the 
matrices e,f etc., are set up as in the second paragraph of section one. 

We leave a discussion of the graphs of mappings and other questions 
concerning products and “tensors 1 ’ to another paper. 

1 Cf. Tucker, Rec . math. Moscou, 1, 773-774 (1936). 

* Cf. Tucker, these Proceedings, 25, 371-374 (1939). 

* Cf. Lefschetz, Trans. Am. Math. Soc 28, 1-29 (1926). 

4 This convenient “co M terminology comes from Whitney, Duke Math. Jour., 3, 36-45 
(1037). 

* For the direct product of matrices used here see Wedderburn. Lectures on Matrices, 
p. 74. 
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CONCERNING A CCESSIBILITY 
By R. L. Moore 

Department of Purr Mathematics, University of Texas 
Communicated November 13, 1939 


The following theorem may be easily proved on the basis of Axioms 0, 1 
and 2 of the author's book “Foundations of Point Set Theory.’ M 

Theorem 1 . If M is a closed point set and every component of the comple¬ 
ment of M has a connected boundary and N is a continuum containing ft, the 
boundary of M, then N contains a continuum containing ft and lying in M. 

Consider the following proposition. 

Proposition A. If the boundary of the connected domain D is a compact 
point set ft there exists a compact continuum containing ft and lying in I) -f ft. 

In the presence of Axioms 0, 1 and 2, the truth of Theorem A is necessary 
and sufficient for that of the proposition labelled “Theorem 22” in Chapter 
II of that book. Some time ago Mr. W. M. Jackson, then a member of 
one of my classes, gave an example to show that this latter proposition is 
not a consequence of these axioms. It is clear that the argument given on 
page 110 does not prove this proposition. But a slight modification of it 
suffices to establish the following result. 

Theorem 2. If, in a space satisfying Axioms 0, 1 and 2, the boundary 
of the connected domain D is a compact point set ft and every component of the 
complement of D has a connected boundary then there exists a compact con¬ 
tinuum containing ft and lying in D + ft. 

This theorem may be proved by an argument identical with that given 
on pages 110 and 111 for “Theorem 22” except for the addition of the 
words “or of UN after V% in line 2 of page 111, of “or of £/*” after V H in 


line 11, of “lying in D and” after “domain 


M 


in line 3 and the substitution 


of y for M in line 31 and of “But it contains aj. Hence, by Theorem 1, it 


contains a continuum containing ap and lying in D + an” in place of 
“But it contains ap and it is a subset of D -f cep" in lines 15 and 16. 


The truth of the following theorem follows with the help of an argument 


given on pages 110 and 111. 

Theorem 3. If, in a space satisfying Axioms 0, 1 and 2, M is a closed 


point set bounded by a compact point set 0 and the components of M — 0 
form a semi-contracting s set then there exists a closed and compact point set 
M' lying in M, containing 0, and such that if Dis a component of M — 0 
such that every component of the complement of D has a connected boundary 
then M'.D is a continuum containing the boundary of D. 

Consider the following axioms. 

Axiom F. If P is a point of a region R and X is a point distinct from P 
there exists a finite point set lying in R and separating Pfrom X. 
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Axiom K. If P is a paint of a region R there exists a domain I) contain¬ 
ing P, lying in R, . and bounded by a compact point set. 

Theorem 4. If, in a space satisfying Axioms 0, 1, 2 and K, M and N are 
two mutually exclusive closed point sets and one of them is compact then there 
exist two domains Das and Dn containing M and N, respectively, bounded by 

4'V&'-Mi f s 

compact point sets , and such that Das and Dn are mutually exclusive . 

Theorem 4 may be established by an argument closely related to that 
employed to prove Theorem 23 of Chapter I of P. S. T. and differing from it 
largely in the use of domains with compact boundaries instead of certain 
compact regions. 

Theorem 5. If, in a space satisfying Axioms 0, 1, 2 and K, II is a com¬ 
ponent of the closed and compact point set M and K is a closed point set con¬ 
taining no point of II then there exists a connected domain D containing H 
but no point of K and bounded by a compact point set containing no point of M 
+ K. 

Proof . With the aid of Theorem 4, in the place of Theorem 23 of Chap¬ 
ter I of P. S. T., by an argument similar to that used to prove Theorem 41 
of that chapter, it may be shown that there exists a domain Z containing 
II but no point of K and bounded by a compact point set containing no 
point of M + K . Let D denote the component of Z that contains II . By 
Theorem 2 of Chapter II, the connected point set D is a domain. With the 
aid of Theorem 2 (a) of that chapter it may be seen that its boundaiy is 
compact. Tt clearly fulfills the remaining requirements of the conclusion of 
Theorem 5. 

That Proposition A does not hold true in every space satisfying Axioms 
0, 1, 2 and F may be seen from the following example. 

Example 1. Let E denote a Cartesian space of three dimensions. In 
this space, for each positive integer n, let C n denote a circle tangent to the 
X-axis at the origin 0 and with its center at the point (0, 1/w, 0). Let K x 
and K% denote two spheres tangent to the F-axis at O and with centers at 
( — 1, 0, 0) and (1, 0, 0), respectively. For each », let A n and B n denote 
the points (0, 2/n, 0) and (0, 2/n t 1), respectively, and let A n B n , B n B n +x 
and AnAn+i denote straight line intervals with end-points as indicated. 
Let 5 denote the point set obtained by adding together all the circles of the 
sequence C h C%, C*,... and all the straight line intervals A\B h A%B %, AJB Z , 
. . J5»B4, B*B 6 , . . . and A%A Z , AiAt, AtA?, .... Let D denote the 

set of all points of 5 which lie outside both of the spheres K x and K+ Let 
2 denote the space whose points are the points of S and whose regions are 
the intersections of 5 with interiors of spheres. In the space 2, D is a con¬ 
nected domain whose boundary is a compact and countable point set con¬ 
taining the point O and having that point as its only limit point. Not 
only is the point O not accessible from D but it does not belong to any non- 
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degenerate compact subcontinuum of D. But this space satisfies Axioms 
0, 1, 2 and F. 

Theorem f>. In a space satisfying Axioms 0, 1, 2 and K, Proposition A 
holds true . 

Proof . Suppose D is a connected domain whose boundary is the com¬ 
pact point set M . There exists a sequence W u Wu Wz, ... satisfying, with 
respect to M t all the conditions of Theorem 81 of Chapter I of P. S. T. 
For each n t let D H denote W* n . For each n t D n is the sum of a finite number 
of regions of the collection G n of Axiom 1. Furthermore the sequence of 
domains D u A, D %,. . . closes down on M t that is to say (1) M is the com¬ 
mon part of all the domains of this sequence, (2) for each n , D n contains 
D n + i, (3) every domain that contains M contains some domain of this 
sequence. 

Let A denote some definite point of A Suppose x is a component of M. 
By Theorem 5, there exists a connected domain I x containing x and 
bounded by a compact point set J x such that I x is a subset of Du and J x 
contains no point of Af. It follows that there exists a finite collection A 
of mutually exclusive connected domains which irreducibly fulfills the 
condition that if x is a component of M there exists a domain belonging 
to H x and containing x and such that its closure lies in A and its bound¬ 
ary is compact and contains no point of M. There exists a finite collection 
A of connected domains irreducibly fulfilling the condition that if x is a 
component of M there exists a domain h belonging to A and containing x 
and such that (1) h lies in D a and in the domain of Hi that contains x and 
(2) the boundary of h is compact and contains no point of M. This process 
may be continued. It follows that there exists a sequence H u A, A, * * . 
such that, for each n t H»+i is a finite collection of mutually exclusive con¬ 
nected domains which irreducibly fulfills the condition that if x is a com¬ 
ponent of M there exists a domain h belonging to H n + i and containing x 
and such that (1) h lies in and in the domain of A that contains x 
and (2) the boundary of A is a compact point set containing no point of Af, 

If, for some n, A is a domain of the collection H n there exists a finite 
collection Wk of mutually exclusive connected domains such that (1) Wk 
covers the common part of D and the boundary of A and (2) every domain 
of Wh is a subset of D and (if n > 1) of the domain of A-i that contains A. 

For each n, let Z H denote the set of all domains z such that, for some do¬ 
main A of the collection A, z belongs to Wk* There exists a finite set T\ 
of arcs such that (1) every arc of Ti lies in D and joins A to a point of some 
domain of the collection Zu (2) each domain of the collection Z\ contains 
a point of some arc of the collection T x . 

For each n t there exists a finite collection T n +i of arcs such that (1) if 
x and y are domains belonging to A and A+u respectivdy, and y is a 
subset of x, and x f and y* are domains belonging to W x and W yi respec- 
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tively, and there exists an arc / containing a point of y' and lying wholly 
in x except for one of its end-points which belongs to x ' and to the boundary 
of x then, for these particular domains x f and y\ there is only one such arc 
/ belonging to 7« + u (2) if / is an arc of 7*+i, tliere exist two domains x 
and y belonging to II H and II n +respectively, such that y is a subset of x 
and such that t intersects some domain of W y and lies wholly in x except 
for one of its end-points which belongs to the boundary of x. 

For each n, there exists a finite set L n of arcs such that (1) if z is a do¬ 
main of Z n intersecting both an arc x of T n and an arc y of 7** +1 then there 
is an arc of L n lying wholly in z and intersecting both x and y, (2) if q is an 
arc of L n there exists a domain z of Z n such that q lies wholly in z and inter¬ 
sects both some arc of T n and some arc of 7# + i. 

The point set M 4 (7'* 4* T\ 4 . . .) + (L\ + L\ 4 . . .) is a compact 
subcontinuum of D 4 M containing M. 

Theorem 7. 7/, in a space satisfying Axioms 0, 1, 2 and K, the domain 

D is bounded by a compact point set & and no component of D is closed then the 
components of D form a semi-contracting collection . 

Proof . Suppose the components of D do not form a semi-contracting 
collection. Then there exist a sequence of points P h Pi, P$, . . . and a 
sequence A, A, A, ... of distinct components of D such that (1) for each 
n , P n belongs to D n and ( 2 ) the point set Pi 4 Pi 4 Pz + .. . has no limit 
point. Since no component of D is closed therefore, for each to, the con¬ 
tinuum A contains a point B n of the compact point set ft. Hence the 
limiting set of the sequence A, A, Da, • . . exists. But it is a subset of ft. 
Hence it is a compact point set N. The point set Pi + P% P a 4 . . . is 
closed and contains no point of N. Hence, by Theorem 4, there exists a 
domain W containing N and bounded by a compact point set T such that 
W 4 7" contains no point of the sequence P%, P %, P*, . . . . There exists 
an ascending sequence of positive integers n h . .. such that, for each 

j, D h . contains a point of W. But, for each j, D H j contains also the point 

P nj which does not belong to W. Hence, since it is connected, D nj con¬ 
tains a point Xj of T, the boundary of W. Since T is compact the point 
set Xi 4 Xt 4 X s 4 * • * has a limit point O. Since T is closed, 0 belongs 
to 7\ But it belongs to N, and N and T are mutually exclusive. Thus the 
supposition that Theorem 7 is false leads to a contradiction. 

That Theorem 7 does not remain true on the substitution of “Axioms 0, 
1-5“ in place of “Axioms 0, 1, 2 and K” in the statement of its hypothesis 
may be seen from the following example. 

Example 2. In a Cartesian plane E , let O denote the origin and, for 
each «, let P n denote the point (1 /to, 0). Let C u Ci, . . . denote a se¬ 
quence of circles each lying without all of the others and such that, for each 
», the center of C n is at P H > For each to, let r n denote the radius of C n and 
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let C n i t C n a , C„ s , . . . , C nM denote a sequence of circles, with center at P n , 
such that, for every positive integer i less than n + 1, the radius of C„ 

is rjj. For each w, let J n denote a circle with center at 0 and enclosing 
the circle C n but such that if i < n then CV lies wholly without J n . Let D 
denote the sum of the interiors of the circles Cu Cs, . . . . Let £ denote 
a space whose *'points* J are the points, in the ordinary sense of the plane 
E but in which a point set R is a “region" if and only if either ( 1 ) R is the 
interior of a circle which does not enclose 0 or ( 2 ) for some positive integer 
n, R is the set of all points which lie within J n but without all of the circles 
C HU C* + i ( i, C„+ 2 ,a, .... n, .... In the space X the boundary of 

the domain D is compact but the point set Pi + P% + P 3 + . . . has no 
limit point and therefore the components of D do not form a contracting 
sequence. 

Theorem 8. If, in a space satisfying Axioms 0, 1, 2 and K, M is a 
closed point set whose boundary is a compact point set d then there exists a 
closed and compact point set M* lying in M, containing d> and such that if D 
is any component of M — 0 then M'.D is a continuum containing the bound - 
ary of D. 

Theorem 8 may be established with the help of Theorems 6 and 7 and 
the fact that, in the presence of Axioms 0 and 1 , the truth of Pioposition A 
is sufficient for that of the proposition labelled “Theorem 22" in Chapter I 
of P. S. T. 

Theorem 9. If, in a space satisfying Axioms 0, 1 and 2, M is a con¬ 
tinuum and'K is a closed point set lying in M and containing d, the boundary 

of M, and , for every component D of M — d> K.D is a continuum containing 

* 

the boundary of D then K is a continuum. 

Proof. Suppose, on the contrary, that K is the sum of two mutually 
exclusive closed point sets K\ and K,. If D is a component of M — (3 then, 
since it is connected, K.D is a subset either of Hi or of H,. For each i 
(i = 1 , 2) let Hi denote Hi or the sum of Hi and all components D of M — 0 
such that K.D is a subset of Hi, according as there does not or does exist 
at least one such D. The point sets H[ and H 1 , are mutually exclusive and 
closed. But their sum is the continuum M. This involves a contradiction. 

Theorem 10. If, in a space satisfying Axioms 0 , 1, 2 and K, M is a 
continuum whose boundary is compact then M is compactly connected.* 

Proof. By Theorems 8 and 9 there exists a compact continuum K lying 
in M and containing 0. Suppose Pi and P% are two points of M. If the 
point P( (i = 1 or 2 ) does not belong to K then it belongs to a component 
Di of M — 0 and there exists an arc U lying in P< and joining P, to some 
point which belongs to the boundary of Di and therefore to K. Let T, 
denote Pi or U according as Pi does or does not belong to K. The point 
set K 4- T\ 4- T, is a compact subcontinuum of M joining Pi to P%. 
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Theorem 11 , In a space satisfying Axioms 0 and 1-5, Proposition A 
holds true. 

Theorem 11 follows from Theorem 2 of the present paper and Theorem 
23 4 of Chapter IV of P. S. T. 

In view of Theorem 11 it is clear that the proposition labelled “Theorem 
22” on page 110 of P. S. T. holds true on the basis of Axioms 0 and 1-5. 6 

Theorem 12. 6 If, in a space satisfying Axioms 0, 1, 2 and K, L is a 
compact continuous curve with no continuum of condensation , M is a con¬ 
tinuous curve and N is a subcontinuum of M whose boundary with respect to 
M is a subset of L then N is a continuous curve. In particular if D is a com¬ 
ponent of M-L.M then D is a continuous curve. 

Indication of Proof. By Theorem 10 of the present paper and Theorem 
9 of Chapter II of P. S. T., N is compactly connected. But Theorem 8 of 
that chapter remains true, on the present basis, if, in its hypothesis, the re¬ 
quirement that M be locally compact is replaced by the requirement that 
it be a compactly connected continuum with a compact boundary. With 
the aid of these facts, Theorem 13 may be established by an obvious modi¬ 
fication of the argument given to prove “Theorem 25” of the same chapter. 


1 Am. Math. Soc. Colloquium Pub., 13, New York (1932). This book will be referred 
to as P. S. T. 


4 The collection 6' of point sets is said to be semi-contracting provided it is true that if 
M is a subset of 6'* such that no point of the collection G contains two points of M then 
M is compact. 

1 The point set M is said to be compactly connected if, for every two points X and Y of 
M there exists a compact continuum lying in M and containing both X %nd Y. 

4 If the argument given in P, S, T. to prove Theorem 9 of Chapter IV is modified by 
the deletion of its first sentence and the substitution thereafter of H for H ' and the 
interpolation of "separating A from B" between "and” and "such” in the second sen¬ 
tence then the resulting argument establishes Theorem 9 on the basis of Axioms 0, 1-5 
for the special case where both II and K are compact. In the proof of Theorem 21 on 
page 193 use is made of Theorem 9 for this particular case. 

* To prove Theorem 9 of Chapter IV on this basis, change IT r to H* in the first sen¬ 
tence of the argument there given and, in the second sentence, make the interpolation 
described in the fourth footnote and, after the first sentence, add "There exists an arc 
AO joining A to some point 0 of & and containing no point of K. bet H 9 denote H* + 
AO.” 


• Theorem 12 does not remain true on the substitution of "B” for *'K n in the state¬ 
ment of its hypothesis. If, in the space X of Example 1, M and N denote S and D, re¬ 
spectively, and L denotes the surn of all the circles C u C», C*, . . . , then L is a compact 
continuous curve and the boundary of N is a subset of L, but N is not locally connected 
at 0. 
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